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Effective Reverse Conversion in
Residue Number System Processors

Kazeem Alagbe Gbolagade

Abstract

I
n this dissertation, we propose effective Residue Number System (RNS)
to Weighted Number System conversion techniques. This research fol-
lows the two traditional conversion methods: the Mixed Radix Conver-

sion (MRC) and the Chinese Remainder Theorem (CRT). In the first line of
research, we investigate two MRC based techniques with k being the num-
ber of moduli. First, we introduce an RNS to MRC technique, which ad-
dresses the computation of Mixed Radix Digits in such away that enables
the MRC parallelization. This scheme results in an RNS to MRC with an
asymptotic complexity, in terms of arithmetic operations, in the order of O(k).
Second, we generalize a previously proposed technique that was restricted to
5-moduli set such that it can be utilized in conjunction with any RNS with
the set of relatively prime integer moduli {m1,m2,m3, ...,mk}. Just like the
first scheme, this second technique also results in an RNS to MRC with an
asymptotic complexity, in terms of arithmetic operations, in the order of O(k).
In the second line of research, we propose a number of efficient converters
based on the simplification of the traditional CRT. First, we assume a gen-
eral {m1,m2,m3, ...,mk} moduli set, where m1 > m2 > m3 > ... > mk,
with the dynamic range M =

∏k
i=1mi and introduce a modified CRT that

requires mod-mk instead of mod-M calculations. Subsequently, we further
simplify the conversion process by focusing on moduli sets with common
factors, i.e., {2n+ 2, 2n+ 1, 2n} and {2n+ 3, 2n+ 2, 2n+ 1, 2n}. Addi-
tionally, for the moduli set {2n+ 2, 2n+ 1, 2n}, we propose further simpli-
fications which result in a scheme that does not even require explicit modulo
operation computation. Second, for the {2n+ 1, 2n, 2n− 1} moduli set, we
propose a novel converter, which also doesn’t require explicit modulo oper-
ation computation during the conversion processes. Third, we propose two
efficient memoryless reverse converters for the {2n+1 − 1, 2n, 2n − 1}moduli
set. Fourth, we propose two efficient adder based reverse converters for the
{22n+1 − 1, 2n, 2n − 1} moduli set. Finally, two CRT and one MRC based
reverse converters are proposed for the moduli set {22n+1 − 1, 22n, 2n − 1}.
Experimental results indicate that our proposals substantially outperform state
of the art equivalent converters in terms of area, delay, and power consumption.
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Chapter 1

Introduction

I
n the last decades, we have witnessed an ongoing increase in integrated
circuit performance mainly due to advances in fabrication technology and
improvements in computational paradigms [62]. The major challenge in

improving performance from the computational paradigm point of view is the
reduction/elimination of the carry propagation chains inherent to Weighted
Number Systems (WNS), e.g., binary number systems, decimal number sys-
tems. While this is an intrinsic performance limiter for arithmetic units and
processors built based on WNS, several attempts have been made to overcome
the speed limitations by following two main research avenues as follows:

The carry propagation through the conventional ripple-carry adders, which is
the main contributor to the addition delay, can be accelerated by using fast
addition techniques [143]. Those make use of specialized circuitry able to de-
serialize the carries calculation via methods like carry look ahead, carry-skip,
prefix calculation, anticipated calculation, etc. These fast addition techniques
are very important in improving arithmetic units performance because other
arithmetic operations such as multiplication and division are based on addi-
tion, thus their delay heavily depends on the addition delay. For non redundant
number systems, e.g., traditional binary and decimal number systems, the de-
lay of such fast adders is logarithmically bounded by the number of operand
digits [111].

An alternative way to speed up the addition process is to make use of number
system with specialized carry characteristics, i.e., proposing alternative num-
ber representation systems, e.g., Redundant Signed Digit (RSD) number rep-
resentation systems [18, 28, 63, 69, 93, 94, 103] and Residue Number Systems
(RNS) [94].

1



2 CHAPTER 1. INTRODUCTION

In RNS, a set of moduli which are all independent (relatively prime) of one
another are given. In this context, integer operators are represented by the
residues (remainders) of each modulus and arithmetic operations are individ-
ually based on those residues [77]. The basis for an RNS is a set of relatively
prime integers {m1,m2,m3, ...,mk} such that gcd (mi,mj) = 1 for i 6= j,
where gcd means the greatest common divisor of mi and mj . For such a
system, M = Πk

i=1mi is the dynamic range and any integer X ∈ [0,M − 1]
can be uniquely represented as X = (x1, x2, x3, ..., xk), where xi = |X|mi ,
0 ≤ xi < mi. For convenience sake, in this thesis, |X|mi denotes the X mod
mi operation.

The sought characteristic of such alternative number systems is the capability
to provide support for carry-free addition as this directly results in high-speed
arithmetic units. The most important property of RSD number representation
systems is the possibility of performing carry-free addition and borrow-free
subtraction [93]. Redundant number systems provide the possibility of addi-
tion with sub-logarithmic and even constant latency [63]. Therefore, extremely
fast constant-time addition can be performed with redundant number systems
that support carry-free addition [93].

However, addition/subtraction in RSD requires limited carry since the carries
are saved or stored and carry propagation delay occurs once at the very end of
the computation [94]. Although algorithm for performing carry free addition
is available, it is only valid if certain conditions are satisfied [94]. Thus, we
seek a number system, which generally supports carry free operations. The
RNS [37,111,113] is such an integer system exhibiting the capabilities to sup-
port parallel, carry-free addition, borrow-free subtraction, and digit by digit
multiplication. Moreover, it provides support for fault tolerance [11, 51, 137],
which is becoming a crucial aspect as it is getting more and more expen-
sive/difficult to fabricate perfect (predictable) devices in the context of deep
sub-micron fabrication technologies [62].

Thus far, most of the RNS related research has been done in the utilization
of RNS in Digital Signal Processing (DSP) applications, e.g., Digital Fil-
tering [31, 64, 65, 90, 118, 136], Convolutions, Correlations, Discrete Cosine
Transform (DCT) [34, 35], Discrete Fourier Transform (DFT) [58, 114, 116,
119], Fast Fourier Transform (FFT) [31, 80, 108, 117]. Additionally, RNS has
also been applied in low power design [19,61,66,73,91,92,94,95,110], number
theory [10, 74, 104], and digital communications [78, 79, 105, 138].

Despite all these desirable RNS features, it has not found a widespread us-
age in general purpose processors as the following RNS challenges must be
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properly addressed in order to be able to design RNS based general purpose
architectures: sign detection, magnitude comparison [4, 15, 33, 67, 115, 132],
overflow detection, moduli selection, residue to binary/decimal conversion and
vice-versa, division [9, 76], and other complex arithmetic operations.

Effective data converters are required in order to efficiently implement the dif-
ficult RNS operations, e.g., magnitude comparison, sign detection, and divi-
sion, and also to build fault tolerant RNS architectures. Thus, for general
purpose RNS processors to become a reality, high-speed data converters are
required. Due to these reasons, in this thesis, we propose efficient conversion
techniques stemming from either the Mixed Radix Conversion (MRC) or the
Chinese Remainder Theorem (CRT).

The remainder of this chapter is organized as follows. In Section 1.1, we
present basic background information on RNS specific data conversion tech-
niques. Section 1.2 discusses related research work and the research issues
that are addressed in this thesis, while in Section 1.3, this introductory chap-
ter is concluded with the discussion of thesis overview and how the developed
research work is structured and presented.

1.1 Data Conversion Background

The origin of RNS can be traced to the puzzle given by Sun Tzu [108], a
Chinese Mathematician and is illustrated as follows. How can we determine
a number that has the remainders 2, 3, and 2 when divided by the numbers
7, 5, and 3, respectively? This puzzle, written in the form of a verse in the
third century book, Suan-ching by the Chinese scholar Sun Tzu, is perhaps
the first documented use of number representation using multiple remainders.
The answer to this puzzle, 23, is outlined in Sun Tzu’s historic work. The
puzzle essentially asks us to convert the RNS number (2|3|2)RNS(7|5|3) into
its decimal equivalent. Sun Tzu formulated a method for manipulating these
remainders (also known as residues), into integers. This method is regarded
today as the Chinese Remainder Theorem (CRT). The CRT, as well as the
theory of RNS, was set forth in the 19th century by Carl Friedrich Gauss in his
celebrated Disquisitiones Arithmetical [108]. Lehmer, Svoboda, and Valach
first built hardware using RNS. This was reported in 1955 [108].

Considerable work was done at various laboratories on building hardware
based on RNS during 1950’s and 1960’s. Szabo and Tanaka [111] and Wat-
son and Hastings [134] documented the results in this area in their books in
1967. Between 1967 and 1977, there was a setback in RNS research out-
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put as the RNS researchers and processor designers were sceptical about the
dream of RNS processors coming to reality. In 1977, Jenkin and Leon [65]
rekindled the interests of researchers in this area by their pioneering work. In-
teresting results were made available by many researchers between 1977 and
1985 [9, 10, 59, 64, 67, 112, 122]. The research work carried out in this area
up to 1986 was compiled in [108]. Mohan [83] continued with the trend and
reported a collection of articles up to 2001. From 2002 to the present time,
interesting results have been reported and we take note of the efforts of the
following researchers among others [38, 40, 43, 44, 72, 101, 102, 109, 129].

RNS architectures are typically composed of three main parts, namely, a
binary-to-residue converter, residue arithmetic units, and a residue-to-binary
converter. The residue-to-binary converter is the most challenging part of any
RNS architecture. For RNS design to be competitive, the conversion process
must be very fast as otherwise the RNS fast arithmetic advantage may be nul-
lified by the slow conversion processes. As those conversions are computation
demanding and have crucial influence on the speed and complexity of the RNS
architectures, designing efficient converters has been an important task in the
realization of different RNS based applications and processors and several pro-
posals have been reported up to date [1,7,8,15,27,47,83,87,107,108,112,122].

Most of the work on residue to binary conversion is based either on the CRT
[24, 27, 41, 44, 45, 55, 56, 72, 87, 97, 123–125] or on the MRC [3, 42, 46, 48, 59,
81, 89]. CRT is desirable because the computation can be parallelized while
MRC is by its very nature a sequential process. However many up to date RNS
to binary/decimal converters are based on MRC due to the complex and slow
modulo-M operation (M is the dynamic range of the system, and thus a rather
large constant) required by CRT.

The traditional CRT is defined as follows. For a moduli set
{m1,m2,m3, ...,mk} with the dynamic range M =

∏k
i=1mi, the residue

number (x1, x2, x3, ..., xk) can be converted into the decimal number X, as
follows [111]:

X =

∣∣∣∣∣
k∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
M

, (1.1)

where M =
∏k
i=1mi, Mi = M

mi
, and M−1i is the multiplicative inverse of Mi

with respect to mi.

The main drawback of CRT emerges from the required modulo-M operation
which, given that M is a rather large number, this operation can be time con-
suming and rather expensive in terms of area end energy consumption. The
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MRC is an alternative method which does not involve the large modulo-M
calculations. Given an RNS number (x1, x2, x3, ..., xk) for the moduli set
{m1,m2,m3, ...,mk}, the decimal equivalent of it can be computed as [111]:

X = a1 + a2m1 + a3m1m2 + ...+ anm1m2m3...mk−1 (1.2)

where the Mixed Radix Digits (MRDs) ai,i=1,k, can be computed as:

a1 = x1

a2 =
∣∣∣(x2 − a1) ∣∣m−11

∣∣
m2

∣∣∣
m2

a3 =
∣∣∣((x3 − a1)

∣∣m−11

∣∣
m3
− a2

) ∣∣m−12

∣∣
m3

∣∣∣
m3

.

.

ak =
∣∣∣(((xk − a1) ∣∣m−11

∣∣
mk
− a2)

∣∣m−12

∣∣
mk
− ...

−ak−1)
∣∣m−1k−1∣∣mk ∣∣∣mk (1.3)

For the MRDs ai, 0≤ ai < mi, any positive number in the interval
[0, Πk

i=1mi − 1] can be uniquely represented. The major MRC advantage,
as can be seen from Equation (1.3) is that the calculation of ai, i = 1, k can
be done only using arithmetic mod-mi unlike CRT, which involves arithmetic
mod-M , M being the system dynamic range, a rather large constant.

We note inhere that Equations (1.1) and (1.2) can be directly utilized, only if
the moduli set {m1,m2,m3, ...,mk} are relatively prime and that Euclidean
algorithm [29,135] is the common way to verify this, i.e., if gcd(mi,mj) = 1,
for i 6= j.

1.2 Related Work and Problem Statement

As discussed earlier, the existing reverse converters are stemming from either
the MRC or the CRT. Thus, all the discussions here follow the two techniques
starting with MRC. The previously proposed fast MRC techniques either make
use of look up tables [3, 59, 67, 68, 81, 89, 111], or reduce the number of arith-
metic operations that are involved in the conversion processes [71, 139–141].
The later approach is desirable because a suitable reduction method can be uti-
lized in conjunction with appropriate selection of moduli, which can produce
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unity for all the required multiplicative inverses in the conversion processes.
This can lead to a fast and memoryless reverse converter.

MRC based techniques, which considerably reduce the number of involved
arithmetic operations during the conversion processes have been presented in
[139–141]. It can be inferred from the description given in Equation (1.3) and
in line with the discussion in [141] that a total of k(k−1)2 arithmetic subtractions
and multiplications are required in order to compute the MRDs for k-moduli
sets. This means that the conversion process that computes the MRDs for an
RNS with k moduli set has an asymptotic complexity in the order of O(k2).

The improved MRC described in [141] requires a total of k(k−1)
2 subtractions

just as in [111] but can reduce the arithmetic multiplications to (k− 2) instead
of k(k−1)2 required in [111] for computing the MRDs. Even though the number
of arithmetic multiplications was reduced, the asymptotic complexity was not
improved beyond O(k2). We therefore first address the following research
question:

• Can we reduce the asymptotic complexity such that we obtain a linear
complexity, i.e., O(k)?

Also in the MRC line of thinking, it is worth mentioning the matrix method
described in [140] for the particular moduli set {11, 7, 5, 3, 2}. In this approach
4 modular equations have to be solved, which results in a quite effective way
to perform the RNS to WNS conversion for the assumed moduli set. In view
of this, in this thesis, we address the following open question:

• Given that there exists an unrestricted 5 moduli MRC based Ma-
trix method, can we generalize the matrix method such that it be-
comes applicable for any RNS with relatively prime integer moduli
{m1,m2,m3, ...,mk}?

As previously mentioned, the other research avenue followed by the commu-
nity is based on CRT. While for MRC, the discussion can be done in general,
CRT based converters have structures and performance which heavily depend
on the moduli set they target. In view of that, the rest of the discussion in this
section is organized per type/class of moduli. The large majority of available
high-speed CRT based reverse converter architectures are based on the triple
moduli set {2n + 1, 2n, 2n − 1} as they can exploit the useful properties of the
numbers (2k− 1) or (2k + 1). However, the moduli sets {2n+ 1, 2n, 2n− 1}
and {2n+ 2, 2n+ 1, 2n} are also considered useful because the numbers
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are consecutive, enabling nearly equal width adders and multipliers in the
hardware implementation [2]. For the moduli sets {2n+ 2, 2n+ 1, 2n} and
{2n+ 1, 2n, 2n− 1}, CRT based RNS to decimal converters, which ”do not
require the explicit computations of modulo operations” (this expression im-
plies that, contrary to the conventional traditional CRT, the modulo operation
computation is required only in some cases and can even be completely elim-
inated) have been presented in [2, 99, 100]. This can be seen as an interesting
breakthrough as the major CRT problem is eliminated but despite the fact that
no explicit modulo operations are required by these techniques, the numbers
involved in the computations are large. Thus, by implication, they are rather
slow and their hardware implementations require large area. This leads to the
following research questions:

• For each of the moduli sets {2n+ 2, 2n+ 1, 2n} and
{2n+ 1, 2n, 2n− 1}, can the modulo operation be reduced to
minimum? Can the modulo operation computations be completely
eliminated?

• For applications requiring larger dynamic range than the one of-
fered by {2n+ 2, 2n+ 1, 2n}, can this moduli set be extended to
{2n+ 3, 2n+ 2, 2n+ 1, 2n}? What are the implications of this exten-
sion in terms of conversion cost?

On the other hand, given that modulo arithmetic for the moduli set
{2n + 1, 2n, 2n − 1} is relatively easy, building efficient reverse converters for
this moduli set is of practical interest. Andraos and Ahmad [6] introduced in-
novative concepts in reverse converter design. They derived closed form ex-
pressions for the moduli inverses so as to reduce the conversion complexity.
Also, a general technique of dividing both sides of the CRT expression by
2n and then taking its modulus with respect to the product of the remaining
moduli was introduced. This reduces the adder size by n bits. Novel reverse
converters have also been proposed in [32, 60].

In [120], a faster reverse converter was presented together with magnitude
comparisons of two RNS numbers. Later on, a faster and cheaper implemen-
tation was accomplished by Piestrak [96]. The reverse converter proposed
in [60] depends on simple mathematical relationships without using MRC or
CRT. The technique mainly consists of two steps, the first step is to find a
number that corresponds to the first and last moduli (2n − 1, 2n + 1) and the
second step is to combine this number with the modulus 2n. A similar ap-
proach was adopted by Bi and Jones [14]. In [14], CRT was used to combine
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the first and the last moduli and finally in order to combine the result with the
second one, MRC was employed. Piestrak [96]’s work was modified in [12]
resulting into a high-speed and area efficient reverse converter.

A new property of a CRT decomposition was presented in [30]. This prop-
erty is applicable to any RNS moduli set and has been applied to the moduli
set {2n + 1, 2n, 2n − 1} in order to obtain an area-delay efficient reverse con-
verter. Part of the total dynamic range is unusable due to the CRT decomposi-
tion.

In [133], new and uniform algorithms were designed using the New CRT for
the RNS to binary conversion. Three different converters using either 2n-bit
or n-bit adders were proposed. The 2n-bit adder-based converter is faster and
requires about half the hardware required by the previous methods [6, 60, 96].
For the n-bit adder-based implementations, one of the converters is twice as
fast as the previous method [36] with similar amount of hardware resources,
whereas another n-bit converter achieves improvement in both speed and area.
For the n-bit adder-based converter, the amount of hardware is similar com-
pared with the one in [30]. However, as said before, in [30], not the entire
dynamic range of numbers is used.

In [16], new theorems, which further reduces the modulo operation required by
the modified CRT (New CRT) for three moduli sets was proposed. The modulo
part of the Residue to Binary converter for the moduli set {2n + 1, 2n, 2n − 1}
based on the proposed theorems was also presented. The FPGA implementa-
tion results show that the proposed converter is about twice faster and requires
50% less hardware and power for the modulo operation than the converter
in [133]. However, this proposal does not give a complete residue-to-binary
converter. It only considers the modulo part delay, which is not the only factor
that determines the delay of a complete residue-to-binary converter. Thus, a
more efficient converter is still desirable. In [52, 84, 86, 87], efficient RNS re-
verse converter structures were proposed. In [86], an efficient reverse converter
was proposed for the moduli set

{
2n+1 + 1, 2n, 2n+1 − 1

}
, which is also an

enhancement of the traditional moduli set {2n + 1, 2n, 2n − 1}.
However, for applications requiring larger dynamic range, the traditional mod-
uli set has been extended to four, five, or multi-moduli sets [5, 7, 13, 20–23,
55, 72, 82, 84, 106, 121, 142]. As discussed earlier, the moduli set choice and
the conversion algorithm selection greatly influence the area and delay of the
resulting RNS to binary converter design. Currently, the following algorithms
are available: The traditional CRT and MRC [111], the core function [142],
and the New CRT [131]. The New CRT [131] eliminates the drawbacks of



1.2. RELATED WORK AND PROBLEM STATEMENT 9

both the traditional CRT and MRC algorithms, resulting in notable improve-
ment in the conversion algorithms. However, the applicability of the New
CRT [131] depends on the chosen moduli set. Due to this fact, some of the
recently proposed efficient reverse converters are still based on the traditional
approaches. The reverse conversion algorithms presented in [5, 20, 106, 142]
are based on the New CRT [131].

The reverse conversion algorithm presented in [5] is for the moduli set
{2n+1 + 2n − 1, 2n + 2n−1 − 1, 2n − 1, 2}, which is having a limited dy-
namic range because the first modulus is a constant, i.e., 2. Another no-
table reverse converter based on the New CRT [131], presented in [106] for
the moduli set {2n + 3, 2n + 1, 2n − 1, 2n − 3}, has multiplicative inverses
which are in poor formats. Additionally, three ROM tables, which are very
expensive for large dynamic range were used to eliminate the modular multi-
plications. For the moduli set {2n − 3, 2n + 1, 2n − 1, 2n + 3}, Mohan [84]
suggested a ROM-less implementation using Montgomery’s modulo multipli-
cation in order to realize the conversion. This avoids the expensive ROM
tables utilized in [106]. Recently, a memoryless reverse converter was pro-
posed for another new moduli set {22n+1 − 3, 22n − 2, 2n + 1, 2n − 1} [142].
This moduli set is unbalanced and the resulting structure is very complex
with also higher area cost and conversion delay compared to the dynamic
range of 6n-bits it provides. Cao, et al [21] presented an efficient RNS to
Binary converter for the moduli set {22n + 1, 2n + 1, 2n, 2n − 1}, which is
an extension of the traditional moduli set {2n + 1, 2n, 2n − 1}. The choice
of the fourth modulus 22n + 1 was quite innovative over other previous
choices, i.e., 2n+1 + 1 in {2n+1 + 1, 2n + 1, 2n, 2n − 1} [13] and 2n+1− 1 in
{2n+1 − 1, 2n + 1, 2n, 2n − 1} [121]. The reverse converter proposed in [21]
is composed of only 2-levels of carry save adders and a modulo-24n− 1 adder.
However, in the moduli set {22n + 1, 2n + 1, 2n, 2n − 1, }, the increase of
the word length of one of the moduli to 2n bits as in the case of the mod-
uli set {2n + 1, 2n, 2n − 1} increases the computation time of all the oper-
ations of the processor corresponding to the modulus 22n + 1. Thus, there
is a need to examine whether this can be taken into account in considering
modified three moduli set {22n + 1, 22n − 1, 2n} in place of four moduli set
{22n + 1, 2n + 1, 2n, 2n − 1}.
The moduli set {22n + 1, 2n, 22n − 1} was independently investigated in [52]
and [84] and the same results were reported. With the same dynamic range,
the reverse converter structure in [52, 84] is composed of only one CSA and a
modulo-24n−1 adder producing better results in terms of area and delay when
compared with the reverse converter in [21]. A generalized reverse converter
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structure for the moduli set {2n + 1, 2n, 2n − 1}, which is also a generalized
form of the reverse converters in [52, 84], was presented in [87]. In general, a
reverse converter based on the moduli set of the form

{
2b + 1, 2a, 2b − 1

}
will

require only one 22b − 1-bit CSA and a 22b − 1-bit modulo adder.

The main disadvantage of the popular triple moduli set described above, which
serves as an obstacle from obtaining a higher speed-up, is that the third mod-
ulus, 2n + 1, requires (n + 1) bits to represent 2n + 1 states. That is, many
parts of the states remain unused. The differences in the complexity of the
arithmetic units for the various moduli of the set are not negligible (the imbal-
ance between the elements of the moduli set), in particular, the longer critical
path of the 2n + 1 moduli set. Moreover, in spite of just exceeding by one the
power of 2, the additional bit of the moduli 2n + 1 multiplication originates a
more complex computational structure and consequently the processing time
increases, when compared with the other moduli multiplications. Additionally,
arithmetic operations with respect to 2n+1 is not as simple as left circular rota-
tion in a 2n− 1 modulus. These stated issues usually degrade the performance
of the entire RNS architecture. For the imbalance problem, a modification of
the moduli set {2n + 1, 2n, 2n − 1}, which corresponds to the overloading of
the binary base element (channel) has been proposed in [25–27] in order to
obtain more balanced structures.

On the other hand, since arithmetic operations with respect to 2n−1 modulus is
simpler and faster than 2n+ 1 modulus, alternative moduli sets, which are free
of 2n + 1-type arithmetic have been proposed in [57,75,85,88,127,128]. The
first step towards proposing alternative moduli set was taken in [57] by propos-
ing the moduli set

{
2n, 2n − 1, 2n−1 − 1

}
together with its adder-based re-

verse converter. Later on, a similar moduli set
{

2n+1 − 1, 2n, 2n − 1
}

, which
was enhanced in [88], was proposed in [85]. A reverse converter with bet-
ter Area-Time (AT) requirements than the one in [85] was presented in [75].
Given that the required area cost for the reverse converter in [75] is large, we
provide solutions to the following research question:

• Can we obtain a reverse converter with better area cost with small or no
penalty in the conversion time when compared to the one in [75]?

As said earlier, the moduli set
{

2n+1 − 1, 2n, 2n − 1
}

was enhanced to{
22n+1 − 1, 2n, 2n − 1

}
in [88]. A MRC based reverse converter, which re-

quires a high conversion time has been proposed for this set. We resolve the
following issue:

• Can we obtain a reverse converter with better conversion time with small
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or no penalty in the area cost when compared to the proposed reverse
converter in [88]?

Given that in the moduli set
{

22n+1 − 1, 2n, 2n − 1
}

, the binary channel is
underutilized and that applications requiring larger dynamic range are of prac-
tical interest, we present solutions to the following question:

• Can we obtain an efficient reverse converter for an extended moduli set{
22n+1 − 1, 22n, 2n − 1

}
?

In this thesis, we address all the previously stated research questions and pro-
pose theoretical solutions which are also evaluated by means of VHDL imple-
mentations.

1.3 Main Results and Thesis Overview

In this thesis, we propose several novel reverse converters based on either the
traditional CRT or MRC. The thesis organization and its main contributions
are as follows:

• Chapter 2 introduces an RNS to MRC technique, which addresses the
computation of Mixed Radix Digits (MRDs) in such a way that enables
the MRC parallelization. Given an RNS with the set of relatively prime
integer moduli {m1,m2,m3, ...,mk}, the key idea behind the proposed
technique is to maximize the utilization of the modulo-mi adders and
multipliers embedded in the RNS processor functional units. For an
n-digit RNS number X = (x1, x2, x3, ..., xk) the method requires k it-
erations. However, at iteration i, the modulo-mi units are utilized for
the calculation of the MRD ai, while the other modulo units are calcu-
lating intermediate results required in further iterations. This approach
results in an RNS to MRC with an asymptotic complexity, in terms of
arithmetic operations, in the order of O(k) while the traditional MRC
technique exhibits an asymptotic complexity in the order of O

(
k2
)
, k

being the number of moduli.

• In Chapter 3, we present a matrix based method that is a generalization
of a previously proposed 5-moduli set restricted technique such that it
becomes applicable to any RNS with the set of relatively prime integer



12 CHAPTER 1. INTRODUCTION

moduli {m1,m2,m3, ...,mk}. Next, we simplify the computing proce-
dure by maximizing the utilization of the modulo-mi adders and multi-
pliers which are part of the RNS processor functional units. With higher
reduction in the number of arithmetic operations than the ones in Chap-
ter 2, this scheme also results in an RNS to MRC with an asymptotic
complexity, in terms of arithmetic operations, in the order of O(k).

• Chapter 4 investigates moduli sets with common factors. First, we
assume a 3-moduli set {m1,m2,m3}, where m1 > m2 > m3,
with the dynamic range M =

∏3
i=1mi and introduce a modified

CRT that requires mod-m3 instead of mod-M calculations. Subse-
quently, we further simplify the conversion process by focussing on
{2n+ 2, 2n+ 1, 2n} moduli set, which has a common factor of 2. We
introduce in a formal way a CRT based approach for this case, which
requires the conversion of the {2n+ 2, 2n+ 1, 2n} set into a moduli
set with relatively prime moduli, i.e.,

{
m1
2 ,m2,m3

}
, when n is even,

n ≥ 2, and
{
m1,m2,

m3
2

}
, when n is odd, n ≥ 3. We demonstrate that

such a conversion can be easily done and doesn’t require the compu-
tation of any multiplicative inverses. We further simplify the 3-moduli
CRT for the specific case of {2n+ 2, 2n+ 1, 2n} moduli set. Second,
we propose another new RNS to decimal converter for the moduli set
{2n+ 2, 2n+ 1, 2n} for any integer n > 0. We simplify the CRT in or-
der to obtain a reverse converter that utilizes only mod-n instead of mod-
(2n+2)(2n) or mod-2n required by other state of the art equivalent con-
verters. Next, we present a low complexity implementation that does not
require the explicit calculation of modulo operations in the conversion
process as it is normally the case in the traditional CRT and other state of
the art equivalent converters. Third, we provide a general 4-moduli RNS
conversion scheme and then present a compact form of multiplicative
inverses, valid for 4-moduli set {2n+ 3, 2n+ 2, 2n+ 1, 2n}. We con-
clude the chapter by assuming a general {m1,m2,m3, ...,mk} moduli
set with the dynamic range M =

∏k
i=1mi and introducing a modified

CRT that requires mod-mk instead of mod-M calculations.

• Chapter 5 proposes a novel reverse converter for the moduli set {2n +
1, 2n, 2n− 1}. First, we simplify the CRT to obtain a reverse converter
that utilizes mod-(2n− 1) operations instead of mod-(2n)(2n− 1) and
mod-(2n + 1)(2n − 1) operations required by the converters in [41]
and [2], respectively. Next, we present a low complexity implementa-
tion that does not require explicit modulo operations in the conversion



1.3. MAIN RESULTS AND THESIS OVERVIEW 13

process as it is normally the case in the traditional CRT and some other
state of the art equivalent converters. On the critical path, our proposal
requires one 3:1 adder, two 2:1 adders, one multiplier, one compara-
tor, and one multiplexer; the one in [41] requires one 3:1 adder, two
2:1 adders, and two multipliers while the one in [2] requires one 4:1
adder, two 2:1 adders, and two multipliers. Additionally, due to the fact
that our scheme operates on smaller magnitude operands, it embeds less
complex adders and multipliers, which potentially results in even faster
and smaller implementations of the adders and multipliers required by
our scheme. In order to get more inside in the practical implications
of our proposal, we described our proposal and the converters in [41]
and [2] in VHDL and implemented them on Xilinx Spartan 3 FPGA.
The synthesis results indicate that, on average, the proposed converter is
capable of performing the reverse conversion 14% and 15.8% faster with
27% and 21% area decrease, when compared to the reverse converters
in [41] and [2], respectively. The proposed converter also consumes, on
average, 8% and 18% less power when compared to the converters in [2]
and [41], respectively.

• In Chapter 6, two novel memoryless RNS to binary converters for the
moduli set {2n+1 − 1, 2n, 2n − 1} are proposed. First, we simplify the
CRT to obtain a reverse converter that requires mod-(2n+1 − 1) instead
of both of mod-(2n+1 − 1) and mod-(2n − 1) required by the best state
of the art converter. Second, we further simplify the resulting archi-
tecture in order to obtain a reverse converter that utilizes only Carry
Save Adders and Carry Propagate Adders. We reduce the large mod-
ulo (2n+1 − 1)(2n − 1) adder to a simple modulo (2n+1 − 1) adder
with the consequence of a reduction in the dynamic range from M to
M -(2n − 1)2. We demonstrate that the range reduction penalty de-
creases exponentially as n increases and for values of n ≥ 5, the re-
duction penalty is negligible (≤ 0.0078%). Subsequently, we propose
an alternative solution that eliminates the dynamic range limitation at
the expense of extra area. We implemented our proposals and the con-
verter in [75] on a Xilinx Spartan 3 FPGA. The results indicate that,
on average, the speed of the proposed converter is slightly better when
compared with the most effective equivalent state of the art converter.
However, the proposed limited dynamic range converter achieves about
42% area reduction, while the second one provides only 29.48% area
reduction.
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• In Chapter 7, we propose two novel high speed memoryless RNS to bi-
nary converters for the moduli set {22n+1 − 1, 2n, 2n − 1}. First, we
simplify the traditional CRT and obtain a new converter, which doesn’t
cover the entire dynamic range, that only requires mod-(22n+1−1) oper-
ations. Further simplifications result in a very simple and efficient hard-
ware structure, composed of only Carry Save Adders with End-Around
Carries and Carry Propagate Adders. Additionally, we resolve the do-
main restriction problem and propose another reverse converter, which
is valid for the entire dynamic range. The theoretical analysis indicates
that the two proposed reverse converters are faster than the best known
equivalent state of the art reverse converter, but one of them requires
more hardware resources. This theoretical result holds true in practice
as well as synthesis results suggest that, on average, the proposed limited
range CRT and the proposed full range CRT, respectively, are capable of
performing the reverse conversion 13.40% and 13.20% faster, with extra
costs of 3.29% and 22.75% in terms of area, when compared with the
the best known state of the art reverse converter. Additionally, the Area
Time Square (AT2) efficiency metric suggests that the proposed limited
range CRT and the proposed full range CRT, respectively, are 24% and
3% more efficient than the state of the art converter.

• Chapter 8 proposes three reverse converters (CI, CII, and CIII) for the
new moduli set {22n+1 − 1, 22n, 2n − 1}. Two of the proposed reverse
converters, namely CI and CIII are based on the traditional CRT while
the third one, namely CII is based on the MRC. The synthesis results
suggest that, CI reduces the conversion computation time by about 6%
while also reducing the required hardware area by more than 3%, when
compared to CIII. On the other hand, CIII improves the conversion speed
by about 17% and reduces the hardware resources by more than 4%,
when compared with CII. The proposed CIII is about 11% faster and
requires about 22% more hardware resources than the converter in [88].
The AT2 efficiency metric indicates that it is 5% better than the one
in [88].

• Chapter 9 provides concluding remarks on the work presented in this
thesis. It summarizes the thesis, outlines its main contributions, and
suggests directions for future research.



Chapter 2

Linear Mixed Radix Conversion

A
s stated in the first chapter, the work on Residue Number System (RNS)
to binary/decimal conversion is based on Chinese Remainder Theorem
(CRT) [1, 7, 8, 56, 57, 107, 125, 126] or on Mixed Radix Conversion

(MRC) [70, 139–141]. CRT is desirable because the computation can be par-
allelized while MRC is by its very nature a sequential process. However many
up to date RNS to binary/decimal converters are based on MRC due to the
complex and slow modulo-M operation (M being the system dynamic range
thus a rather large constant) required by CRT. The main problem with the MRC
is that the computations of the Mixed Radix Digits (MRDs) is done in a serial
manner and requires a large number of arithmetic operations.

In this chapter, a MRC based technique is proposed. We introduce an RNS
to MRC technique, which addresses the computation of MRDs in such a way
that enables the MRC parallelization. With k being the number of moduli, this
approach results in RNS to MRC with an asymptotic complexity, in terms of
arithmetic operations, in the order ofO(k), while state of the art MRCs exhibit
asymptotic complexities in the order of O

(
k2
)
s.

The remainder of this chapter is organized as follows. Section 2.1 introduces
the necessary background information, Section 2.2 describes the proposed Lin-
ear MRC, the performance of the Linear MRC is evaluated in Section 2.3 while
the chapter is concluded in Section 2.4.

15
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2.1 Background

Conversion from RNS to decimal is relatively fast using MRC as it does not in-
volve the large modulo-M calculations present in CRT. Suppose that we have
a residue number (x1, x2, x3, ..., xk) for the moduli set {m1,m2,m3, ...,mk}
and a set of digits {a1, a2, a3, ..., ak}, which are the MRDs, the decimal equiv-
alent of the residues can be computed as follows [111]:

X = a1 + a2m1 + a3m1m2 + ...+ anm1m2m3...mk−1 (2.1)

where the MRDs are given as follows:

a1 = x1

a2 =
∣∣∣(x2 − a1) ∣∣m−11

∣∣
m2

∣∣∣
m2

a3 =
∣∣∣((x3 − a1)

∣∣m−11

∣∣
m2
− a2

) ∣∣m−12

∣∣
m3

∣∣∣
m3

.

.

ak =
∣∣∣(((xk − a1) ∣∣m−11

∣∣
mk
− a2)

∣∣m−12

∣∣
mk
− ...

−ak−1)
∣∣m−1k−1∣∣mk ∣∣∣mk (2.2)

Given the MRDs ai, 0 ≤ ai < mi, any positive number in the interval
[0, Πk

i=1mi − 1] can be uniquely represented. We note inhere that Equa-
tion (2.2) is exactly the same as the one also presented in [70] and parallelizing
Equation (2.2) has also been suggested in [70].

One can easily deduce from Equation (2.2) and also in line with the discussion
in [141] that a total of k(k−1)

2 arithmetic subtractions and multiplications are
required. This means that the conversion process that computes the MRDs for
an RNS with an k-moduli set has an asymptotic complexity in the order of
O(k2), in terms of the number of arithmetic operations. In the general case,
due to the fact that all the mi products in Equation (2.1) can be precalculated,
(k − 1) multiplications and (k − 1) additions are required for the conversion
of a MR number to binary/decimal. That part of the calculation cannot be
diminished as it stands on the very nature of MR representation.

The improved MRC described in [141] requires a total of k(k−1)
2 subtractions

just as in [111] but it can reduce the arithmetic multiplications to (k − 2)

instead of k(k−1)
2 required in [111] for computing the MRDs. Computation of

the MRDs in a faster way based on look up tables has been described in [59,67,
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81,89]. The complexity of the MRC described in [59,67,81,89,111,141] either
in terms of the number of arithmetic operations or in terms of the required
number of look up tables is in the order of O(k2). The algorithm in [81] is
reported to be better than that in [89] and [59]. The algorithm presented in [81]
is rather complex as it requires solving k(k−1)

2 linear Diophantine Equations
(DEs). The algorithm presented in this thesis follows in a certain way the
same assumptions and principles as [81] but without the need to solve any DE.

Our proposal is stemming from the fact that in Equation (2.2) not all the ways
in the modulo-mi functional units are utilized at each iteration. Given the
fact that in one RNS operation all the modulo-mi units can execute useful
computation, the conversion algorithm, which directly follows Equation (2.2)
is under-utilizing the available hardware in the RNS processor functional units.
Based on this observation and in a more simpler manner when compared to
[81], we present in the next section a new method to compute the MR digits ai
that exhibits more parallelism and entirely utilizes the modulo-mi ways in the
RNS processor functional units.

2.2 Modification of Knuth/Szabo and Tanaka’s MRC

The MRC as described in Equation (2.2) is by its very nature serial. That is
ai depends on aj , i = 2, 3, ..., k, and j = 1, 2, 3..., i − 1. To improve the
conversion performance, we seek ways to relax these dependencies and make
the computation of ai as parallel as possible. One possible way to do this is
based on the fact that a functional unit in an RNS with the moduli {mi}i=1,k

has k parallel computation ways. However, at each iteration i in Equation (2.2)
not all the modulo ways in the functional units can be utilized in parallel due
to the very nature of the evaluated expression. Given that those ways are com-
puting independently, one can reduce the number of operations required in the
conversion process by proposing an algorithm that targets the complete utiliza-
tion of the modulo-mi ways in the RNS processor functional units. Based on
this observation, we propose a new MRC method that asymptotically speaking
requires a linear amount of RNS arithmetic operations.

Suppose we have a residue number (x1, x2, x3, ..., xk) for the moduli
{m1,m2,m3, ...,mk}, then the mixed radix digits ai and the decimal equiv-
alent can be computed using Equations (2.2) and (2.1). As previously men-
tioned, the challenge is to obtain the MRDs ai in a more parallel man-
ner. All the derivations in this section are done under the assumption that
1 < m1 < m2 < m3 < ... < mk holds true.
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In Equation (2.1), every term except the last, i.e., a1 is a multiple of m1. If we
take the modulo of both sides of Equation (2.1) with respect to m1, we obtain:

|X|m1
= a1 (2.3)

meaning that a1 = x1.

In a similar manner, if we subtract a1 from both sides of Equation (2.1), divide
both sides by m1, and then compute the modulo of both sides with respect to
m2 we obtain:

a2 =

∣∣∣∣X − a1m1

∣∣∣∣
m2

, (2.4)

which is equivalent to:

a2 =

∣∣∣∣∣∣∣(m1)
−1
∣∣∣
m2

|(x2 − x1)|m2

∣∣∣∣
m2

. (2.5)

If we follow the same procedures, we can obtain the values of (a3, a4, ..., ak).

In this thesis, we divide the stages involved in the computation of the MRDs ai
into levels in such a way that we maximize the utilization of the RNS processor
functional units. The main idea is to perform at the current level i, apart of the
computations required for the calculation of ai also computations that simplify
the calculations in the level (i + 1). For that purpose, we introduce auxiliary
variables yji , where the exponent j, j = 0, 1, 2, ..., k−1, of y denotes different
levels where MRDs are computed and i increases by 1 as we progress from
one level to another. For example, for level 0, y01 = a1, for level 1, y12 = a2,
etc. Based on that, the MRC we propose can be described as follows:

Level 0: The first level is regarded as level 0 and in this level no calculations
are required as indicated by Equation (3.3). This implies that (k−1) levels are
required for a system involving k-digit MR conversion.

y01 = a1 and a1 = x1 (2.6)

Level 1: In this level, we derive a2. Clearly, a2 = (X−x1)
m1

< m2m3...mk.
Based on that we can compute:

y1j+1 =

∣∣∣∣xj+1 − x1
m1

∣∣∣∣
mj+1

, (2.7)

which implies that:

y1j+1 =
∣∣∣∣∣m−11

∣∣
mj+1

|(xj+1 − x1)|mj+1

∣∣∣
mj+1

, (2.8)
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where j = 1, 2, 3, ..., k − 1. If we put j = 1 in the above equation, we obtain
a2. The rest of the values corresponding to j = 2, 3, ..., k − 1 will be utilized
in the next level.

j = 1, a2 = y12 =

∣∣∣∣x2 − x1m1

∣∣∣∣
m2

, (2.9)

which implies that:

y12 =
∣∣∣∣∣m−11

∣∣
m2
|(x2 − x1)|m2

∣∣∣
m2

(2.10)

j = 2, y13 =
∣∣∣∣∣m−11

∣∣
m3
|(x3 − x1)|m3

∣∣∣
m3

(2.11)

j = 3, y14 =
∣∣∣∣∣m−11

∣∣
m4
|(x4 − x1)|m4

∣∣∣
m4

(2.12)

...

One can easily observe that y12 , y13 , y14 ,...,y1n can be computed in parallel by
different modulo-mi ways in the RNS processor functional unit.

Level 2: The main goal of Level 2 is to compute a3. In a similar manner to
Level 1, we have:

y2j+2 =
∣∣∣∣∣m−12

∣∣
mj+2

∣∣(y1j+2 − y12
)∣∣
mj+2

∣∣∣
mj+2

. (2.13)

When j = 1, we have:

a3 = y23 =
∣∣∣∣∣m−12

∣∣
m3

∣∣(y13 − y12)∣∣m3

∣∣∣
m3

. (2.14)

When j = 2, we have:

y24 =
∣∣∣∣∣m−12

∣∣
m4

∣∣(y14 − y12)∣∣m4

∣∣∣
m4

. (2.15)

When j = 3, we have:

y25 =
∣∣∣∣∣m−12

∣∣
m5

∣∣(y15 − y12)∣∣m5

∣∣∣
m5

. (2.16)

Again one can observe that y23 , y24 , y25 ,...,y2n can be computed in parallel also
by different modulo-mi ways in the RNS processor functional unit.

Level 3: Here, y3j+3 is given as:

y3j+3 =
∣∣∣∣∣m−13

∣∣
mj+3

∣∣(y2j+3 − y23
)∣∣
mj+3

∣∣∣
mj+3

. (2.17)
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When j = 1,
a4 = y34 =

∣∣∣∣∣m−13

∣∣
m4

∣∣(y24 − y23)∣∣m4

∣∣∣
m4

. (2.18)

When j = 2,
y35 =

∣∣∣∣∣m−13

∣∣
m5

∣∣(y25 − y23)∣∣m5

∣∣∣
m5

. (2.19)

When j = 3,
y36 =

∣∣∣∣∣m−13

∣∣
m6

∣∣(y26 − y23)∣∣m6

∣∣∣
m6

. (2.20)

y34 , y35 , y36 ,...,y3n will be used in the next level and can be computed in parallel.

The rest of the MRDs are computed in a similar manner and the iteration con-
tinues until an is computed as yk−1j+(k−1) and

ak =

∣∣∣∣∣∣m−1k−1∣∣mj+(k−1)

∣∣∣(yk−2j+(k−1) − y
k−2
k−1

)∣∣∣
mj+(k−1)

∣∣∣∣
mj+(k−1)

,

where j = 1, 2, 3, ..., k − l, (l is the level number i.e., l = 1, 2, ..., k − 1).

2.3 Performance Analysis

When analyzing the proposed method, one can observe the following:

• No computation is required at Level 0;

• one computation is required in the last level, i.e, the computation of ak;

• each of the remaining (n−2) levels requires ((k− l), l = 1, 2, ..., k−1)
computations, where by computation we mean one modulo addition and
one modulo multiplication.

One can observe however that the (k−l) per level computations can be done in
parallel as they utilize different modulo-mi ways in the RNS processor func-
tional units. Given that they are equivalent to one computation in the RNS
hardware. This implies that the total number of computations that are required
in all the levels sums up to (k − 1). Hence, the asymptotic complexity of the
proposed technique is in the order of O(k). This constitutes a substantial im-
provement over the state of the art as the MRCs described in [59, 67, 81, 89],
either in terms of the number of arithmetic operations or in terms of the re-
quired number of look-up tables, have asymptotic complexities in the order of
O(k2).
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Mod RI [in %] RII [in %]
3 20 0
4 33.33 5.26
5 42.86 14.29
6 50 21.05
7 55.56 26.53
8 60 31.15
9 63.64 35.14
10 66.67 38.64

Table 2.1: Arithmetic Operations Reduction in %

In order to get a better estimate of the impact of the proposed Linear MRC
method in practice, we compute the number of required operations for the
classic MRC, the method in [141] (MRC [141]), and the proposed method
(IMRC), for moduli sets of lengths 3 to 10. The total number of arithmetic
operations is computed based on the assumption that an addition takes one cy-
cle and a multiplication two cycles, thus we consider that one multiplication
is equivalent delay wise with two additions. MRC and MRC [141] require
k(k−1)

2 and (k − 2) multiplications, respectively, and the same k(k−1)
2 addi-

tions for the computation of the MRDs. Additionally, all the methods require
(k − 1) additions and (k − 1) multiplications to compute the decimal number
according to Equation (2.1). As the moduli set cardinality increases, the num-
ber of arithmetic operations in the traditional MRC grows quadratically while
for IMRC and the MRC [141], it increases with a constant factor of 6 and
((8 + p), p = 0, 1, 2, ...) arithmetic operations, respectively. Thus, MRC [141]
also increases quadratically.

The results of this comparison are depicted in Table 2.1, Figure 2.1, and
Figure 2.2. Table 2.1 presents the percentage reduction of the total num-
ber of arithmetic operations required by IMRC when compared to MRC and
MRC [141]. We note here that in Table 2.1, the following notations are uti-
lized: Mod - stands for the number of moduli in the considered RNS; RI -
stands for reduction of the total number of arithmetic operations in percent-
age achieved by IMRC over classical MRC; while RII - stands for reduction
of the total number of arithmetic operations in percentage achieved by IMRC
over MRC [141]. The percentage reductions achieved by the proposed IMRC
is depicted by Figure 2.2. One can observe that IMRC achieves 33.33% and
5.26% reductions with moduli sets of length four when compared with the
classic MRC and MRC [141], respectively. For moduli sets of length ten,
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IMRC achieves 66.67% and 38.64% reductions when compared with the clas-
sic MRC and MRC [141], respectively. As expected, the larger the number of
moduli in the RNS, the larger the reduction the proposed conversion method
exhibits.

The traditional MRC and the one in [141] respectively require k(k−1)
2 and

(k − 2) multiplications with the same k(k−1)
2 additions for the computation

of MRDs in addition to (k− 1) additions and (k− 1) multiplications required
by Equation (2.1) to compute the decimal number. However, it should be noted
that it is not in every case that the improved MRC in [141] reduces the arith-
metic multiplications to (k−2). We thus compare the proposed IMRC with this
maximum arithmetic reduction in multiplication that can be provided by [141].

Figure 2.1 depicts the IMRC, MRC [141], and the classic MRC performance
in terms of the number of arithmetic operations as the length of the moduli
set increases. Clearly, it can be seen from Figure 2.1 that the proposed IMRC
has the least growth in the RNS arithmetic operations as moduli set length
increases when compared with MRC and MRC [141].

2.4 Conclusion

In this chapter, we introduced an RNS to MRC technique, which addresses
the computation of MR digits in such a way that enables the MRC paralleliza-
tion. Given an RNS with the set of relatively prime integer moduli {mi}i=1,k,
the key idea behind the proposed Linear MRC technique is to maximize the
utilization of the modulo-mi adders and multipliers present in the RNS pro-
cessor functional units. For an k-digit RNS number X = (x1, x2, x3, ..., xk)
the method requires k iterations. However, at iteration i, the modulo-mi units
are utilized for the calculation of the MR digit ai, while the other modulo
units are calculating intermediate results required in further iterations. Given
that one such iteration can be seen as one single operation in the RNS proces-
sor functional units, our approach results in an RNS to MR conversion with
an asymptotic complexity, in terms of arithmetic operations, in the order of
O(k), while the traditional MRC and many other state of the art MRCs based
techniques exhibit an asymptotic complexity in the order of O

(
k2
)
. More

in particular, the utilization of our technique achieved 33.33% and 5.26% re-
ductions with moduli sets of length four when compared with MRC and the
improved MRC in [141], respectively. For moduli sets of length ten, our pro-
posal achieved 66.67% and 38.64% reductions when compared with MRC and
the improved MRC in [141], respectively.



24 CHAPTER 2. LINEAR MIXED RADIX CONVERSION

In the next chapter, we will generalize a previously proposed technique that
was restricted to 5-moduli set such that it becomes applicable to any RNS
with the set of relatively prime integer moduli {mi}i=1,k. It will be shown
that lesser number of arithmetic operations can be obtained using the matrix
method.



Chapter 3

Generalized Matrix Method

G
iven that the Mixed Radix Conversion (MRC) based scheme proposed
in Chapter 2 can be improved with respect to the number of arith-
metic operations, we present a matrix based method (MATR) in this

line of reasoning, which is a generalization of a previously proposed tech-
nique that was restricted to 5-moduli set such that it becomes applicable to any
Residue Number System (RNS) with the set of relatively prime integer moduli
{mi}i=1,k, where k is the number of moduli. We simplify the computing pro-
cedure by maximizing the utilization of the modulo-mi adders and multipliers
present in the RNS processor functional units. This scheme results in RNS to
MRC with an asymptotic complexity, in terms of arithmetic operations, in the
order of O(k).

The remainder of this chapter is organized as follows. Section 3.1 introduces
the necessary background information, Section 3.2 describes the proposed
MATR, Section 3.3 evaluates the MATR’s performance, while the chapter is
concluded in Section 3.4.

3.1 Background

As said in Chapter 2, performing reverse conversion is very fast using MRC
since it does not involve the large modulo-M calculations, which is required by
the Chinese Remainder Theorem (CRT). The matrix method described in [140]
for the moduli set {11, 7, 5, 3, 2}, is MRC based. It operates on a number of
jumps Ji, i = 1, 5 and it was introduced in [140] only by means of an example,
the RNS number (4, 0, 1, 2, 1), as follows:

25
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J1 = 4, the first residue and the first location is given by:

X − 4 =


|4− 4|11 = 0
|0− 4|7 = 3
|1− 4|5 = 2
|2− 4|3 = 1
|1− 4|2 = 1


The second jump is defined by a number J2 such that:

J2 = k2.11 and |3− J2|7 = 0, giving k2 = 6.

The second location is therefore given by:

X − 4− 66 =


|0− 66|11 = 0
|3− 66|7 = 0
|2− 66|5 = 1
|1− 66|3 = 1
|1− 66|2 = 1


The procedure is repeated until all the elements in the final location are zeros,
i.e.,

X − 4− 66− 231− 385− 1155 =


|0|11 = 0
|0|7 = 0
|0|5 = 0
|0|3 = 0
|0|2 = 0


From this description, one can observe that four modular equations must be
solved in order to obtain Jis. The required decimal number is given by sum-
ming up the Jis. In the next section we present the proposed MATR, which is
applicable to any moduli set. Furthermore, we simplify the process of finding
the jumps Ji and we show that this process is similar in every stage.

3.2 Proposed Matrix Method

Our approach is based on the periodicity property inherent in RNS. Period-
icity is the ability of numbers to cycle in fixed periods with respect to some
given moduli and within the dynamic range of the system. For example, given
a 3-moduli set {m1 = 5,m2 = 4,m3 = 3}, the residues cycle in a basic pe-
riod. That is, the residue sequence of modulus m1 will have a period of five
entries (0,1,2,3,4), m2 will have a period of four entries (0,1,2,3) while m3

will have a period of three entries (0,1,2). Based on that, the decimal equiv-
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alent of any given residue number is obtained by jumping backwards in the
residue table (a table containing all the possible decimal numbers together
with their residue equivalent within the dynamic range of the system) to the
nearest residue number with at least one residue being zero. The value of that
jump is recorded and the process continues until all the residues become zeros.
Suppose that we have the residue number (x1, x2, x3, ..., xk) for the moduli
set {m1,m2,m3, ...,mn}, we can calculate its decimal counterpart by a max-
imum number of k-consecutive jumps in the residue table such that each jump
increases the number of zero residues with one. The process continues un-
til in the final location all the elements become zero. More formally, given
the moduli set {m1,m2,m3, ...,mk}, the residue number (x1, x2, x3, ..., xk)
is converted into the decimal number X as follows:

X =
k∑
i=1

pi, (3.1)

where pi is defined as

pi = (m1m2...mi−1)
∣∣∣(m1m2...mi−1)

−1
∣∣∣
mi

∣∣t(i−1)j∣∣mi , (3.2)

i > 1 and t(i−1)j is a value to be determined based on the the following matrix
based computation. If the jumps are (p1, p2, p3, ..., pk) and they correspond
to the residues (x1, x2, x3, ..., xk), respectively, then, p1 = x1 and the first
location is:

X − p1 =



|x1 − p1|m1
= 0

|x2 − p1|m2
= t1

|x3 − p1|m3
= t2

|x4 − p1|m4
= t3

|x5 − p1|m5
= t4

.

.
|xk − p1|mk = tk−1


(3.3)

The second jump p2 is given by p2 = c2m1, where c2 has to satisfy
|t1 − p2|m2

= 0. Solving the above two equations we obtain that

p2 = m1

∣∣∣∣∣∣∣(m1)
−1
∣∣∣
m2

t1

∣∣∣∣
m2

(3.4)
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and the second location is defined by:

X − p1 − p2 =



|0− p2|m1
= 0

|t1 − p2|m2
= 0

|t2 − p2|m3
= t21

|t3 − p2|m4
= t31

|t4 − p2|m5
= t41

.

.
|tk − p2|mk = t(k−1)1


(3.5)

The third jump is determined as p3 = c3m1m2 and |t21 − p3|m3
= 0 and it is

given by:

p3 = (m1m2)

∣∣∣∣∣∣∣(m1m2)
−1
∣∣∣
m3

t21

∣∣∣∣
m3

(3.6)

The third location is therefore given by:

X − p1 − p2 − p3 =



|0− p3|m1
= 0

|0− p3|m2
= 0

|t21 − p3|m3
= 0

|t31 − p3|m4
= t311

|t41 − p3|m5
= t411

.

.∣∣t(k−1)1 − p3∣∣mk = t(k−1)11


(3.7)

This iterative process continues until the final location is zero and the last
jump is determined by pk = ckm1m2m3...mk−1 and

∣∣t(k−1)11... − pk∣∣mk = 0.
Solving the above, pk, which is needed in the last matrix computation is given
by:

pk = (m1m2...mk−1)

∣∣∣∣∣∣∣(m1m2...mk−1)
−1
∣∣∣
mk

t(k−1)11

∣∣∣∣
mk

(3.8)

Then the final location is given by:
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X − p1 − p2 − p3...− pk =



|0− pk|m1
= 0

|0− pk|m2
= 0

|0− pk|m3
= 0

|0− pk|m4
= 0

|0− pk|m5
= 0

.

.∣∣t(k−1)11... − pk∣∣mk = 0


(3.9)

Therefore, as stated in Equation (3.1), the required decimal equivalent of
(x1, x2, x3, ..., xk) with respect to the moduli set {m1,m2,m3, ...,mk} is
given by:

X = p1 + p2 + p3 + ...+ pk. (3.10)

A critical look at Equations (3.3), (3.6), and (3.8) indicates that this process is
similar, i.e., it is simply the product of moduli and their multiplicative inverses,
which is precomputed together with a number ti, i = 1, k − 1. This is similar
to the process of computing MRDs but the subtractions are done in parallel.

In order to clarify the algorithm, let us assume for example that we want to
convert (3, 2, 0)RNS(5|4|3) to decimal. The algorithm is applied as follows:

p1 = 3

X − 3 =

 |3− 3|5 = 0
|2− 3|4 = 3
|0− 3|3 = 0


p2 is computed by:

p2 = 5 |3|4 = 15

The next location is therefore given by:

X − 3− 15 =

 |0− 15|5 = 0
|3− 15|4 = 0
|0− 15|3 = 0


The final location is already (0,0,0), there is no need to proceed further and
hence the result is X = 3 + 15 = 18, as it should.
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3.3 Performance Analysis

In the proposed MATR presented in Section 3.2, computation of p1 is straight
forward as p1 = x1. This implies that the computation of at most (k− 1)pis is
required in the conversion process, as in some cases as in the previous example
the conversion may need less steps. The computation of each of the pi, i = 2, k
requires 1 multiplication since each pi, i = 2, k is simply the product of the
moduli and their multiplicative invereses, which are pre-computed together
with a number ti, i = 1, k − 1. This can be clearly seen from Equations (3.3),
(3.6), and (3.8). In addition, the conversion process also requires n-parallel
subtractions. Given that each of those subtractions is done modulo-mi, they
can be executed in parallel on the RNS adder embedded in the RNS processor.
The summation of pi’s also requires (k − 1) additions. This implies that the
total number of arithmetic operations that are required sums up to at most
(4k − 3). Hence, the asymptotic complexity of the proposed technique, in
terms of the number of arithmetic operation, is in the order of O(k). The total
number of operations is computed based on the assumption that an addition
takes one cycle and a multiplication two cycles, thus we consider that one
multiplication is equivalent delay wise with two additions.

As discussed in Chapter 2, for the MRC, k(k−1)2 additions and k(k−1)
2 multi-

plications are required for the computation of MRDs in addition to (k − 1)
additions and (k − 1) multiplications required in order to compute the de-
sired decimal number while for the proposed MATR, k subtractions, (k − 1)
multiplications are required in addition to the (k − 1) additions required by
Equation (3.10) to compute the desired decimal number.

Figure 3.1 shows the behaviour of both the MRC and MATR in terms of the
number of arithmetic operations as the length of the moduli set increases. As
the moduli set cardinality increases the number of arithmetic operation in MRC
grows quadratically while for MATR it increases with a constant factor.

In Table 3.1, we present the percentage reduction of the total number of arith-
metic operations required by MATR when compared to MRC. One can observe
that MATR achieves 40.00% and 77.16% reductions with moduli set of length
three and ten, respectively. As expected, the larger the number of moduli in
the RNS, the larger the reduction the proposed conversion method exhibits.

We note here that in Table 3.1, the following notations are utilized: Moduli -
stands for the number of moduli in the considered RNS; Reduction - stands for
reduction of the total number of arithmetic operations in percentage achieved
by MATR over the traditional MRC.



3.3. PERFORMANCE ANALYSIS 31

Moduli Reduction [in %]
3 40.00
4 51.85
5 59.52
6 65.00
7 69.14
8 72.38
9 75.00
10 77.16

Table 3.1: Arithmetic Operations Reduction in %
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3.4 Conclusion

In this chapter, we generalized a previously proposed technique that was re-
stricted to 5-moduli set such that it can be utilized in conjunction with any
RNS with the set of relatively prime integer moduli {mi}i=1,k. Next, we sim-
plified the computing procedure by maximizing the utilization of the modulo-
mi adders and multipliers present in the RNS processor functional units. For
a k-digit RNS number X = (x1, x2, x3, ..., xk) the proposed method takes at
most k iterations. Each iteration, except the first one, requires two multipli-
cations and one parallel subtraction over all the mod-mi ways of the RNS
adder. This scheme results in an RNS to MRC with an asymptotic complexity,
in terms of arithmetic operations, in the order of O(k), while the traditional
MRC technique exhibits an asymptotic complexity in the order of O

(
k2
)
. In

particular, the utilization of our technique, for 3-moduli and 10-moduli RNS
results in the reduction of the total number of arithmetic operations required
by the conversion process with 40.00% and 77.16%, respectively, when com-
pared to the MRC in [139]. Given that the method we proposed substantially
reduces the RNS to binary/decimal conversion overhead, it potentially makes
RNS more effective in addition and multiplication dominated Digital Signal
Processing applications.

Suppose that the large modulo-M operation present in the CRT can be reduced
by selecting appropriate moduli sets, the inherent parallelism feature of the
CRT will offer greater conversion speed. This is the subject of the next chapter.



Chapter 4

Moduli Sets With Common
Factors

T
he Residue Number System (RNS) for a three moduli set has been
studied for a long time with {2n + 1, 2n, 2n − 1} being the most pop-
ular one [17, 133]. However, the moduli set {2n+ 2, 2n+ 1, 2n}

is also considered useful because the numbers are consecutive, enabling
nearly equal width adders and multipliers in the hardware implementation
[2, 49, 50, 99, 100]. However, the dynamic range provided by the three mod-
uli sets are insufficient in supporting high performance Digital Signal Pro-
cessing applications requiring a large dynamic range and increased parallelism
[121]. Due to this reason, we extend the moduli set {2n+ 2, 2n+ 1, 2n} to
the {2n+ 3, 2n+ 2, 2n+ 1, 2n} moduli set. Consequently, this chapter pro-
poses efficient reverse converters for the moduli sets {2n+ 2, 2n+ 1, 2n} and
{2n+ 3, 2n+ 2, 2n+ 1, 2n}.
This chapter is organized as follows. Section 4.1 presents the necessary back-
ground for the moduli set sharing a common factor. Section 4.2 describes
the proposed algorithm for the moduli set {2n+ 2, 2n+ 1, 2n}. The second
proposed algorithm for the {2n+ 2, 2n+ 1, 2n} moduli set is presented in
Section 4.3. Section 4.4 presents the conversion algorithm for the moduli set
{2n+ 3, 2n+ 2, 2n+ 1, 2n}. In Section 4.5, we present a modified CRT,
which is applicable to k-moduli set and requires mod-mk, the smallest modu-
lus instead of the large mod-M operation. Section 4.6 concludes this chapter.

33
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4.1 Background

For a moduli set {mi}i=1,k with the dynamic rangeM =
∏k
i=1mi, the residue

number (x1, x2, x3, ..., xk) can be converted into the decimal number X , ac-
cording to the Chinese Reminder Theorem (CRT), as follows [111]:

X =

∣∣∣∣∣
k∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
M

, (4.1)

where M =
∏t
i=1mi, Mi = M

mi
, and M−1i is the multiplicative inverse of Mi

with respect to mi. We note here that the moduli set {mi}i=1,t must be pair-
wise relatively prime for Equation (4.1) to be directly used. The moduli sets
{2n+ 2, 2n+ 1, 2n} and {2n+ 3, 2n+ 2, 2n+ 1, 2n} share a common fac-
tor. This implies that to utilize Equation (4.1) in the conversion these moduli
sets must be first mapped to set of relatively prime moduli. If a moduli set is not
pairwise relatively prime, then not every residue set (x1, x2, x3, ..., xk) corre-
sponds to a number and this results into inconsistency. As discussed in [111], a
set of residues is consistent if and only if |xi|t = |xj |t, where k = gcd(mi,mj)
for all i and j. If this holds true the decimal equivalent of the residue number
(x1, x2, x3, ..., xk) for moduli set which are not pairwise relatively prime can
be computed as follows:

|X|ML
=

∣∣∣∣∣
k∑
i=1

αixi

∣∣∣∣∣
ML

, (4.2)

where ML is the Lowest Common Multiple (LCM) of {mi}i=1,k, the set of
moduli sharing a common factor, X is the decimal equivalent of {xi}i=1,k, αi
is an integer such that |αi|ML

µi

= 0 and |αi|µi = 1, and {µi}i=1,k is a set of

integers such that ML =
k∏
i=1

µi and µi divides mi. It should be noted that αi

may not exist for some i.

4.2 Modulo-m3 Conversion Technique

The main idea behind our approach is to simplify Equation (4.1) by eliminating
the large modulo M and by removing the cost of computing M−1i . In this
section, we demonstrate that the first is possible for any 3-moduli RNS, while
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the second one can be achieved only for 3-moduli sets which are not pairwise
relatively prime. We first introduce a modified CRT for general moduli set of
length three, which does not require mod-M computations.

Theorem 4.1 For a moduli set {mi}i=1,3 the decimal equivalent X of the
residue number (x1, x2, x3) can be computed as:

X = (x1 + x2) +m1m2

∣∣∣k1x1 + k2x2 +
∣∣M−13

∣∣
m3
x3

∣∣∣
m3

, (4.3)

where M−13 is the multiplicative inverse of M3, k1 =
(M1|M−1

1 |m1
−1)

m1m2
and

k2 =
(M2|M−1

2 |m2
−1)

m1m2
.

Proof :
We use lemmas presented earlier in [130]:

Lemma 1: |am1|m1m2
= m1 |a|m2

Lemma 2: M1

∣∣M−11

∣∣
m1

= 1 + k1m1m2

Lemma 3: M2

∣∣M−12

∣∣
m2

= 1 + k2m1m2

Expanding Equation (4.1) for k = 3 we obtain:

X =
∣∣∣M1

∣∣M−11

∣∣
m1
x1 +M2

∣∣M−12

∣∣
m2
x2 +M3

∣∣M−13

∣∣
m3
x3

∣∣∣
m1m2m3

(4.4)

Using Lemma 2 and 3 in the above equation, we have:

X = |(1 + k1m1m2)x1 + (1 + k2m1m2)x2

+M3

∣∣M−13

∣∣
m3
x3|m1m2m3 (4.5)

Further simplification gives:

X = (x1 + x2) + |k1m1m2x1 + k2m1m2x2

+M3

∣∣M−13

∣∣
m3
x3|m1m2m3 (4.6)

Applying Lemma 1, we get:

X = (x1 + x2) +m1m2|k1x1 + k2x2 +M∗3
∣∣M−13

∣∣
m3
x3|m3 (4.7)
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Here, M∗3 = M3
m1m2

= 1, the above equation then reduces to:

X = (x1 + x2) +m1m2|k1x1 + k2x2 +
∣∣M−13

∣∣
m3
x3|m3 (4.8)

It can be observed that Equation (4.8) makes use of mod-m3 (the smallest
modulus) instead of mod-M operations, thus the magnitude of involved values
is smaller than in the traditional CRT, and that k1 and k2 can be precomputed.

The next simplification step is the elimination of the M−1i . To achieve that,
we restrict to {2n+ 2, 2n+ 1, 2n} moduli set and first introduce a formal
representation of Equation (4.2).

Theorem 4.2 For a moduli set {mi}i=1,k sharing a common factor, which
must first be mapped into a set of pairwise relatively prime moduli, {µi}i=1,k,
the decimal equivalent X of the residue number (x1, x2, x3, ..., xk) can be
computed as:

|X|ML
=

∣∣∣∣∣
k∑
i=1

βi
∣∣β−1i ∣∣µi xi

∣∣∣∣∣
ML

, (4.9)

whereML = LCM {mi}ni=1 =
n∏
i=1

µi, βi = ML
µi

,
∣∣β−1i ∣∣µi is the multiplicative

inverse of βi with respect to µi.

Proof :
To demonstrate the correctness of Equation (4.9), we shall relate it to Equa-
tion (4.2). All the conditions in Equation (4.2) have been taken care of in
our mapping formula except for the condition that αi is an integer such that
|αi|ML

µi

= 0 and |αi|µi = 1. Let us assume that αi = βi ∗ p. This im-

plies that |βi ∗ p|µi = 1, meaning that: p =
∣∣β−1i ∣∣µi . We can then write

αi = βi ∗
∣∣β−1i ∣∣µi and this is what we have in Equation (4.9). We then

show that |αi|ML
µi

= 0. |αi|ML
µi

=
∣∣∣βi ∗ ∣∣β−1i ∣∣µi∣∣∣ML

µi

, which implies that

|αi|ML
µi

=
∣∣∣ML
µi
∗
∣∣β−1i ∣∣µi∣∣∣ML

µi

since βi = ML
µi
, |αi|ML

µi

= 0. Hence, Equa-

tion (4.9) is a formal representation of Equation (4.2).
To utilize Equation (4.9) in the conversion, we need a method to compute the
relatively prime {µi}i=1,k for a moduli set {mi}i=1,k sharing a common fac-
tor. According to [2] and [100] the moduli set {2n+ 2, 2n+ 1, 2n} with a
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common factor can be mapped to a set of pairwise relatively prime moduli, µi
given by:

1. {n+ 1, 2n+ 1, 2n}, which implies that the new moduli set is{
m1
2 ,m2,m3

}
, when n is even, n ≥ 2,

2. {2n+ 2, 2n+ 1, n} , which implies that the new moduli set is{
m1,m2,

m3
2

}
, when n is odd, n ≥ 3.

The conditions (n ≥ 2) and (n ≥ 3) are very important as due to them µi > 1
meaning that

∣∣β−1i ∣∣µi in Equation (4.9) and consequently αi in Equation (4.2)
always exists. Based on this, we carry out a C++ program simulation for
the moduli set under investigation in order to obtain the LCM of the moduli

set for different values of n and taking the conditions ML =

n∏
i=1

µi and

|mi|µi = 0 into consideration. From the pattern of results obtained, we could
see that mapping from mi to µi can be done by classifying the values of n
into even and odd, which is in good agreement with what has been suggested
in [2] and [100]. Moreover, based on the collected experimental data, some of
which are displayed in Tables 4.3, 4.4, 4.5, and 4.6, we observe that there is a
well established relationship between the various multiplicative inverses and
the moduli. Deductions are made based on this observation and the relations
are presented in Tables 4.1 and 4.2. The experimental results presented
in Table 4.1, using the new set

{
m1
2 ,m2,m3

}
, suggest that the following

relations exist between the moduli and the multiplicative inverses:

∣∣µ−11

∣∣
µ3

= m1
2 ,
∣∣∣(µ1µ2)−1∣∣∣

µ3
= m1

2 ,∣∣∣(µ2µ3)−1∣∣∣
µ1

= m3
4 + 1,

∣∣∣(µ1µ3)−1∣∣∣
µ2

= m2 − 2,∣∣µ−11

∣∣
µ2

= 2.

Similarly, Table 4.2, using the new set
{
m1,m2,

m3
2

}
, suggests that the fol-

lowing hold true:∣∣µ−11

∣∣
µ3

= m1
4 ,
∣∣∣(µ1µ2)−1∣∣∣

µ3
= m1

4 ,∣∣∣(µ2µ3)−1∣∣∣
µ1

= m1 − m3
2 ,
∣∣∣(µ1µ3)−1∣∣∣

µ2
= m2 − 2,∣∣µ−11

∣∣
µ2

= 2.
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For moduli sets with a common factor not all remainder sets are valid numbers.
The following proposition states the condition for a 3-residue set to represent
a valid number.

Proposition 4.1 For RNS with moduli set {m1,m2,m3} sharing a common
factor, (x1, x2, x3) represents a valid number if and only if (x1 + x3) is even.

Proof : This proposition has been proved in [2].

Making the appropriate substitutions in Theorem 4.1, we can particularize it
for 3-moduli RNS sharing a common factor as follows:

Corollary 4.1 For the moduli set {2n+ 2, 2n+ 1, 2n} the decimal equivalent
X of the residue number (x1, x2, x3), (x1 + x3) being even, can be computed
as follows:

1. If n is even:

X = (x1 + x2) +
m1m2

2

∣∣∣k1x1 + k2x2 +
m1

2
x3

∣∣∣
m3

, (4.10)

where

k1 =
2((m2m3)(

m3
4 + 1)− 1)

(m1m2)
,

k2 =
2(

(m1m3)

2 (m2 − 2)− 1)

m1m2
.

2. If n is odd:

X = (x1 + x2) +m1m2

∣∣∣k1x1 + k2x2 +
m1

4
x3

∣∣∣
m3
2

, (4.11)

where

k1 =
(m2m3

2 (m1 − m3
2 )− 1)

m1m2
,

k2 =
(m1m3

2 (m2 − 2)− 1)

m1m2
.
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S/N Multiplicative Inverses Equivalent Values
1

∣∣µ−11

∣∣
µ2

2
2

∣∣µ−12

∣∣
µ3

1
3

∣∣µ−11

∣∣
µ3

m1
2

4
∣∣∣(µ1µ2)−1∣∣∣

µ3

m1
2

5
∣∣∣(µ2µ3)−1∣∣∣

µ1

m3
4 + 1

6
∣∣∣(µ1µ3)−1∣∣∣

µ2
m2 − 2

Table 4.1: Multiplicative Inverse Value for n Even (n ≥ 2)

S/N Multiplicative Inverses Equivalent Values
1

∣∣µ−11

∣∣
µ2

1
2

∣∣µ−12

∣∣
µ3

1
3

∣∣µ−11

∣∣
µ3

m1
4

4
∣∣∣(µ1µ2)−1∣∣∣

µ3

m1
4

5
∣∣∣(µ2µ3)−1∣∣∣

µ1
m1 − m3

2

6
∣∣∣(µ1µ3)−1∣∣∣

µ2
(m2 − 2)

Table 4.2: Multiplicative Inverse Value for n Odd (n ≥ 3)

n Given Set New Set
∣∣∣(µ1µ2)−1∣∣∣

µ3

2 {6, 5, 4} {3, 5, 4} 3
4 {10, 9, 8} {5, 9, 8} 5
6 {14, 13, 12} {7, 13, 12} 7
8 {18, 17, 16} {9, 17, 16} 9
10 {22, 21, 20} {11, 21, 20} 11
12 {26, 25, 24} {13, 25, 24} 13

Table 4.3: Mapping for n Even and Multiplicative Inverse
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n
∣∣µ−11

∣∣
µ3

∣∣∣(µ2µ3)−1∣∣∣
µ1

∣∣∣(µ1µ3)−1∣∣∣
µ2

2 3 2 3
4 5 3 7
6 7 4 11
8 9 5 15
10 11 6 19
12 13 7 23

Table 4.4: Multiplicative Inverse Values for n Even

n Given Set New Set
∣∣∣(µ1µ2)−1∣∣∣

µ3

3 {8, 7, 6} {8, 7, 3} 2
5 {12, 11, 10} {12, 11, 5} 3
7 {16, 15, 14} {16, 15, 7} 4
9 {20, 19, 18} {20, 19, 9} 5
11 {24, 23, 22} {24, 23, 11} 6
13 {28, 27, 26} {28, 27, 13} 7

Table 4.5: Mapping for n Odd and Multiplicative Inverse

n
∣∣µ−11

∣∣
µ3

∣∣∣(µ2µ3)−1∣∣∣
µ1

∣∣∣(µ1µ3)−1∣∣∣
µ2

3 2 5 5
5 3 7 9
7 4 9 13
9 5 11 17
11 6 13 21
13 7 15 25

Table 4.6: Multiplicative Inverse Values for n Odd

Operations [2] Proposed Algorithm
Additions 5 4

Multiplications 4 4
Reduced M m3m1 m3 or m3

2

Table 4.7: Performance Comparison
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Proof :
Trivial with proper substitutions from Tables 4.1 and 4.2 and due to Proposi-
tion 4.1.

Clearly, it can be seen that the numbers involved in the multiplication are very
small when compared to the numbers involved in the direct CRT implementa-
tion. Additionally, the large modulo M calculations are replaced by modulo
calculations with the smallest modulus in the moduli set under consideration.
Previous work on 3-moduli RNS in [2, 100] has demonstrated improvement
over traditional CRT in terms of operands magnitude as this determines the
complexity and delay of the associated RNS hardware. Additionally, [2] out-
performed [100] in terms of the operands magnitude, thus we compare our
proposal with this approach. As indicated in Table 4.7, our proposal requires
less arithmetic operations and even more important for the hardware, complex-
ity of the operands magnitude is significantly reduced. More specifically, the
modulo operation has been reduced from modulo M = m1m3 to modulo m3

or m3
2 . In the next section, we present another novel conversion scheme, which

does not require the computation of modulo operation.

4.3 Computation without Modulo Operation

Given the RNS number (x1, x2, x3) for the moduli set {2n + 2, 2n + 1, 2n},
the proposed algorithm computes the decimal equivalent of this RNS num-
ber based on a further simplification of the well-known traditional CRT. First,
we show that the computation of the multiplicative inverses can be eliminated
for this moduli set. Next, we propose a low complexity implementation that
does not require explicit use of the modulo operation at the final stage of com-
putation. As demonstrated in Section 4.2, the set of relatively prime moduli
for {2n + 2, 2n + 1, 2n} moduli set for both even and odd integers n > 0
are given by {n+ 1, 2n+ 1, 2n} and {2n+ 2, 2n+ 1, n}, respectively. This
implies that the new moduli sets for n-even and-odd are

{
m1
2 ,m2,m3

}
and{

m1,m2,
m3
2

}
, respectively.

The following theorem shows the existence of the compact forms of multi-
plicative inverses for any even integer n > 0.

Theorem 4.3 Given the moduli set {2n+2, 2n+1, 2n} for even integer n > 0
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with m1 = 2n+ 2,m2 = 2n+ 1,m3 = 2n, the following hold true:∣∣∣(m1

2
m2)

−1
∣∣∣
m3

= n+ 1, (4.12)∣∣(m2m3)
−1∣∣m1

2
=

n

2
+ 1, (4.13)∣∣∣(m1

2
m3)

−1
∣∣∣
m2

= 2n− 1. (4.14)

Proof :
If it can be demonstrated that

∣∣(n+ 1)× (m1
2 m2)

∣∣
m3

= 1, then (n+ 1) is the
multiplicative inverse of (m1

2 m2) with respect to m3.
∣∣(n+ 1)× (m1

2 m2)
∣∣
m3

is given by: |(n+ 1)(n+ 1)(2n+ 1)|2n =
∣∣(2n3 + 5n2 + 4n+ 1)

∣∣
2n

=

|
∣∣2n(n2 + 5n

2 )
∣∣
2n

+ |2(2n)|2n + |1|2n|2n = |0 + 0 + 1|2n = 1, thus Equation
(4.12) holds true.

In the same way, if
∣∣(n2 + 1)× (m2m3)

∣∣m1
2

= 1, then (n2 + 1) is the multi-

plicative inverse of (m2m3) with respect to m1
2 .

∣∣(n2 + 1)× (m2m3)
∣∣m1

2
is

given by: |(n2 + 1)(2n + 1)(2n)|n+1 = |2n3 + 5n2 + 2n|n+1 = ||2n2(n +
1)|n+1+ |3n2+2n|n+1|n+1 = |0+1|n+1 = 1, thus Equation(4.13) holds true.

Again, if |(2n − 1) × (m1
2 m3)|m2 = 1, then 2n − 1 is the multiplicative

inverse of (m1
2 m3) with respect to m2. |(2n− 1)× (m1

2 m3)|m2 is given by:
|(2n− 1)(n+ 1)(2n)|2n+1 = |4n3 + 2n2− 2n|2n+1 = ||2n2(2n+ 1)|2n+1 +
| − 2n|2n+1|2n+1 = |0 + 1|2n+1 = 1, thus Equation (4.14) holds true.

The following theorem introduces a simplified way to compute the decimal
equivalent of the RNS number (x1, x2, x3).

Theorem 4.4 The decimal equivalent of the RNS number (x1, x2, x3) for the
moduli set {m1,m2,m3} in the form {2n+2, 2n+1, 2n} for any even integer
n > 0 is computed as follows:

X =
∣∣∣m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
ML

, (4.15)

where ML = m1m2m3
2 .

Proof :
For t = 3, Equation (4.2) becomes:

X =

∣∣∣∣∣
3∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
ML

. (4.16)
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By substituting Equations (4.12), (4.13), and (4.14) into Equation (4.16) we
obtain the following:

X =
∣∣∣(m2m3)

(m3

4
+ 1
)
x1 +

(m1

2
m3(m2 − 2)

)
x2

+
(m1

2
m2

) m1

2
x3

∣∣∣
ML

=
∣∣∣(m2m3m3

4

)
x1 +m2m3x1 +

m1m2m3

2
x2

−m1m3x2 +
m1m1m2

4
x3

∣∣∣
ML

=
∣∣∣(m2m3

4

)
x1(m1 − 2) +m2m3x1 +MLx2

−m1m3x2 +
m1m2

4
x3(m3 + 2)

∣∣∣
ML

Further simplifications give:

X =

∣∣∣∣∣
∣∣∣∣ML

2
(x1 + x3)

∣∣∣∣
ML

+
∣∣∣(m2m3

2

)
x1

∣∣∣
ML

−|m1m3x2|ML
+
∣∣∣(m1m2

2

)
x3

∣∣∣
ML

∣∣∣∣
ML

(4.17)

Since each of the terms m2m3
2 x1, m1m3x2, and m1m2

2 x3 in Equation (4.17)
is positive and less than ML and also from Proposition 4.1, (x1 + x3) must
always be even, which implies that,

∣∣∣(x1 + x3)
ML
2

∣∣∣
ML

= 0. Equation (4.17)

therefore reduces to:

X =
∣∣∣m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
ML

(4.18)

Thus, Equation (4.15) holds true.

In the following theorem, we demonstrate that compact forms of multiplicative
inverses do exist also for any odd integer n > 0.

Theorem 4.5 Given the moduli set {m1,m2,m3} with m1 = 2n + 2,m2 =
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2n+ 1,m3 = 2n for any odd integer n, the following hold true:∣∣∣(m1m2)
−1
∣∣∣m3

2

=
n+ 1

2
, (4.19)∣∣∣∣(m2

m3

2

)−1∣∣∣∣
m1

= n+ 2, (4.20)∣∣∣∣(m1
m3

2

)−1∣∣∣∣
m2

= 2n− 1. (4.21)

Proof :
If it can be shown that

∣∣∣ (n+1)
2 × (m1m2)

∣∣∣m3
2

= 1, then (n+1)
2 is the multiplica-

tive inverse of (m1m2) with respect to m3
2 .
∣∣∣ (n+1)

2 × (m1m2)
∣∣∣m3

2

is given by:

|(n+1)(n+1)(2n+1)|n = |(n2+2n+1)(2n+1)|n = |2n3+5n2+4n+1|n =
||2n3|n+ |5n2|n+ |4n|n+ |1|n|n = |0+0+0+1|n = 1, thus Equation (4.19)
holds true.

In the same way, if
∣∣(n+ 2)×

(
m2

m3
2

)∣∣
m1

= 1, then (n+2) is the multiplica-
tive inverse of

(
m2

m3
2

)
with respect to m1.

∣∣(n+ 2)
(
m2

m3
2

)∣∣
m1

is given by:
|(n + 2)(2n + 1)(n)|2n+2 = |(n + 2)(2n2 + n)|2n+2 = |2n3 + n2 + 4n2 +
2n|2n+2 = |2n3+2n2+n2+n(2n+2)|2n+2 = |(n2+n)(2n+2)+n2|2n+2 =
||(n2 + n)(2n + 2)|2n+2 + |n2|2n+2|2n+2 = |0 + 1|2n+2 = 1, thus Equation
(4.20) holds true.

Again, if |
(
(2n− 1)×m1

m3
2

)
|2n+1 = 1, then 2n − 1 is the multiplicative

inverse of m1
m3
2 with respect to m2. |

(
(2n− 1)×m1

m3
2

)
|2n+1 is given by

|(2n − 1)(2n + 2)(n)|2n+1 = |(2n − 1)(2n2 + 2n)|2n+1 = |4n3 + 4n2 −
2n2 − 2n|2n+1 = |4n3 + 2n2 − 2n|2n+1 = |2n2(2n + 1) − 2n|2n+1 =
||2n2(2n + 1)|2n+1 + | − 2n|2n+1|2n+1 = |0 + 1|2n+1 = 1, thus Equation
(4.21) holds true.

The following theorem introduces a simplified way to compute the decimal
equivalent of the RNS number (x1, x2, x3) with respect to the moduli set
{m1,m2,m3} in the form {2n+ 2, 2n+ 1, 2n} for any odd integer n > 0.

Theorem 4.6 The decimal equivalent of the RNS number (x1, x2, x3) for the
moduli set {2n+ 2, 2n+ 1, 2n} for any odd integer n > 0 is given by:

X =
∣∣∣m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
ML

, (4.22)

where ML = m1m2m3
2 .
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Proof :
Given that Equation (4.22) was proved to be true for n-even in Equation (4.15)
above, we wish to show also its validity for n-odd.
For t = 3, Equation (4.2) becomes:

X =

∣∣∣∣∣
3∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
ML

. (4.23)

By substituting Equations (4.19), (4.20), and (4.21) into Equation (4.23) we
obtain the following:

X =
∣∣∣(m2

m3

2

)
(m1 + 2)x1 +

(
m1

m3

2

)
(m2 − 2)x2

+(m1m2)
(m3 + 2)

4

∣∣∣∣
ML

=
∣∣∣m1m2m3

4
x1 +

m2m3

2
x1 +

m1m2m3

2
x2

−m1m3x2 +
m1m2m3

4
x3 +

m1m2

2
x3

∣∣∣
ML

=
∣∣∣(m2m3

4

)
x1(m1 − 2) +m2m3x1 +MLx2

−m1m3x2 +
m1m2

4
x3(m3 + 2)

∣∣∣
ML

Further simplifications give:

X =

∣∣∣∣∣
∣∣∣∣ML

2
(x1 + x3)

∣∣∣∣
ML

+
∣∣∣(m2m3

2

)
x1

∣∣∣
ML

−|m1m3x2|ML
+
∣∣∣(m1m2

2

)
x3

∣∣∣
ML

∣∣∣∣
ML

(4.24)

Since each of the terms m2m3
2 x1, m1m3x2, and m1m2

2 x3 in Equation (4.24)
is positive and less than ML and also from Proposition 4.1, (x1 + x3) must
always be even, which implies that,

∣∣∣(x1 + x3)
ML
2

∣∣∣
ML

= 0. Equation (4.24)

therefore reduces to:

X =
∣∣∣m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
ML

(4.25)

Thus, Equation (4.22) holds true for both n-even and odd.

We wish to further simplify Equation (4.22) using the following theorem.
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Theorem 4.7 The decimal equivalent of the RNS number (x1, x2, x3) for the
moduli set {2n+ 2, 2n+ 1, 2n} is computed as follows:{

X = y, y ≥ 0
X = y +M, y<0

(4.26)

where

y = m2(x2 − x1) + x1

+m1m2

∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣
m3

(4.27)

Proof :
To prove this theorem we use the following lemma presented in [130]:

|am1|m1m2
= m1 |a|m2

. (4.28)

From Equation (4.22), we have

X =
∣∣∣m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
ML

Putting m3 = m2 − 1 in the above equation, we obtain:

X =
∣∣∣m2m3

2
x1 −m1x2(m2 − 1) +

m1m2

2
x3

∣∣∣
ML

= |m1x2

+
∣∣∣m2m3

2
x1 −m1m2x2 +

m1m2

2
x3

∣∣∣
m1m2m3

2

∣∣∣∣
ML

Applying Equation (4.28) we have:

X = |m1x2

+m2

∣∣∣m3

2
x1 −m1x2 +

m1

2
x3

∣∣∣
m1m3

2

∣∣∣∣
ML

(4.29)

Putting m3 = m1 − 2 in the above equation, we obtain:

= |m1x2

+m2

∣∣∣∣(m1 − 2)

2
x1 −m1x2 +

m1

2
x3

∣∣∣∣m1m3
2

∣∣∣∣∣
ML

= |m1x2 −m2x1

+m2

∣∣∣∣m1
(x1 + x3)

2
−m1x2

∣∣∣∣m1m3
2

∣∣∣∣∣
ML



4.3. COMPUTATION WITHOUT MODULO OPERATION 47

Applying Equation (4.28) we obtain:

X = |m1x2 − x1(m1 − 1)

+m1m2

∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣m3
2

∣∣∣∣∣
ML

Further simplifications give:

X = |(x2 − x1)m1 + x1

+m1m2

∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣m3
2

∣∣∣∣∣
ML

(4.30)

Equation (4.30) is the general expression of Equation (4.27), valid for both y
positve and negative. The next stage of the proof is to demonstrate that at most
one ML corrective addition is required. By definition of modulus we have:

0 ≤
∣∣x1+x3

2 − x2
∣∣m3

2
≤ m3

2
− 1

∣∣ ·m1m2

0 ≤ m1m2

∣∣x1+x3
2 − x2

∣∣m3
2
≤ m1m2m3

2
−m1m2.

Adding to this double inequality the following inequalities:
0 ≤ m1x2 < m1m2 and −m1m2 < −m2x1 ≤ 0,
we have

−m1m2 < m1x2 −m2x1 +m1m2

∣∣∣∣x1 + x3
2

− x2
∣∣∣∣m3

2

<
m1m2m3

2

Thus one corrective addition of ML is required in order to obtain the correct
result when y < 0, and (4.27) holds true.

For the case when y < 0, the correct result is computed as follows:

X = m2(x2 − x1) + x2

+m1m2

∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣
m3

+ML

= m2(x2 − x1) + x2

+m1m2

(∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣
m3

+
m3

2

)
(4.31)

The hardware realization of the proposed scheme is depicted by Figure 4.1.
The implementation follows Equation (4.27) but the following should be noted.
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At a first glance, D is a 3:1 adder. However, the extra input x2 can be embed-
ded into the partial product matrix of them1 multiplier according to the merged
arithmetic principle. Furthermore, the modulo-m3

2 operation associated with
the adder C does not have to be explicitly computed. It can be replaced by at
most one corrective addition.

In order to demonstrate that no explicit modulo operation is required by the
proposed converter, we analyze the two possible extreme cases as follows:

Case 1: (x1 + x3) = 0 and x2 = 2n. This results in the most negative
value one may get. In this case Equation (4.27) reduces to | − x2|m3

2
. To

perform the modulo m3
2 operation, we need to do corrective additions. Given

thatm3+(−x2) = (2n)+(−2n) = 2n−2n = 0, for any positive even integer
n, only one corrective addition with m3 is required to compute the modulo.

Case 2: (x1 + x3) is even and has the maximum possible value and x2 is zero.
This is the largest positive value one may get and Equation (4.27) reduces to
| (x1+x3)2 |m3

2
. Given that m3 − (x1+x3)

2 = (2n) − (2n+1+2n−1)
2 = 2n − 2n =

0 the maximum sum in the modulo adder cannot exceed m3
2 , thus only one

correction is required.

This means that the modulo m3
2 operation can be implemented with at most

one corrective addition.

As demonstrated by Equation (4.27), the final modulo-M also does not require
explicit implementation.

The scheme is simplified by moving this addition before the m1m2 multipli-
cation, hence transforming it into a corrective m3

2 addition. As mentioned
before, this correction must be applied when both of the following statements
hold true:

x1 > x2 (4.32)∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣
m3

= 0 (4.33)

We now combine the modulo-m3
2 operations by revisiting the correction rules:

• if tentative sum is smaller than -m3
2 add m3;

• if tentative sum is greater than or equal to -m3
2 add m3

2 ; Equation (4.33)
holds true when the tentative sum is equal to −m3, but we can see from
Case 1 that Equation (4.32) does not hold true, hence the extra m3

2 addi-
tion is not needed;
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Metrics [2] [44] Our proposal
Area 4 adders 3 adders 4 adders

2 multipliers 4 multipliers 2 multipliers
Delay 3 additions 2 additions 3 additions

2 multiplications 2 multiplications 1 multiplication
Mod operations m1

2 m3 m3
m3
2

Table 4.8: Performance Comparison

• if tentative sum is zero and Equation (4.32) is true (the sign bit of adder
A is 1) add m3

2 ;

• otherwise do nothing;

In this way all modulo operations have been replaced by a single corrective
addition or subtraction greatly reducing the complexity of the converter.

Figures 4.2 and 4.3 describe the hardware realization of the converters pro-
posed in [44] and [2], respectively. The area, the delay, and the modulo op-
erations required by the proposed converter and the one in [44] and [2] are
summarized in Table 4.8. As one can observe in the table, our proposal re-
quires less delay and operates on smaller magnitude operands with the same
or less area. In particular, our proposal requires four 2:1 adders and two mul-
tipliers, Figure 4.2 requires one 3:1 adder, two 2:1 adders, and four multipliers
while Figure 4.3 requires one 3:1 adder, three 2:1 adders and two multipliers.
In terms of critical path delay, our scheme requires 3 additions and 1 multipli-
cation with mod-n operations, the converter in [44] requires 2 additions and 2
multiplications with mod-2n operations whereas the converter in [2] requires
3 additions, 2 multiplications with mod-m1

2 m3 operations. Consequently, the
new converter introduced in this section requires less delay with the same or
less area. Moreover, due to the fact that the proposed scheme operates on
smaller magnitude operands, it requires less complex adders and multipliers,
which potentially results in even faster and smaller implementations.

Given that larger dynamic range is of practical interest, we present an efficient
reverse converter for the moduli set {2n+ 3, 2n+ 2, 2n+ 1, 2n}, which is an
extension of the {2n+ 2, 2n+ 1, 2n} moduli set in the next section.
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Figure 4.1: Hardware Realization of Our Proposal
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Figure 4.2: Converter Data Path for [44]
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Figure 4.3: Converter Data Path for [2]

4.4 4-Moduli Set with a Common Factor

The main idea behind the proposed converter presented in this section is to sim-
plify Equation (4.1) by eliminating the large modulo M and by removing the
cost of computing M−1i . We demonstrate that the first one is possible for any
4-moduli RNS, while the second one can be achieved only for 4-moduli sets,
which are not pairwise relatively prime. We first introduce a modified CRT for
any moduli set of length four, which does not require mod-M computations.

Theorem 4.8 For a moduli set {mi}i=1,4, m1 > m2 > m3 > m4, the dec-
imal equivalent X of the residues (x1, x2, x3, x4) can be computed by using
mod-m4 (the smallest modulus) instead of the large mod-M operations as:

X = (x1 + x2 + x3) +m1m2m3|k1x1 + k2x2

+k3x3 +
∣∣M−14

∣∣
m4
x4|m4 , (4.34)

where M−14 is the multiplicative inverse of M4, k1 =
(M1|M−1

1 |m1
−1
)

m1m2m3
, k2 =

(M2|M−1
2 |m2

−1
)

m1m2m3
and k3 =

(M3|M−1
3 |m3

−1)
m1m2m3

.



52 CHAPTER 4. MODULI SETS WITH COMMON FACTORS

Proof :
We utilize the lemmas presented in [130]:

Lemma 1: |am1|m1m2
= m1 |a|m2

Lemma 2: M1

∣∣M−11

∣∣
m1

= 1 + k1m1m2m3

Lemma 3: M2

∣∣M−12

∣∣
m2

= 1 + k2m1m2m3

Lemma 4:M3

∣∣M−13

∣∣
m3

= 1 + k3m1m2m3

Expanding Equation (4.1) for t = 4 we obtain:

X = |M1

∣∣M−11

∣∣
m1
x1 +M2

∣∣M−12

∣∣
m2
x2

+M3

∣∣M−13

∣∣
m3
x3 +M4

∣∣M−14

∣∣
m4
x4|m1m2m3m4 (4.35)

Using Lemma 2 and 3 in the above equation, we obtain:

X = |(1 + k1m1m2m3)x1 + (1 + k2m1m2m3)x2

+(1 + k3m1m2m3)x3 +M4

∣∣M−14

∣∣
m4
x4|m1m2m3m4 (4.36)

Further simplification gives:

X = (x1 + x2 + x3) + |k1m1m2m3x1 + k2m1m2m3x2

+k3m1m2m3x3 +M4

∣∣M−14

∣∣
m4
x4|m1m2m3m4 (4.37)

Applying Lemma 1, we get:

X = (x1 + x2 + x3) +m1m2m3|k1x1 + k2x2

+k3x3 +M∗4
∣∣M−14

∣∣
m4
x4|m4 (4.38)

Here, M∗4 = M4
m1m2m3

= 1, the above equation then reduces to:

X = (x1 + x2 + x3) +m1m2m3|k1x1 + k2x2

+k3x3 +
∣∣M−14

∣∣
m4
x4|m4 (4.39)

It can be observed that Equation (4.39) makes use of mod-m4 (the smallest
modulus) instead of mod-M operations, thus the magnitude of the involved
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values is smaller than in both the traditional CRT and the new CRT [130],
given that k1, k2 and k3 can be precomputed.

The next simplification step is the elimination of the M−1i . To achieve that,
we restrict to the new superset {2n+ 3, 2n+ 2, 2n+ 1, 2n} . Let this set be
represented by {m1,m2,m3,m4} where m2 and m4 have a common factor
of 2. Suppose that the set {m1,m2,m3,m4} is mapped into a set of pairwise
relatively prime moduli set {µ1, µ2, µ3, µ4}, the new dynamic range will be
given by:

ML =
4∏
i=1

µi, (4.40)

where µi is any chosen set of integers within the given moduli. It should
be noted that µi may have several sets. As discussed earlier in Section 4.1,
for moduli set with a common factor, not every residue set corresponds to a
number. Particularly, with the moduli set {2n+ 3, n+ 1, 2n+ 1, 2n}, even
and odd numbers n that are multiples of 3 result into inconsistency. Thus,
we choose sets of µis that are pairwise relatively prime for any even and odd
integers n that are not multiples of 3. The valid sets for n-even and-odd are
represented by {2n+ 3, n+ 1, 2n+ 1, 2n} and {2n+ 3, n+ 1, 2n+ 1, 2n},
respectively. Next, we show that the computation of multiplicative inverses
for these sets can be eliminated for any even or odd integers n, which are not
multiples of 3 using the following theorem:

Theorem 4.9 Given the moduli set {2n + 3, 2n + 2, 2n + 1, 2n} with m1 =
2n + 3,m2 = 2n + 2,m3 = 2n + 1,m4 = 2n, for any even integer n > 0,
the following hold true: ∣∣M−12

∣∣
m2

=
n

2
+ 1, (4.41)∣∣M−13

∣∣
m3

= 2n. (4.42)

Proof :

If it can be demonstrated that
∣∣(n

2 + 1
)
× (m1m3m4)

∣∣
m2

=

1, then
(
n
2 + 1

)
is the multiplicative inverse of m1m3m4

with respect to m2.
∣∣(n

2 + 1
)
× (m1m3m4)

∣∣
m2

is given by:∣∣(2n+ 3)(2n+ 1)(2n)
(
n
2 + 1

)∣∣
n+1

= |(n+ 1)(4n3 + 12n2 + 5n) + 2n2 +

n|n+1 = ||(n+1)(4n3+12n2+5n)|n+1+|2n2+n|n+1|n+1 = |0+1|n+1 = 1,
thus Equation (4.41) holds true.
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In the same way if |(2n) × (m1m2m4)|m3 = 1, then 2n is the multiplicative
inverse of (m1m2m4) with respect tom3. |(2n)×(m1m2m4)|m3 = 1 is given
by: |(2n+ 3)(n+ 1)(2n)(2n)|2n+1 = |(2n+ 3)(n+ 1)(4n2)|2n+1 = |(4n3 +
8n2)(2n+1)+(4n2)|2n+1 = ||(4n3+8n2)(2n+1)|2n+1+|(4n2)|2n+1|2n+1 =
|0 + 1|2n+1 = 1, thus Equation (4.42) holds true.

Next, it can be shown that the multiplicative inverses of M1 and M4 also exist
for any even integer n > 0 and is demonstrated by the following theorems:

Theorem 4.10 For even numbers of the form
{2, 8, 14, 20, 26, 32, ...}, represented by n = {6k − 4}k=1,2,3,...∣∣M−11

∣∣
m1

= 4k − 2, (4.43)∣∣M−14

∣∣
m4

= 2k − 1, (4.44)

Proof :
From the Theorem, |M−11 |m1 = 4k − 2 = 2(2k − 1). Thus, |M−11 |m1 =
2|M−14 |m4 , then we shall show the proof of |M−11 |m1 only. M1 = m2

2 m3m4,
meaning thatM1 = (n+1)(2n+1)(2n), for different values of n, |M1M

−1
1 |m1

will be given by: n = 2, when |M−11 |m1 = 2, and also |2(n + 1)(2n +
1)(2n)|2n+3 = |4n(2n2+3n+1)|2n+3 = |4n2(2n+3)+4n|2n+3 = ||4n2(2n+
3)|2n+3 + |4n|2n+3|2n+3 = |0 + 1|2n+3 = 1.

Similarly, when n = 8, |M−11 |m1 = 6, and |6(n + 1)(2n + 1)(2n)|2n+3

= ||12n2(2n+ 3)|2n+3 + |12n|2n+3|2n+3 = |0 + 1|2n+3 = 1.

Again, when n = 14, |M−11 |m1 = 10, and |10(n + 1)(2n + 1)(2n)|2n+3

= ||20n2(2n+ 3)|2n+3 + |20n|2n+3|2n+3 = |0 + 1|2n+3 = 1.

Hence, if it is true for n = 2, 8, 14, then it will be true for any integer n in this
category.

Theorem 4.11 For even numbers of the form
{4, 10, 16, 22, 28, 34, ...} , represented by n = {6k − 2}k=1,2,3,...∣∣M−11

∣∣
m1

= 8k − 2, (4.45)∣∣M−14

∣∣
m4

= 10k − 3, (4.46)
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Proof It can be proved in a similar manner to Theorem 4.10.

It should be noted that for any n-even that are not multiples of 3, the following
expressions can be deduced from Theorem 4.9:∣∣M−12

∣∣
m2

=
m2 + 2

4
,
∣∣M−13

∣∣
m3

= m4. (4.47)

Using Equation (4.54) and by proper substitutions in Theorem 4.8, we can
particularize it for 4-moduli RNS sharing a common factor as follows:

Corollary 4.2 For the moduli set
{2n+ 3, 2n+ 2, 2n+ 1, 2n}, the decimal equivalent X of the residues
(x1,x2, x3, x4) can be computed as follows:

1. (Using Theorem 4.10):
X = (x1 + x2 + x3) +m1m2m3|k1x1 + k2x2

+k3x3 + (2k − 1)x4|m4 , (4.48)

where k1 = (m2m3m4(4k−2)−1)
m1m2m3

,

k2 =

(
m1m3m4

(
m2+2

4

)
−1
)

m1m2m3
, and

k3 = (m1m2m4(m4)−1)
m1m2m3

2. ( Using Theorem 4.11):
X = (x1 + x2 + x3) +m1m2m3|k1x1 + k2x2

+k3x3 + (10k − 3)x4|m4 , (4.49)

where k1 = (m2m3m4(8k−1)−1)
m1m2m3

,

k2 =

(
m1m3m4

(
m2+2

4

)
−1
)

m1m2m3
and

k3 = (m1m2m4(m4)−1)
m1m2m3

Proof : Trivial with proper substitutions for the values of
∣∣M−12

∣∣
m2

and∣∣M−13

∣∣
m3

together with
∣∣M−11

∣∣
m1

and
∣∣M−14

∣∣
m4

, which are obtained from
Theorems 4.10 and 4.11.

Since Theorem 4.9 holds true for any integer n > 0, we need only to show that
the multiplicative inverses of M1 and M4 for any n-odd, which are multiples
of 3, do exist and can be computed as demonstrated by the following theorems:
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Theorem 4.12 For odd numbers of the form
{5, 11, 17, 23, 29, 35, ...}, represented by n = {6q − 1}q=1,2,3,...∣∣M−11

∣∣
m1

= 4q, (4.50)∣∣M−14

∣∣
m4

= q, (4.51)

Proof :
From the Theorem, |M−11 |m1 = 4q. Thus, |M−11 |m1 = 4|M−14 |m4 , then we
shall show the proof of |M−11 |m1 only. M1 = m2m3

m4
2 , meaning that M1 =

(2n+ 2)(2n+ 1)(n), for different values of n, |M1M
−1
1 |m1 will be given by:

n = 5, when |M−11 |m1 = 4, and also |4(2n+ 2)(2n+ 1)(n)|2n+3 = |16n3 +
24n2 + 8n|2n+3 = ||8n2(2n+ 3)|2n+3 + |8n|2n+3|2n+3 = |0 + 1|2n+3 = 1.

Similarly, when n = 11, |M−11 |m1 = 8, and |8(2n + 2)(2n + 1)(n)|2n+3

= |32n3 + 48n2 + 16n|2n+3 = ||16n2(2n + 3)|2n+3 + |16n|2n+3|2n+3 =
|0 + 1|2n+3 = 1.

Again, when n = 17, |M−11 |m1 = 12, and |12(2n + 2)(2n + 1)(n)|2n+3

= |48n3 + 72n2 + 24n|2n+3 = ||24n2(2n + 3)|2n+3 + |24n|2n+3|2n+3

= |0 + 1|2n+3 = 1.

Hence, if it is true for n = 5, 11, 17, then it will be true for any odd integer n
in this category.

Theorem 4.13 For odd numbers of the form
{7, 13, 19, 25, 31, ...}, represented by n = {6q + 1}q=1,2,3,...∣∣M−11

∣∣
m1

= 8q + 3, (4.52)∣∣M−14

∣∣
m4

= 5q + 1, (4.53)

Proof :
We first show that |M−11 |m1 is valid as follows: M1 = m2m3

m4
2 = (2n +

2)(2n+1)(n), for different values of n, |M1M
−1
1 |m1 will be given by: n = 7,

when |M−11 |m1 = 11, and also |11(2n+2)(2n+1)(n)|2n+3 = |44n3+66n2+
22n|2n+3 = ||22n2(2n+ 3)|2n+3 + |22n|2n+3|2n+3 = |0 + 1|2n+3 = 1.

Similarly, when n = 13, |M−11 |m1 = 19, and |19(2n + 2)(2n + 1)(n)|2n+3

= |76n3 + 114n2 + 38n|2n+3 = ||38n2(2n + 3)|2n+3 + |38n|2n+3|2n+3 =
|0 + 1|2n+3 = 1.
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Again, when n = 19, |M−11 |m1 = 27, and |27(2n + 2)(2n + 1)(n)|2n+3

= |108n3 + 162n2 + 54n|2n+3 = ||54n2(2n + 3)|2n+3 + |54n|2n+3|2n+3

= |0 + 1|2n+3 = 1.

Hence, if it is true for n = 7, 13, 19, then it will be true for any odd integer n
in this category.
We then show the validity of |M−14 |m4 as follows: M4 = m1m2m3 = (2n +
3)(2n + 2)(2n + 1), for different values of n, |M4M

−1
4 |m4 will be given by:

n = 7,when |M−14 |m4 = 6, and also |6(2n+3)(2n+2)(2n+1)|n = |6(8n3+
24n2 + 22n+ 6)|n = ||6(8n2 + 24n+ 22)(n)|n + |36|n|n = |0 + 1|n = 1.

Similarly, when n = 13, |M−14 |m4 = 11, and |11(2n+ 3)(2n+ 2)(2n+ 1)|n
= |11(8n3 + 24n2 + 22n + 6)|n = ||11(8n2 + 24n + 22)(n)|n + |66|n|n
= |0 + 1|n = 1.

Again, when n = 19, |M−14 |m4 = 16, and |16(2n + 3)(2n + 2)(2n + 1)|n
= |16(8n3 + 24n2 + 22n + 6)|n = ||16(8n2 + 24n + 22)(n)|n + |96|n|n
= |0 + 1|n = 1.

Hence, if it is true for n = 7, 13, 19, then it will be true for any odd integer n
in this category.

Puttingm2 = 2n+2 andm4 = 2n in Equations (4.41) and (4.42), respectively,
we obtain: ∣∣M−12

∣∣
m2

=
m2 + 2

4
,
∣∣M−13

∣∣
m3

= m4. (4.54)

Using Equation (4.54) and by proper substitutions in Theorem 4.8, we can
particularize it for 4-moduli RNS sharing a common factor as follows:

Corollary 4.3 For the moduli set
{2n+ 3, 2n+ 2, 2n+ 1, 2n}, the decimal equivalent X of the residues
(x1,x2, x3, x4), for any n > 0, which are not multiples of 3, can be computed
as follows:

1. (Using Theorem 4.12):
X = (x1 + x2 + x3) +m1m2m3|k1x1 + k2x2

+k3x3 + kx4|m4 , (4.55)

where k1 = (4km2m3m4−1)
m1m2m3

,

k2 =

(
m1m3m4

(
m2+2

4

)
−1
)

m1m2m3
, and

k3 = (m1m2m4(m4)−1)
m1m2m3
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2. (Using Theorem 4.13):
X = (x1 + x2 + x3) +m1m2m3|k1x1 + k2x2

+k3x3 + (5k + 1)x4|m4 , (4.56)

where k1 = (m2m3m4(8k+3)−1)
m1m2m3

,

k2 =

(
m1m3m4

(
m2+2

4

)
−1
)

m1m2m3
and

k3 = (m1m2m4(m4)−1)
m1m2m3

Proof :
Trivial with proper substitutions for the values of

∣∣M−12

∣∣
m2

and
∣∣M−13

∣∣
m3

to-
gether with

∣∣M−11

∣∣
m1

and
∣∣M−14

∣∣
m4

, which are obtained from Theorems 4.12
and 4.13.

Clearly, it can be seen that the numbers involved in the multiplication are very
small when compared to the numbers involved in both the direct traditional
CRT and the New CRT [130] implementations. Additionally, the large modulo
M calculations are replaced by modulo calculations with the smallest modulus
in the moduli set under consideration.

We take note here that in Table 4.9, mod Optns stands for Modulo Operations.
As indicated in Table 4.9, in terms of area, the proposed converter requires
the same area with the New CRT [130] whereas the traditional CRT [111] uti-
lizes lesser area when compared to both the New CRT [130] and our approach.
On the other hand, in terms of critical path delay, the CRT [111] requires 1
multiplication lesser than both the New CRT [130] and our technique but more
important for the hardware complexity, the operands magnitude is significantly
reduced by our proposal. More specifically, the modulo operation has been re-
duced from modulo M = m1m2m3m4 in [111] or M = m2m3m4 in [130] to
modulo M = m4 in our scheme. This implies that our technique is manipulat-
ing smaller numbers when compared to the other techniques. The smaller the
involved numbers in the calculation, the faster the arithmetic operations. Thus,
our proposal is faster than the other techniques.

Finally, when compared to the existing similar 3-moduli set [2, 44, 98], the
newly introduced four moduli set offers a larger dynamic range and a higher
parallelism, which makes it more attractive for high performance computing.

In the next section, we show that Theorems 4.1 and 4.8 can be generalized
such that they become applicable to any n-moduli set mii=1,k.
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Metrics CRT [111] New CRT [130] Our proposal
Area 1 adder 1 adder 1 adder

4 multipliers 5 multipliers 5 multipliers
Dely 1 addition 1 addition 1 addition

1 multiplication 2 multiplications 2 multiplications
Mod Optns m1m2m3m4 m2m3m4 m4

Table 4.9: Performance Comparison

4.5 Modified Chinese Remainder Theorem

In the last section, we present Theorem 4.8, which is applicable for any 4-
moduli set. We wish to show that this is also possible for 5-moduli set and
then generalize it for any n-moduli set. This is seen as a big time improvement
as it eliminates the burden of the large modulo M present in the traditional
CRT.

Theorem 4.14 For a moduli set {mi}i=1,5,m1 > m2 > m3 > m4 > m5, the
decimal equivalent X of the residues (x1, x2, x3, x4, x5) can be computed by
using mod-m5 (the smallest modulus) instead of the large mod-M operations
as:

X = (x1 + x2 + x3 + x4) +m1m2m3m4|k1x1 + k2x2

+k3x3 + k4x4 +
∣∣M−15

∣∣
m5
x5|m5 , (4.57)

where M−15 is the multiplicative inverse of M5, k1 =
(M1|M−1

1 |m1
−1
)

m1m2m3m4
, k2 =

(M2|M−1
2 |m2

−1
)

m1m2m3m4
, k3 =

(M3|M−1
3 |m3

−1)
m1m2m3m4

, and k4 =
(M4|M−1

4 |m4
−1)

m1m2m3m4
.

Proof :
We utilize the lemmas presented in [130]:

Lemma 1: |am1|m1m2
= m1 |a|m2

Lemma 2: M1

∣∣M−11

∣∣
m1

= 1 + k1m1m2m3m4

Lemma 3: M2

∣∣M−12

∣∣
m2

= 1 + k2m1m2m3m4

Lemma 4:M3

∣∣M−13

∣∣
m3

= 1 + k3m1m2m3m4

Lemma 5:M4

∣∣M−14

∣∣
m4

= 1 + k4m1m2m3m4
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Expanding Equation (4.1) for t = 5 we obtain: X = |M1

∣∣M−11

∣∣
m1
x1 +

M2

∣∣M−12

∣∣
m2
x2

+M3

∣∣M−13

∣∣
m3
x3 +M4

∣∣M−14

∣∣
m4
x4 +M5

∣∣M−15

∣∣
m5
x5|M (4.58)

Putting Lemmas 2, 3, 4, and 5 in the above equation, we obtain:

X = |(1 + k1M5)x1 + (1 + k2M5)x2

+(1 + k3M5)x3 + (1 + k4M5)x4 +M5

∣∣M−15

∣∣
m5
x5|M (4.59)

Further simplification gives:

X = (x1 + x2 + x3 + x4) + |k1M5x1 + k2M5x2

+k3M5x3 + k4M5x4 +M5

∣∣M−15

∣∣
m5
x5|m1m2m3m4m5 (4.60)

Applying Lemma 1, we get:

X = (x1 + x2 + x3) +m1m2m3|k1x1 + k2x2

+k3x3 + k4x4 +M∗5
∣∣M−15

∣∣
m5
x5|m5 (4.61)

Here, M∗5 = M5
m1m2m3m4

= 1, the above equation then reduces to:

X = (x1 + x2 + x3 + x4) +m1m2m3m4|k1x1 + k2x2

+k3x3 + k4x4 +
∣∣M−15

∣∣
m5
x5|m5 (4.62)

Next, we present a modified CRT for general n-moduli set, which does not
require mod-M computations.

Theorem 4.15 For a moduli set {mi}i=1,k, m1 > m2 > m3... > mk, the
decimal equivalent X of the residues (x1, x2, x3, ..., xk) can be computed by
using mod-mk (the smallest modulus) instead of the large mod-M operations
as:

X =

k−1∑
i=1

xi +

k−1∏
i=1

mi

∣∣∣∣∣
k−1∑
i=1

kixi +
∣∣M−1k xk

∣∣
mk

∣∣∣∣∣
mk

, (4.63)

where M =
∏k
i=1mi, Mi = M

mi
, M−1i is the multiplicative inverse of Mi with

respect to mi, and ki =
(Mi|M−1

i |mi−1
)

∏k−1
i=1 mi

.

Proof :
If Theorems 4.1, 4.8, and 4.14 hold true, then Theorem 4.15 also holds true.



4.6. CONCLUSION 61

4.6 Conclusion

This chapter resolved a number of issues regarding the utilization of moduli
sets with common factors in building effective reverse converters. First, we as-
sumed a general {mi}i=1,3 moduli set with the dynamic range M =

∏k
i=1mi

and introduced a modified CRT that requires mod-m3 instead of mod-M cal-
culations. This scheme can be utilized in conjunction with well established
moduli sets, e.g, {2n + 1, 2n, 2n − 1} and {2n+ 2, 2n+ 1, 2n} and makes
the CRT based conversion more effective as it reduces the magnitude of the
values involved in the conversion, thus the associated costs in area and de-
lay. Subsequently, we further simplified the conversion process by focussing
on {2n+ 2, 2n+ 1, 2n} moduli set, which has a common factor of 2. Given
that for such a moduli set, CRT cannot be directly applied, we introduced in
a formal way a CRT based approach for this case, which requires the conver-
sion of {2n+ 2, 2n+ 1, 2n} set into moduli set with relatively prime mod-
uli, i.e.,

{
m1
2 ,m2,m3

}
, when n is even, n ≥ 2 and

{
m1,m2,

m3
2

}
, when n

is odd, n ≥ 3. We demonstrated that the moduli set transformation can be
easily done. We further simplified the 3-moduli CRT for the specific case of
{2n + 2, 2n + 1, 2n} moduli set. For this case, the proposed CRT requires
4 additions, 4 multiplications and all the operations are mod-m3 in case n is
even and mod-m3

2 if n is odd.

Second, we proposed another new RNS to decimal converter for the same mod-
uli set {2n+ 2, 2n+ 1, 2n} for both even and odd integer n > 0. We simpli-
fied the traditional CRT to obtain a reverse conveter that uses mod-n instead
of mod-(2n+ 2)(2n) and mod-2n required by other state of the art equivalent
converters. Next, we presented a low complexity implementation that does not
require the explicit use of the modulo operation in the conversion process as
it is normally the case in the traditional CRT and other state of the art equiva-
lent converters. In terms of area, our proposal requires four 2:1 adders and 2
multipliers while the best state of the art equivalent converter requires one 3:1
adder, two 2:1 adders, and four multipliers. In terms of critical path delay, the
proposed scheme requires 3 additions and 1 multiplication with mod-n opera-
tions whereas the best state of the art equivalent converter requires 2 additions
and 2 multiplications with mod-2n operations.

Third, we proposed a new 4-moduli set {2n+ 3, 2n+ 2, 2n+ 1, 2n} that in-
creases the dynamic range and the processing parallelism enabling efficient re-
verse conversion. We assume a general 4-moduli set {mi}i=1,4, m1 > m2 >
m3 > m4, with the dynamic range M =

∏4
i=1mi and introduced a modified

CRT that requires mod-m4 instead of mod-M calculations. This scheme also
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can be utilized in conjunction with other well established 4−moduli sets, e.g,
{2n − 1, 2n, 2n + 1, 2n+1 − 1} [121],

{
2n − 1, 2n, 2n + 1, 2n+1 + 1

}
[13],

{2n − 3, 2n + 1, 2n − 1, 2n + 3} [20]. Moreover, we further simplified the
conversion process by focussing on {2n+ 3, 2n+ 2, 2n+ 1, 2n} moduli set,
which has a common factor of 2. Given that for such a moduli set CRT cannot
be directly applied, we introduced in a formal way, just as we did in the previ-
ous cases, a CRT based approach for this case, which requires the conversion
of {2n+ 3, 2n+ 2, 2n+ 1, 2n} set into moduli set with relatively prime mod-
uli, i.e.,

{
m1,

m2
2 ,m3,m4

}
and

{
m1,m2,m3,

m4
2

}
, when n is even and odd,

respectively, which are not multiples of 3. We demonstrated that the moduli set
transformation can be easily done. For this case, the proposed CRT requires
the same or slightly larger area when compared to other existing techniques
but all the operations are mod-m4. This outperforms state of the art CRTs in
terms of the magnitude of the numbers involved in the calculation and due to
this fact, our proposal results in less complex adders and multipliers, which po-
tentially results in even faster and smaller implementations. When compared
to the existing similar 3-moduli set [2,44,98], this newly introduced four mod-
uli set offers a larger dynamic range and a higher parallelism, which makes
it more attractive for high performance computing. This proposal is particu-
larly suitable in DSP applications where the moduli sets are restricted and the
dynamic range does not necessarily need to be too large.

Finally, given the general {mi}i=1,k moduli set with the dynamic range M =∏k
i=1mi, we present a modified CRT that requires mod-mk instead of mod-

M calculations. This proposal is better than the existing CRTs in terms of
conversion delay since the numbers involved in the calculations are smaller,
which results in less complex adders and multipliers.

In the chapter to follow, we investigate moduli set which contains pairwise
relatively prime moduli. For this class of moduli set, unlike moduli set with a
common factor, no transformation is required and the entire dynamic range of
the moduli set is utilized.



Chapter 5

Modulo Operation free
Computation for the Moduli Set
{2n + 1, 2n, 2n− 1}

I
n Chapter 4, we presented efficient data conversion techniques for mod-
uli sets with common factors. It was shown that those moduli sets must
be mapped to the moduli sets, which are relatively prime. Such a trans-

formation is not required for the moduli set {2n + 1, 2n, 2n − 1}, which is
investigated in this chapter. Apart from the transformation problem, the con-
verters presented in Chapter 4 reduce the dynamic range of the original moduli
set by 1-bit. Due to these reasons, we present an efficient Residue Number
System (RNS) to Decimal converter for the moduli set {2n + 1, 2n, 2n − 1}
in this chapter.

This chapter is organized as follows. Section 5.1 introduces the necessary
background for the {2n+ 1, 2n, 2n− 1}moduli set, Section 5.2 describes the
proposed conversion algorithm, Section 5.3 describes the hardware implemen-
tation of the proposed algorithm. In Section 5.4, the performance of the pro-
posed algorithm is evaluated while the chapter is concluded in Section 5.5.

5.1 Background

As discussed in Chapter 4, the residue number (x1, x2, x3, ..., xk) for the mod-
uli set {m1,m2,m3, ...,mk} with the dynamic range M =

∏k
i=1mi, can be

converted into the decimal number X , according to the Chinese Reminder
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Theorem (CRT), as follows [111]:

X =

∣∣∣∣∣
k∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
M

, (5.1)

where M =
∏k
i=1mi, Mi = M

mi
, and M−1i is the multiplicative inverse of Mi

with respect to mi. Equation (5.1) can be simplified when certain moduli sets
of interests like {2n+ 1, 2n, 2n− 1} are utilized for which specific converters
have been designed with the following relations for (x1 + x3) even and odd,
respectively, in [99]:

X =
∣∣∣m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
M

(5.2)

and

X =

∣∣∣∣M2 +
m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣∣
M

(5.3)

The following relation, which uses smaller multipliers when compared to
Equations (5.2) and (5.3) have also been presented in [2]:

X = x2 +m2

∣∣∣∣⌊(x1 − x3) + 2z0n

2

⌋
+ 2n

⌊
(x1 − 2x2 + x3) + 2z0n

2

⌋∣∣∣∣
m1m3

, (5.4)

where z0 is the XOR over the least significant bits of x1 and x3.

In the following section, we assume the same moduli set {2n+ 1, 2n, 2n− 1}
and we introduce an RNS to decimal converter based on Equation (5.1) by
eliminating the computation of the required multiplicative inverses. By doing
that, we obtain exactly the same relations as Equations (5.2) and (5.3). Further,
we simplify these expressions such that we obtain relations that use smaller
multipliers and require lesser number of arithmetic operations when compared
to Equation (5.4).

5.2 Modulo (2n− 1) Reverse Converter

Given the RNS number (x1, x2, x3) for the moduli set {m1,m2,m3} in the
form {2n+ 1, 2n, 2n− 1}, the proposed algorithm computes the decimal
equivalent of this RNS number based on a further simplification of the well-
known traditional CRT. First, we demonstrate that the computation of the mul-
tiplicative inverses can be eliminated. We further simplify the resulting CRT
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to get a low complexity implementation that does not require explicit use of
modulo operation at the final stage of computation.

Theorem 5.1 Given the moduli set {2n + 1, 2n, 2n − 1} with m1 = 2n +
1,m2 = 2n,m3 = 2n− 1 the following hold true:

|(m1m2)
−1|m3 = n, (5.5)

|(m2m3)
−1|m1 = n+ 1, (5.6)

|(m1m3)
−1|m2 = 2n− 1. (5.7)

Proof :
If it can be demonstrated that |n×(m1m2)|m3 = 1, then n is the multiplicative
inverse of (m1m2) with respect to m3. |n × (m1m2)|m3 is given by: |(2n +
1)(2n)(n)|2n−1 = |(4n2 + 2n)n|2n−1 = ||4n3|2n−1 + |2n2|2n−1|2n−1 =
|12 + 1

2 |2n−1 = 1, thus Equation (5.5) holds true.

In the same way if |(n+ 1)× (m2m3)|m1 = 1, then n+ 1 is the multiplicative
inverse of (m2m3) with respect to m1. |(n + 1) × (m2m3)|m1 is given by:
|2n(2n− 1)(n+ 1)|2n+1 = |2n2(2n+ 1)− 2n|2n+1 = ||2n2(2n+ 1)|2n+1 +
| − 2n|2n+1|2n+1 = |0 + 1|2n+1 = 1, thus Equation(5.6) holds true.

Again, if |(2n−1)×(m1m3)|m2 = 1, then 2n−1 is the multiplicative inverse
of (m1m3) with respect to m2. |(2n− 1)× (m1m3)|m2 is given by:
|(2n+ 1)(2n− 1)(2n− 1)|2n = |8n3 − 4n2 − 2n+ 1|2n = ||2n(4n2 − 2n−
1)|2n + |1|2n|2n = |0 + 1|2n = 1, thus Equation (5.7) holds true.

The following theorem introduces a simplified way to compute the decimal
equivalent of the RNS number.

Theorem 5.2 The decimal equivalent of the RNS number (x1, x2, x3) with
respect to the moduli set {m1,m2,m3} in the form {2n + 1, 2n, 2n − 1} is
computed for (x1 + x3) even and odd, respectively, as follows:

X =
∣∣∣m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
M

(5.8)

X =

∣∣∣∣M2 +
m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣∣
M

(5.9)
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Proof :
Equation (5.1) for k = 3 is given by:

X =

∣∣∣∣∣
3∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
M

. (5.10)

By substituting the multiplicative inverse values in Theorem (5.1) into Equa-
tion (5.10) we obtain the following:

X =
∣∣∣(m2m3)(

m2

2
+ 1)x1 + (m1m3)(m3)x2 + (m1m2)(

m2

2
x3)
∣∣∣
M

=

∣∣∣∣(m2m3)(
m1 + 1

2
)x1 + (m1m3)(m2 − 1)x2 + (m1m2)(

m3 + 1

2
)x3

∣∣∣∣
M

=

∣∣∣∣(M2 )x1 + (
m2m3

2
)x1 −m1m3x2 + (

M

2
)x3 + (

m1m2

2
)x3

∣∣∣∣
M

=

∣∣∣∣∣∣∣∣(x1 + x3)
M

2

∣∣∣∣
M

+
∣∣∣(m2m3

2
)x1

∣∣∣
M
− |m1m3x2|M

+
∣∣∣(m1m2

2
)x3

∣∣∣
M

∣∣∣
M

(5.11)

From Equation (5.11), the following cases may be considered:

• If (x1 + x3) is even then |(x1 + x3)
M
2 |M = 0.

• If (x1 + x3) is odd then |(x1 + x3)
M
2 |M = M

2 .

The first case is trivial while we show the validity of the second case as follows.
The term (x1+x3)-odd can be perceived in two ways. It is either (x1+x3) = 1
or (x1+x3) > 1. If (x1+x3) = 1, M2 will always be less than M, thus, the term∣∣M
2

∣∣
M

= M
2 is always true. On the other hand, suppose (x1 + x3) = a > 1,

where a is an odd integer. Then a can be expressed in terms of any even integer
b as: a = b+ 1. Therefore, the second case (x1 + x3) > 1-odd can be written
as: ∣∣∣∣(x1 + x3)

M

2

∣∣∣∣
M

=

∣∣∣∣(1 + b)
M

2

∣∣∣∣
M

=

∣∣∣∣M2 + b
M

2

∣∣∣∣
M

=

∣∣∣∣∣∣∣∣M2
∣∣∣∣
M

+

∣∣∣∣bM2
∣∣∣∣
M

∣∣∣∣
M

=

∣∣∣∣M2 + 0

∣∣∣∣
M

=

∣∣∣∣M2
∣∣∣∣
M

=
M

2
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Hence, for (x1 + x3)-odd, the term
∣∣(x1 + x3)

M
2

∣∣
M

= M
2 is always true.

Given that the above two cases are true, Equation (5.11) can be re-written for
the first and the second case, respectively, as:

X =
∣∣∣m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
M

(5.12)

X =

∣∣∣∣M2 +
m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣∣
M

(5.13)

Thus, Equation (5.8) and (5.9) hold true. Equations (5.8) and (5.9) are exactly
the same as the ones derived based on a weighting function in [99] and [100].
Thus, the hardware realization based on these equations is the same as the ones
presented in [99] and [100].

We propose to further simplify Equations (5.8) and (5.9) using the following
theorem:

Theorem 5.3 Given the RNS number (x1, x2, x3) for the moduli set
{m1,m2,m3} in the form {2n + 1, 2n, 2n − 1}, the decimal equivalent of
this RNS number is computed for (x1 + x3) even and odd, respectively, as
follows:

X =

∣∣∣∣−m2x1 +m1

∣∣∣m2

2
(x1 + x3)−m3x2

∣∣∣
m2m3

∣∣∣∣
M

(5.14)

X = |−m2x1

+m1

∣∣∣m2m3

2
+
m2

2
(x1 + x3)−m3x2

∣∣∣
m2m3

∣∣∣∣
M

(5.15)

Proof :
To prove this theorem we use the following lemma presented in [131]:

|am1|m1m2
= m1 |a|m2

(5.16)

From Equation (5.8), we have

X =
∣∣∣m2m3

2
x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
m1m2m3

=
∣∣∣m2

2
(m1 − 2)x1 −m1m3x2 +

m1m2

2
x3

∣∣∣
m1m2m3

= x1 +
∣∣∣m1m2

2
(x1 + x3)−m1x1 −m1m3x2

∣∣∣
m1m2m3

(5.17)
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Applying Equation (5.16) we obtain

X =

∣∣∣∣x1 +m1

∣∣∣m2

2
(x1 + x3)− x1 −m3x2

∣∣∣
m2m3

∣∣∣∣
M

, (5.18)

which can be further simplified as:

X =
∣∣∣−m2x1 +m1|

m2

2
(x1 + x3)−m3x2|m2m3

∣∣∣
M

(5.19)

thus Equation (5.14) holds true.

From Equation (5.9), we have

X =
∣∣∣m1m2m3

2
+
m2m3

2
x1

−m1m3x2 +
m1m2

2
x3

∣∣∣
m1m2m3

=
∣∣∣m1m2m3

2
+
m2

2
(m1 − 2)x1

−m1m3x2 +
m1m2

2
x3

∣∣∣
m1m2m3

= x1 +
∣∣∣m1m2m3

2
+
m1m2

2
(x1 + x3)

−m1x1 −m1m3x2|m1m2m3
(5.20)

Applying Equation (5.16) we obtain

X = |x1

+m1

∣∣∣m2m3

2
+
m2

2
(x1 + x3)− x1 −m3x2

∣∣∣
m2m3

∣∣∣∣
M

, (5.21)

which can be further simplified as

X =
∣∣∣−m2x1 +m1

∣∣∣m2m3

2

+
m2

2
(x1 + x3)−m3x2

∣∣∣
m2m3

∣∣∣∣
M

(5.22)

thus Equation (5.15) holds also true. We propose to further simplify Equa-
tions (5.14) and (5.15) in order to obtain a converter that only utilizes modulo-
m3. This is achieved by the following two theorems.
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Theorem 5.4 Given the RNS number (x1, x2, x3) with respect to the moduli
set {m1,m2,m3} in the form {2n+ 1, 2n, 2n− 1}, the decimal equivalent of
this RNS number is computed for (x1 + x3) even as follows:{

X = y, y ≥ 0
X = y +M, y < 0

(5.23)

where

y = m2(x2 − x1) + x2

+m1m2

∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣
m3

(5.24)

Proof :
To prove this theorem we use the following lemma presented in [131]:

|am1|m1m2
= m1 |a|m2

(5.25)

From Equation (5.14), we have

X = |−m2x1

+m1

∣∣∣m2

2
(x1 + x3)−m3x2

∣∣∣
m2m3

∣∣∣∣
M

(5.26)

Substituting m3 = m2 − 1, we get

X = |−m2x1

+m1

∣∣∣m2

2
(x1 + x3)− x2(m2 − 1)

∣∣∣
m2m3

∣∣∣∣
M

= |−m2x1 +m1x2

+m1

∣∣∣∣m2

(
(x1 + x3)

2
− x2

)∣∣∣∣
m2m3

∣∣∣∣∣
M

(5.27)

Subsequently, we apply Equation (5.25) and obtain

X = |−m2x1 + x2(m2 + 1)

+m1m2

∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣
m3

∣∣∣∣∣
M
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which can be further simplified as

X = |m2(x2 − x1) + x2

+m1m2

∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣
m3

∣∣∣∣∣
M

(5.28)

Equation (5.28) is the general expression of Equation (5.24), valid for both y
positve and negative. The next stage of the proof is to demonstrate that only
one corrective addition is required for the calculation of the mod-M operation.
We demonstrate that by considering the the most positive value one may get in
(5.28).

• Most positive value: in order to get the most positive value in (5.28), the
following must hold true:

∣∣∣ (x1+x3)2 − x2
∣∣∣
m3

= m3 − 1, x1 = m1 − 1,

x2 = 1, x3 = m3 − 1. Substituting all these values in Equation (5.28),
we obtain

X = |m2(1−m1 + 1) + 1 +m1m2(m3 − 1)|M
= |2m2 −m1m2 + 1 +M −m1m2|M
= |M − 2m1m2 + 2m2 + 1|M (5.29)

Since 0 < M − 2m1m2 + 2m2 + 1 < M , no corrective addition of M is
required in order to obtain the desired result.

On the other hand, for y < 0, the following must hold true:∣∣∣ (x1+x3)2 − x2
∣∣∣
m3

= 0, x1 > x2. We demonstrate that only one corrective

addition is required in order to compute the correct result. This is achieved by
computing the most negative result one may have in Equation (5.28).

• Most negative value: in order to get the most negative value in Equa-
tion (5.28), we substitute x1 = m1−1, x2 = 0, and

∣∣∣ (x1+x3)2 − x2
∣∣∣
m3

=

0 in Equation (5.28) and we obtain

X = |m2(0−m1 + 1)|M
= |−m1m2 + 1|M (5.30)

Since 0 < −m1m2 + 1 + M < M , only one corrective addition is therefore
required in order to obtain the correct result if y < 0. Thus, (5.23) holds true.
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For the case when y < 0, the correct result can be computed as follows:

X = m2(x2 − x1) + x2

+m1m2

(∣∣∣∣(x1 + x3)

2
− x2

∣∣∣∣
m3

+m3

)
(5.31)

Theorem 5.5 Given the RNS number (x1, x2, x3) with respect to the moduli
set {m1,m2,m3} in the form {2n+ 1, 2n, 2n− 1}, the decimal equivalent of
this RNS number is computed for (x1 + x3) odd as follows:{

X = y, y ≥ 0
X = y +M, y < 0

(5.32)

where

y = m2(x2 − x1) + x2

+m1m2

∣∣∣∣m3

2
+

(x1 + x3)

2
− x2

∣∣∣∣
m3

(5.33)

Proof :
Similarly, from Equation (5.15), we have

X = |−m2x1

+m1

∣∣∣m2m3

2
+
m2

2
(x1 + x3)−m3x2

∣∣∣
m2m3

∣∣∣∣
M

(5.34)

Applying the equation m3 = m2 − 1, we get

X = |−m2x1

+m1

∣∣∣m2m3

2
+
m2

2
(x1 + x3)− x2(m2 − 1)

∣∣∣
m2m3

∣∣∣∣
M

= |−m2x1 +m1x2

+m1

∣∣∣∣m2

(
m3

2
+

(x1 + x3)

2
− x2

)∣∣∣∣
m2m3

∣∣∣∣∣
M

Applying Equation (5.25) we obtain

X = |−m2x1 + x2(m2 + 1)

+m1m2

∣∣∣∣m3

2
+

(x1 + x3)

2
− x2

∣∣∣∣
m3

∣∣∣∣∣
M

(5.35)
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which can be further simplified as

X = |m2(x2 − x1) + x2

+m1m2

∣∣∣∣m3

2
+

(x1 + x3)

2
− x2

∣∣∣∣
m3

∣∣∣∣∣
M

(5.36)

Again, from Equation (5.33), it can be seen easily that Equation (5.36) is the
same as |y|M . Just as earlier described, we need to demonstrate that only
one corrective addition is required for the calculation of mod-M operation.
We demonstrate that by considering the most positive value one may get in
Equation (5.36).

• Most positive value: in order to get the most positive value in Equa-
tion (5.36), the following must hold true:

∣∣∣m3
2 + (x1+x3)

2 − x2
∣∣∣
m3

=

m3 − 1, x1 = 1, x2 = 1, x3 = m3 − 1.

Substituting the above values in Equation (5.36), we obtain

X = |1 +m1m2(m3 − 1)|M
= |M −m1m2 + 1|M (5.37)

Since 0 < M − m1m2 + 1 < M , no corrective addition is required for the
calculation of mod-M .

Again, for y < 0, the following must hold true:
∣∣∣m3

2 + (x1+x3)
2 − x2

∣∣∣
m3

= 0,

x1 > x2. We demonstrate that only one corrective addition is needed in order
to obtain the correct result in Equation (5.36). This is achieved by considering
the most negative value one may get in Equation (5.36).

• Most negative value: in order to get the most negative value
in Equation (5.36), the following must hold true: given that∣∣∣m3

2 + (x1+x3)
2 − x2

∣∣∣
m3

= 0, x1 = 1, x2 = 0, and x3 = m3 − 1.

Substitute these values in Equation (5.36), we obtain

X = |m2(0− 1) + 1 + 0|M
= |−m2 + 1|M (5.38)

Since 0 < −m2 + 1 + M < M , only one corrective addition is required in
order to obtain correct result. For the case when y < 0, the correct result can
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be computed as follows:

X = m2(x2 − x1) + x2

+m1m2

(∣∣∣∣m3

2
+

(x1 + x3)

2
− x2

∣∣∣∣
m3

+m3

)
(5.39)

In order to illustrate the way the proposed converter works, we present in the
remainder of this section two conversion examples.

Example: Let us assume RNS(7|6|5) and the integer numberX = 20. Its RNS
representation can be obtained as follows:

x1 = |20|7 = 6, x2 = |20|6 = 2, x3 = |20|5 = 0.

Thus, 20 = (6, 2, 0)RNS(7|6|5) and similarly another number 11 =
(4, 5, 1)RNS(7|6|5). Now, let us convert the RNS numbers back to Decimal
using the proposed schemes:

• (6, 2, 0)RNS(7|6|5). Here, x1 = 6, m1 = 7, x2 = 2, m2 = 6, x3 = 0,
m3 = 5. It can be seen that x1 + x3 is even and

∣∣6
2 − 2

∣∣
5

is not equal to
zero, thus we employ Equation (5.24) as follows:

X = 6(2− 6) + 2 + 42

∣∣∣∣62 − 2

∣∣∣∣
5

= −24 + 2 + 42

= 20,

as it should.

• (4, 5, 1)RNS(7|6|5). Note that, x1 = 4, m1 = 7, x2 = 5, m2 = 6,
x3 = 1, m3 = 5. It can be seen that x1 + x3 is odd and x1 is not greater
than x2, thus we employ Equation (5.33) as follows:

X = 6(5− 4) + 5 + 42

∣∣∣∣52 +
5

2
− 5

∣∣∣∣
5

= 6 + 5 + 42|0|5
= 11,

again as it should.
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5.3 Hardware Implementation

The hardware structure of the proposed scheme, depicted in Figure 5.3 is based
on the equations in Theorems 5.4 and 5.5. In adder A, residue x1 is subtracted
from x2 and next the result is multiplied bym2. The 3-input adder B computes
(x1+x32 − x2) and can be implemented as a 3:2 Carry Save Adder (CSA) fol-
lowed by a Carry Propagate Adder (CPA). We prove later in this section that
only one corrective addition or subtraction is required to compute the modulo-
m3 operation and this can be combined and done in the same step with the
possible addition of m3

2 term. We also demonstrate that only one corrective
addition is required to compute the final modulo-M and it can be also embed-
ded with the modulo-m3. The above mentioned operations are implemented
by adder C with a selectable input. The hardware implementation removes the
fractions by shifting left all the operands involved in adder B and C, thereby
extending the two adders with one bit. Finally, the output of adder C, without
the rightmost bit to account for the previous shift, is multiplied by the multi-
plier m1m2 and the result is summed together by adder D with the one from
the multiplier m2. The extra input x2 for adder D can be embedded in the
m2 multiplier according to the principle of merged arithmetic, thus D can be
actually implemented as a standard 2:1 adder.

Next, we demonstrate that no explicit m3 modulo operation is required by∣∣∣ (x1+x3)2 − x2
∣∣∣
m3

and
∣∣∣m3

2 + (x1+x3)
2 − x2

∣∣∣
m3

by analyzing the four possible

extreme cases as follows:

Case 1: (x1+x3) = 0 and x2 = 2n−1. This results in the most negative value
one may get. In this case the modulus in Equation (5.24) reduces to | − x2|m3 .
To perform the modulom3 operation we need to do corrective additions. Given
that m3 + (−x2) = (2n − 1) − (2n − 1) = 2n − 1 − 2n + 1 = 0, for any
positive integer n, only one corrective addition withm3 is required to compute
the modulo.

Case 2: (x1 + x3) is even and has the maximum possible value and x2 is
zero. This is the largest positive value one may get and the modulus in Equa-
tion (5.24) reduces to | (x1+x3)2 |m3 . Given that m3 − (x1+x3)

2 = (2n − 1) −
(2n+2n−2)

2 = 2n − 1 − 2n + 1 = 0 the maximum sum in the modulo adder
cannot exceed m3, thus one subtraction with m3 is required.

Case 3: (x1 + x3) = 1 and x2 = 2n − 1. In this
case the modulus in Equation (5.33) reduces to |m3

2 + 1
2 − x2|m3 .

Given that in this case m3
2 + 1

2 − x2 is always negative and that
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Figure 5.1: Hardware Structure of Our Proposal

m3 + m3
2 + 1

2 − x2 = 2n− 1 + n− 1
2 + 1

2 − 2n+ 1 = n > 0, for any inte-
ger n, only one corrective addition withm3 is required to compute the modulo.

Case 4: (x1 + x3) odd has the maximum possible value and x2 is zero. The
modulus in Equation (5.33) reduces to |m3

2 + (x1+x3)
2 |m3 . Given that 2m3 −

(m3
2 + (x1+x3)

2 ) = 2(2n− 1)− (2n−12 + (2n+2n−2)−1
2 ) = 4n− 2− 3n+ 2 =

n > 0, for any positive integer n, one corrective subtraction of m3 is required
to compute the modulo.

This means that the modulom3 operation can be implemented with at most one
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Figure 5.2: Converter Data Path for GC.

corrective addition or subtraction. In the following, we prove that the addition
of the m3

2 term can be actually postponed and embedded into the correction
step required for the modulo-m3 operation without any delay overhead. For
that, we remove m3

2 as adder C input and revisit the 4 correction cases analyzed
above.

If (x1+x3) is even, the term m3
2 is not part of the calculation and the correction

can be done as usual. If (x1 + x3) is odd, the tentative sum at the output of
adder B is (x1+x3)

2 − x2 instead of m3
2 + (x1+x3)

2 − x2, thus it is smaller with
m3
2 than it should actually be. Taking that into consideration, the correction

rules change to:
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1. (x1 + x3) even:

• if tentative sum is smaller than 0 add m3;

• if tentative sum is larger than or equal to m3 subtract m3;

• otherwise do nothing;

2. (x1 + x3) odd:

• if tentative sum is smaller than −m3
2 add 3m3

2 ;

• if tentative sum is greater than or equal to m3
2 subtract m3

2 ;

• otherwise add m3
2 .

As indicated by Equations (5.31) and (5.39), the final modulo-M also does not
require explicit implementation. The scheme is simplified by moving this ad-
dition before the m1m2 multiplication, hence transforming it into a corrective
m3 addition. As mentioned in the previous section, this correction must be
applied when both of the following statements hold true:

x1 > x2 (5.40)
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∣∣∣ (x1+x3)2 − x2

∣∣∣
m3

= 0 (x3 + x1) even∣∣∣m3
2 + (x1+x3)

2 − x2
∣∣∣
m3

= 0 (x3 + x1) odd
(5.41)

We now combine the modulo-m3 operations by revisiting the correction rules:

1. (x1 + x3) even:

• if tentative sum is smaller than 0 add m3;
Equation (5.41) holds true when the tentative sum is equal to−m3,
but we can see from Case 1 that Equation (5.40) does not hold true,
hence the extra m3 addition is not needed;

• if tentative sum is zero and Equation (5.40) is true (the sign bit of
adder A is 1) add m3;

• otherwise do nothing;
Equation (5.41) holds true when the tentative sum is equal to m3

and we can see from Case 2 that this happens when x2 is zero and
x1 = 2n, hence Equation (5.40) also holds true. But the required
m3 addition cancels out the previous m3 corrective subtraction for
the modular-m3 adder;

2. (x1 + x3) odd:

• if tentative sum is smaller than −m3
2 add 3m3

2 ;
From Case 3, it can be seen that the minimum value for the tenta-
tive sum is 1

2 −x2 < −
3m3
2 , so Equation (5.41) does not hold true.

Thus, no extra m3 addition is required;

• if tentative sum is larger than m3
2 subtract m3

2 ;
Equation (5.41) holds true when the tentative sum is equal to m3

2 .
Following this, x1+x3−2x2 = 2m3 ⇒ x1−x2 = 2m3−x3+x2.
Since 2m3 − x3 > 0 Equation (5.40) also holds true, thus the
correction becomes −m3

2 +m3 = m3
2 ;

• otherwise add m3
2 .

In this way all modulo operations have been replaced by a single corrective
addition or subtraction, which in turn greatly reduces the complexity of the
converter.
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5.4 Performance Analysis

It is well known that the direct implementation of Equation (5.1) is not ef-
fective because it requires large magnitude multipliers and also a modulo M
operation, (where M is a large number), is required before the decimal number
can be obtained. If the New CRT in [129] is utilized, the complexity is some-
how reduced as smaller numbers are used and the modulo operation is m1m3

instead of M . It is quite clear that the reverse converter proposed in this chap-
ter is processing smaller numbers in the multiplication when compared to the
ones in Equations (5.1), (5.2), (5.3), (5.14), and (5.15) because the involved
modulo operation is m3.

Metrics SAW GC Our proposal
Area 4 adders 3 adders 4 adders

2 multipliers 4 multipliers 2 multipliers
Delay 3/4 additions 3 additions 3/4 additions

2 multiplications 2 multiplications 1 multiplications
1 comparator + 1 MUX

Modulo m1m3 m2m3 m3

Table 5.1: Performance Comparison

The converter in [2] for the moduli set under consideration has been shown to
outperform the one in [99]. Recently, the converter proposed in [41] was also
shown to be better than the one in [2] through a detailed critical path analysis,
which takes the hardware implementation details into consideration. In view
of that, we compare our proposal with the equivalent converters in [41] and [2],
further referred in the rest of this chapter by GC and SAW, respectively. The
number of arithmetic operations required for our proposal - Equations (5.24),
and (5.33), the one in [2] - Equation (5.4), and the one in [41]-Equations (5.14)
and (5.15)- are summarized in Table 5.1. As one can observe in the table,
the proposed converter requires less delay. Moreover, due to the fact that our
scheme operates on smaller magnitude operands, it results in less complex
adders and multipliers, which potentially results in even faster and smaller
implementations.

Figures 5.3, 5.2, and 5.3 depict the hardware realization of the proposed con-
verter, the converters GC and SAW, respectively. On the critical path, our pro-
posal requires three 2:1 adders and one multiplier, SAW requires one 4:1 adder
(even though not included in the figure, the term 2z0n has to be part of the A2



80
CHAPTER 5. MODULO OPERATION FREE COMPUTATION FOR THE

MODULI SET {2n+ 1, 2n, 2n− 1}

adder inputs), two 2:1 adders, and two multipliers while GC requires one 3:1
adder, two 2:1 adders, and two multipliers. Consequently, the new converter
introduced here is less complex and it is faster than state of the art equiva-
lent converters. Additionally, we also carried out experimental comparison by
describing the proposed converter, the converter in [41] and the one in [2] in
VHDL and implementing them on Xilinx Spartan 3 xa3s200-4-ftg256 FPGA,
with Xilinx ISE 10.1.03. In order to properly evaluate the relations between
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Figure 5.4: Delay Improvement

these converters, several reverse converters were implemented for a wide range
of values of n, up to an equivalent dynamic range of 64 bits. The converter per-
formances evaluated in terms of area (expressed as number of FPGA slices),
and delay (in ns obtained by post-place route static timing analysis) is depicted
in Figures 5.4 and 5.5, respectively.

As expected, since all the three converters have somehow similar architectures,
all of them present roughly the same area and delay profile. The downward
spikes that all the converters present in both area and delay graphs occur when
n is a power of 2. For this special values of n the logic synthesizer optimizes
the design by replacing the multipliers with simple shifters, thereby greatly
reducing both the occupied area and the time of conversion. Apart from these



5.4. PERFORMANCE ANALYSIS 81

spikes, we can observe some non-monotonic area and delay variations which
are also induced by logic optimizations made by the synthesizer, for certain n
values.
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Figure 5.5: Area Improvement

Table 5.2: Synthesized Results: Area Comparison
M n Our Area (slices) GC Area (slices) SAW Area (slices)
28 4 28 49 41

216 21 90 121 126

224 129 101 136 141

232 813 251 328 305

248 32769 177 218 253

264 1321123 589 749 735

The obtained values suggest that, on average, the proposed converter is capable
of performing the reverse conversion 15.8% and 14% faster with 21% and
27% area decrease, when compared to the reverse converters GC and SAW,
respectively. Exact values of number of occupied FPGA slices, conversion
time, and average power consumption are presented in Tables 5.2, 5.3, and 5.4,
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Table 5.3: Synthesized Results: Delay Comparison
M n Our Delay (ps) GC Delay (ps) SAW Delay (ps)
28 4 19857 31865 28575

216 21 36262 44718 44999

224 129 37599 42329 41312

232 813 45543 53556 55609

248 32769 39256 44896 47955

264 1321123 57261 65295 71930

for some common dynamic ranges. For this particular cases, our converter
consumes on average 8% and 18% less power when compared with SAW and
GC, respectively.

5.5 Conclusion

In this chapter, we proposed a new reverse converter for the moduli set
{2n + 1, 2n, 2n − 1}. First, we simplified the traditional CRT in order to
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Table 5.4: Synthesized Results: Power-Comparison
M n Proposed Converter GC Converter SAW Converter
28 4 15 16 15

216 21 19 20 22

224 129 19 22 24

232 813 33 37 42

248 32769 25 28 34

264 1321123 65 68 95

obtain a reverse converter that utilizes mod-(2n − 1) operations instead of
mod-(2n)(2n − 1) and (2n + 1)(2n − 1) operations required by the convert-
ers in [41] and [2], respectively. Next, we transformed the needed corrective
addition of M into a corrective m3 addition. We then presented a novel low
complexity implementation that does not require the explicit use of modulo
operation in the conversion process.

The performance of the proposed converter is evaluated both theoretically,
in terms of the required number of arithmetic operations and experimentally
by FPGA implementation. Theoretically speaking, the proposed converter re-
quires lesser number of arithmetic operations when compared to the state of
the art equivalent converters.

For the experimental assessment, the converters were described in VHDL and
implemented on Xilinx Spartan 3 FPGA. We used a wide range of values of
n for the implementation. The synthesis results indicate that, on average, the
proposed converter outperforms the state of the art with about 14% and 21%,
and 8% in terms of conversion time, area cost, and power consumption, re-
spectively.

Given that powers of two moduli sets offer larger dynamic range when com-
pared to the powers of two related moduli set discussed in this chapter, we
investigate powers of two moduli set in the next chapter.





Chapter 6

A Converter for the Moduli Set
{2n+1 − 1, 2n, 2n − 1}

P
owers of two moduli sets are very useful in building adder based re-
verse converters. They are also more applicable to Digital Signal Pro-
cessing (DSP) applications requiring larger dynamic range when com-

pared to the power of two related moduli set discussed in the previous chap-
ter. Due to this fact, we focuss on a power of two moduli set in this chap-
ter. Many algorithms have been designed for performing the reverse conver-
sion with different choices of moduli sets, e.g., {2n, 2n − 1, 2n + 1} [133],
{2n, 2n−1, 2n−1−1} [57], {2n+1+1, 2n+1−1, 2n} [86], {2n, 2n+1−1, 2n−1}
[75,85], {2n+1, 2n−1, 2n} [99], {2n+2, 2n+1, 2n} [44,100]. Recently, the
moduli set {2n, 2n+1− 1, 2n− 1} was proposed in [85] by removing the mod-
ulus (2n + 1) from the 4-moduli set {2n − 1, 2n, 2n + 1, 2n+1 − 1} proposed
in [121]. This is due to the fact that performing the modulo (2n + 1)-type
arithmetic is complex and degrades the entire RNS system performance in
terms of both area and delay. Three reverse converters have been proposed
in [85] for the moduli set {2n, 2n+1 − 1, 2n − 1}. Two of those convert-
ers are very efficient delay wise at the expense of very high area cost while
the third one has a reduced area cost at the expense of very low conversion
speed. In [75], an area efficient residue to binary converter was proposed with
a slower conversion speed when compared to the two speed efficient convert-
ers of [85]. In this chapter, two novel memoryless residue to binary converters
for the {2n+1 − 1, 2n, 2n − 1} moduli set are proposed.

The remainder of this chapter is organized as follows. Section 6.1 presents
state of the art equivalent converters. In Section 6.2, a novel memoryless re-

85
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verse converter is proposed. We resolve the dynamic range limitation prob-
lem in Section 6.3. Section 6.4 describes the hardware implementation of the
proposed algorithm. Section 6.5 evaluates the performance of the proposed
algorithm, while the chapter is concluded in Section 6.6.

6.1 Background

For a moduli set {m1,m2,m3, ...,mk} with the dynamic range M =∏k
i=1mi, the residue number (x1, x2, x3, ..., xk) can be converted into the

decimal number X, according to the Chinese Reminder Theorem (CRT), as
follows [111]:

X =

∣∣∣∣∣
k∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
M

, (6.1)

where M =
∏k
i=1mi, Mi = M

mi
, and M−1i is the multiplicative inverse of Mi

with respect to mi.

For the moduli set under investigation, efficient converters have been presented
in [85] and [75]. Three converters were presented in [85]. One of those con-
verters, which is area efficient is based on the traditional Mixed Radix Conver-
sion (MRC) while the remaining two, which are based on the traditional CRT
are speed efficient. The converter presented in [75], which has been shown to
be more effective when compared to the ones in [85] is based on Equation (6.2)
and is represented by:

X = x1 + 2nY, (6.2)

where

Y =
∣∣(−2n+1 + 3)(x2 − x1)
+(2n+1 − 1)(x3 − x1)

∣∣
(2n+1−1)(2n−1) , (6.3)

which was further simplified as

Y = |(2n − 1)(2x1 − 4x2 + 2x3)

+(x3 − x1)|(2n+1−1)(2n−1) . (6.4)

In the following section, we present a new effective reverse converter for the
moduli set {2n+1 − 1, 2n, 2n − 1} by first simplifying Equation (6.1).



6.2. MODULO-(2n+1 − 1) REVERSE CONVERSION 87

6.2 Modulo-(2n+1 − 1) Reverse Conversion

Given the RNS number (x1, x2, x3) for the moduli set {m1,m2,m3} in the
form {2n+1 − 1, 2n, 2n − 1}, the proposed algorithm computes the decimal
equivalent of this RNS number based on a further simplification of the well-
known traditional CRT. First, we show that the computation of the multiplica-
tive inverses can be eliminated for this moduli set resulting into a memory-
less reverse converter. Next, we obtain a reverse converter that only requires
modulo-(2n+1 − 1) operations. We further reduce the hardware complexity in
order to obtain a pure adder based RNS-to-binary converter.

Theorem 6.1 Given the moduli set {m1,m2,m3} withm1 = 2n+1−1,m2 =
2n, m3 = 2n − 1, the following hold true:

|(m1m2)
−1|m3 = 1, (6.5)

|(m1m3)
−1|m2 = 1, (6.6)

|(m2m3)
−1|m1 = −4. (6.7)

Proof :
If it can be demonstrated that |1 × (m1m2)|m3 = 1, then
1 is the multiplicative inverse of (m1m2) with respect to m3.
|1× (m1m2)|m3

is given by:
∣∣2n(2n+1 − 1)

∣∣
2n−1 =

∣∣22n+1 − 2n
∣∣
2n−1 =∣∣∣∣∣22n+1

∣∣
2n−1 − |2

n|2n−1
∣∣∣
2n−1

= |2− 1|2n−1 = 1, thus (6.5) holds true.

In the same way if |1 × (m1m3)|m2 = 1, then 1 is the multi-
plicative inverse of (m1m3) with respect to m2. |1 × (m1m3)|m2

is given by:
∣∣(2n+1 − 1)(2n − 1)

∣∣
2n

=
∣∣22n+1 − 2n+1 − 2n + 1

∣∣
2n

=∣∣22n+1 − 3(2n) + 1
∣∣
2n

=
∣∣∣∣22n+1

∣∣
2n
− |3(2n)|2n + |1|2n

∣∣
2n

= |0−0+1|2n =
1, thus (6.6) holds true.

Finally, if |(−4)× (m2m3)|m1
= 1, then −4 is the multiplica-

tive inverse of (m2m3) with respect to m1. |(−4)× (m2m3)|m1
is

given by: |(−4)(2n)(2n − 1)|2n+1−1 =
∣∣(−22)(22n − 2n)

∣∣
2n+1−1 =∣∣−22n+2 + 2n+2

∣∣
2n+1−1 =

∣∣∣∣∣−22n+2
∣∣
2n+1−1 +

∣∣2n+2
∣∣
2n+1−1

∣∣∣
2n+1−1

=

|−1 + 2|2n+1−1 = |1|2n+1−1 = 1, thus (6.7) holds true.

The following relations introduce necessary preliminary information, which
enable a further simplification of the traditional CRT in the subsequent theo-
rem. Given the moduli set {m1,m2,m3} with m1 = 2n+1 − 1, m2 = 2n,
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m3 = 2n − 1, the following hold true:

m1 = 2m2 − 1, (6.8)

m1 = 2m3 + 1, (6.9)

m3 = m2 − 1. (6.10)

The following theorem introduces a simplified way to compute the decimal
equivalent of the RNS number.

Theorem 6.2 The decimal equivalent of the residues (xi,i=1,3) for the moduli
set {mi,i=1,3} in the form {2n+1−1, 2n, 2n−1}, assumingX ∈ [0,M−m2

3),
can be computed as follows:

X = m2

⌊
X

m2

⌋
+ x2 (6.11)

where ⌊
X

m2

⌋
= x3 − x2 +m3 |−4x1 + 2x2 + 2x3|m1

(6.12)

Proof :
Since Equation (6.11) follows the basic integer division definition in RNS,
which is always true, we only need to show the correctness of Equation (6.12).
For k = 3, Equation (6.1) becomes:

X =

∣∣∣∣∣
3∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
M

(6.13)

By substituting Equations (6.5), (6.6), and (6.7) into Equation (6.13) we obtain
the following:

X = |m2m3(−4)x1 +m1m3x2 +m1m2x3|M ,

and by substituting Equations (6.8) and (6.9) in the above equation, we obtain:

X = |−4m2m3x1 +m3(2m2 − 1)x2 +m2(2m3 + 1)x3|M ,

= |−4m2m3x1 + 2m2m3x2 −m3x2 + 2m2m3x3 +m2x3|M .(6.14)

Equation (6.14) can be further simplified by using the following lemma pre-
sented in [131]:

|am1|m1m2
= m1 |a|m2

(6.15)
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Applying Equation (6.15), Equation (6.14) becomes:

X =
∣∣m2x3 −m3x2 +m2m3 |−4x1 + 2x2 + 2x3|m1

∣∣
M

(6.16)

If Equation (6.10) is utilized in Equation (6.16), we have:

X =
∣∣m2x3 − x2(m2 − 1) +m2m3 |−4x1 + 2x2 + 2x3|m1

∣∣
M

=
∣∣m2x3 −m2x2 + x2 +m2m3 |−4x1 + 2x2 + 2x3|m1

∣∣
M

Dividing both sides of the above equation by m2 and taking the floor, we shall
have: ⌊

X

m2

⌋
=

∣∣x3 − x2 +m3 |−4x1 + 2x2 + 2x3|m1

∣∣
m1m3

(6.17)

From Equation (6.12), it can be seen easily that Equation (6.17) is the same as∣∣∣⌊ Xm2

⌋∣∣∣
m1m3

. The next stage of the proof is to demonstrate that the corrective

addition required for the calculation of the mod-m1m3 can be avoided in most
of the cases. By definition of modulus, we have:

0 ≤ |−4x1 + 2x2 + 2x3|m1
≤ m1 − 1

0 ≤ m3 |−4x1 + 2x2 + 2x3|m1
≤ m1m3 −m3 (6.18)

Observing that 0 ≤ x3 < m3 and 0 ≤ x2 < m2 (= m3 + 1),
and using Equation (6.18), we have:

−m3 ≤ −x2 ≤ x3 − x2 +m3 |−4x1 + 2x2 + 2x3|m1

< m1m3 −m3 +m3 (= m1m3) (6.19)

Thus, one corrective addition ofm1m3 is required in order to obtain the correct
result when x3 − x2 +m3 |−4x1 + 2x2 + 2x3|m1

< 0.

Further, we show that if we slightly restrict the RNS dynamic range, no cor-
rective addition is required. For the numbers that require corrective addition,
the following condition holds true:

−x2 +m1m3 ≤
⌊
X

m2

⌋
< m1m3

M −m2x2 ≤ m2

⌊
X

m2

⌋
< M

M − (m2 − 1)x2 ≤ X < M

M −m3m3 ≤ X < M. (6.20)
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Figure 6.1: Dynamic range Vs n

Therefore, the numbers within the interval [0,M−(m3)
2) require no corrective

addition and thus, Equation (6.12) holds true.

Thus, the numbers that need corrective additions lay in the interval [M −
(m3)

2,M − 1], which is on the top part of the dynamic range. The ratio that
this range amounts from the dynamic range given by n is plotted in Figure 6.1.
It can be observed that the region requiring corrective addition exponentially
decreases as n increases. For reference, Table 6.1 provides the exact values
for the dynamic and limited range for n up to 8. Generally speaking, if the
numbers in the interval [M − (m3)

2,M − 1] require corrective addition, the
numbers within the interval [0,M − (m3)

2) require no corrective addition and
thus, Equation (6.12) holds true.

Table 6.1: Limited and Non-limited Dynamic Range
n 2 3 4 5 6 7 8

m1 7 15 31 63 127 255 511

m2 4 8 16 32 64 128 256

m3 3 7 15 31 63 127 255

M 84 840 7440 62496 512064 4145280 33358080

Mp 72 784 7200 61504 508032 4129024 33292800
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The hardware complexity of Equation (6.12) can be further reduced by using
the following properties from [86]:

Property 1: Modulo (2s − 1) multiplication of a residue number by 2t, where
s and t are positive integers, is equivalent to t-bit circular left shifting.

Property 2: Modulo (2s − 1) of a negative number is equivalent to the one’s
complement of the number, which is obtained by subtracting the number from
(2s − 1).

Suppose that Equation (6.12) is represented by:⌊
X

m2

⌋
= x3 − x2 + (2n − 1)A

= x3 − x2 + 2nA−A, (6.21)

where
A = |u1 + u2 + u3|2n+1−1 . (6.22)

For simplicity sake, let us represent Equation (6.21) by the following:⌊
X

m2

⌋
= B1 +B2 +B3, (6.23)

where

B1 = −x2,
B2 = 2nA+ x3,

B3 = −A. (6.24)

Let the binary representations of the residues be the following:

x1 = (x1,nx1,n−1...x1,1x1,0),

x2 = (x2,n−1x2,n−2...x2,1x2,0),

x3 = (x3,n−1x3,n−2...x3,1x3,0).

In Equation (6.22), u1, u2, and u3 are represented as follows:

u1 =
∣∣−22x1

∣∣
2n+1−1

=
∣∣−22(x1,nx1,n−1...x1,0)

∣∣
2n+1−1

= −(x1,n−2x1,n−3 · · ·x1,0x1,nx1,n−1︸ ︷︷ ︸
n+1

)

= (x1,n−2x1,n−3 · · ·x1,0x1,nx1,n−1︸ ︷︷ ︸
n+1

),
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u2 = |2x2|2n+1−1
= (x2,n−1x2,n−2 · · ·x2,00︸ ︷︷ ︸

n+1

),

and

u3 = |2x3|2n+1−1
= (x3,n−1x3,n−2 · · ·x3,00︸ ︷︷ ︸

n+1

).

Given that A has the following binary representation:

A = (anan−1 · · · a1a0︸ ︷︷ ︸
n+1

),

then B2 will be given by

B2 = (anan−1 · · · a1a0︸ ︷︷ ︸
n+1

00 · · · 0︸ ︷︷ ︸
n

)

︸ ︷︷ ︸
2n+1

,

+(x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n

)

= (anan−1 · · · a0x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
2n+1

) (6.25)
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In Equation (6.23), in order to carry out the summation, B1 and B3 must have
equal number of bits (i.e., (2n+ 1)-bits) as B2. They are represented as:

B1 = −x2
= − (000 · · · 0︸ ︷︷ ︸

n+1

x2,n−1x2,n−2 · · ·x2,0︸ ︷︷ ︸
n

)

︸ ︷︷ ︸
2n+1

= (111 · · · 11︸ ︷︷ ︸
n+1

x2,n−1x2,n−2 · · ·x2,0︸ ︷︷ ︸
n

)

︸ ︷︷ ︸
2n+1

, (6.26)

B3 = −A
= − (000 · · · 0︸ ︷︷ ︸

n

anan−1 · · · a0︸ ︷︷ ︸
n+1

)

︸ ︷︷ ︸
2n+1

= (111 · · · 11︸ ︷︷ ︸
n

anan−1 · · · a0︸ ︷︷ ︸
n+1

)

︸ ︷︷ ︸
2n+1

. (6.27)

6.3 Dynamic Range Limitation Problem

In this section, we resolve the dynamic range limitation problem. In
Equation (6.17), if x3 − x2 + m3 |−4x1 + 2x2 + 2x3|m1

< 0, then
|−4x1 + 2x2 + 2x3|m1

= 0 since m3 ≥ x2.
Thus, we have this negative value iff:

x2 > x3 ∧ |−4x1 + 2x2 + 2x3|m1
= 0 (6.28)

For this case of condition Equation (6.28), only one corrective addition of
m1m3 is required as shown in the previous section. Therefore, Equation (6.17)
can be written as: ⌊

X

m2

⌋
= x3 − x2 +m1m3 (6.29)

Equation (6.29) can be simplified as follows:⌊
X

m2

⌋
= x3 − x2 + (2n+1 − 1)(2n − 1)

= x3 − x2 + 22n+1 − 2n+2 + 2n + 1 (6.30)
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By using the following notations:

B4 = −x2
= (111 · · · 11︸ ︷︷ ︸

n+2

x2,n−1x2,n−2 · · ·x2,0︸ ︷︷ ︸
n

)

︸ ︷︷ ︸
2n+2

,

B5 = 1− 2n+2

= (100 · · · 00︸ ︷︷ ︸
n+3

),

B6 = 2n + x3

= (100 · · · 00︸ ︷︷ ︸
n+1

) + (x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n

)

= (1x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n+1

),

B7 = B5 +B6

= (101x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n+3

),

B8 = B7 + 22n+1

= (100 · · · 00︸ ︷︷ ︸
n−1

)(101x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n+3

) (6.31)

Equation (6.30) may be simplified as follows:⌊
X

m2

⌋
= B4 +B8 (6.32)

6.4 Hardware Implementation

The hardware implementations of the proposed reverse converter, which does
not cover the entire dynamic range, namely CI is based on Equations (6.22)
and (6.23). In Figure 6.2, u1, u2, and u3 are added by CSA1 with end around
carry (EAC) producing s1 and c1. Next, these must be added modulo 2n+1−1
in order to obtain A. To speed up this addition, we utilize anticipated compu-
tation. We compute s1 + c1 for both cin = 0 and cin = 1 and we select the
right result with a MUX. B2 is easily obtained by concatenating the operand
x3 with the result of n-bit left shift of A. This concatenation does not require
any hardware resources. The three operands B1, B2, and B3 are added using
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CSA2 with EAC. It should be noted that in order to make B1 and B3 (2n+1)-
bit numbers, 1’s are appended to the result of complementations, as given in
Equations (6.26) and (6.27). Thus, the most significant (n+1)-bits from CSA2
are reduced to half adders (HAs). Moreover, since n most significant bits of
CSA2 all have two inputs equal to 1, the final one’s complement adder will
always generate an end-around carry. Taking this into consideration, the one’s
complement adder can be reduced to a normal CPA3 with a constant carry-in
equals to 1. The final result, which is computed based on Equation (6.11) is
obtained just by a shift and a concatenation operation with no computational
hardware.

(n+1)-bit CSA1

u1 u2 u3

(n+1)-bit CPA1 (n+1)-bit CPA2 01

s1 c1

01

(2n+1)-bit CSA2

s2 s3

s4 c4

(2n+1)-bit CPA3 1

MSB of X LSB of X

x2

B1B2B3

Figure 6.2: Proposed Converter CI

Given that in reality, the numbers that fall outside the range [0,M − (m3)
2)

may be of interest, we resolve the dynamic range limitation problem and
propose a second converter namely CII based on Equations (6.22) , (6.23)
and (6.32). The hardware implementations of CII, which is valid for the entire
dynamic range [0,M − 1], is depicted in Figure 6.3.
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(n+1)-bit CSA1

u1 u2 u3

(n+1)-bit CPA1 (n+1)-bit CPA20 1

s1 c1

0 1

(2n+1)-bit CSA3

s2 s3

s5 c5

(2n+1)-bit CPA4 1

MSB of X LSB of X

x2

B1B2B3

cout

x3

Concatenation -x2

A

(2n+1)-bit CSA2

(2n+1)-bit CPA3

B4

1

B8

s4 c4

> =0

x2 x3

01

Figure 6.3: Proposed Converter CII

6.5 Performance Evaluation

The performance of the proposed residue to binary converters is evaluated in
terms of hardware cost and conversion delay. In order to evaluate the perfor-
mance of the proposed converters, we compare them with the best state of the
art equivalent converters proposed in [75]. The result of this comparison is
presented in Table 6.2. In the table, we have the converters CI and CII as the

Table 6.2: Area-Delay Comparisons
Converters FA HA Delay

CIII 5n+ 3 2n+ 1 (4n+ 6)tFA + tMUX

CI 5n n+ 4 2ntFA + (n+ 2)tHA + tMUX

CII 6n− 1 n+ 5 2ntFA + (n+ 2)tHA + 2tMUX

converters proposed in this chapter and CIII, the one in [75]. The theoretical
results presented in Table 6.2 indicate that the proposed converter CI outper-
forms CIII in all terms. Converter CII, which is valid for the entire dynamic
range, maintains almost the same lower delay than CIII at an additional hard-
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ware cost.

Table 6.3: Synthesized Results: Area-Delay Comparison
n 3 4 5 8

CI Area 22 27 34 57

CII Area 30 35 44 74

CIII Area 44 43 55 94

CI Delay (ns) 18.401 21.276 25.621 33.604

CII Delay (ns) 19.482 21.429 25.273 34.111

CIII Delay (ns) 22.143 22.331 24.126 34.419

CI Area-Delay 404.822 574.452 871.114 1915.428

CII Area-Delay 584.46 750.015 1112.012 2524.214

CIII Area-Delay 974.292 960.233 1326.930 3235.386

We also carried out an experimental assessment by implementing the proposed
converters and CIII using Xilinx ISE 10.1 software on a Xa3s200-4vqg100
FPGA. The synthesis results are given in terms of the number of slices and
input-to-output gate delays (in nano seconds). Table 6.3 presents the results
for various dynamic range requirements (different values of n). Contrary to
the theoretical analysis, the results indicate that, on average, the proposed con-
verter CI reduces the area by about 42% when compared with the current most
effective CIII converter, with a small improvement in the speed of conversion.
However, the proposed full-range converter CII is about 29.48% smaller, still
with some speed improvement over CIII, but slower than the one achieved by
CI.

6.6 Conclusion

In this chapter, we proposed two new novel memoryless residue to binary con-
verters for the moduli set {2n+1 − 1, 2n, 2n − 1}. First, we simplified the
CRT to obtain a reverse converter that requires mod-(2n+1 − 1) instead of
both of mod-(2n+1 − 1) and mod-(2n − 1) required by state of the art con-
verter. Second, we further reduced the resulting architecture in order to obtain
a reverse converter that utilizes only CSAs and CPAs. We reduced the large
(2n+1 − 1)(2n − 1) adder to a simple adder with the consequence of a reduc-
tion in the dynamic range from M to M-(2n − 1)2. We demonstrated that the
reduction penalty decreases exponentially as n increases and for values of n≥
5, the reduction penalty is negligible (≤ 0.0078%). We resolved the dynamic
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range limitation problem and proposed another converter, which is valid for
the entire dynamic range. Theoretically speaking, the two proposed converters
are faster than the most effective equivalent state of the art converter, but one
of them requires more hardware resources. Finally, we implemented our pro-
posals and the most effective equivalent state of the art converter on a Xilinx
Spartan 3 FPGA. The obtained results show that, on average and contrary to
the theoretical results, our schemes significantly reduced the area cost with no
delay penalty.

Given that the moduli set {2n+1 − 1, 2n, 2n − 1}, presented in this chapter is
insufficient for application requiring larger dynamic range, the next chapter
presents moduli sets with larger dynamic range.



Chapter 7

Larger Dynamic Range type
(2n + 1)-free Moduli Set

M
oduli set choice is an important issue since the complexity and the
speed of the resulting conversion algorithm depend on the cho-
sen moduli set. Several structures have been proposed to perform

the reverse conversion for different moduli sets, e.g., {2n, 2n − 1, 2n + 1}
[27], {2n+1 + 1, 2n+1 − 1, 2n} [86], {2n, 2n+1 − 1, 2n − 1} [75, 85],
{2n+ 2, 2n+ 1, 2n} [44]. As mentioned in Chapter 6 the moduli set
{2n+1 − 1, 2n, 2n − 1} was proposed in [85] by the elimination of the modu-
lus (2n + 1) from the 4-moduli set {2n − 1, 2n, 2n + 1, 2n+1 − 1} proposed
in [121]. The motivation for this is related to the fact that the modulo (2n+1)-
type arithmetic is more complex and degrades the entire RNS performance
both in terms of area cost and conversion delay. However, the moduli set
{2n+1 − 1, 2n, 2n − 1}, which utilizes only fast modulo operations, is insuffi-
cient for applications requiring larger dynamic range. Consequently, the mod-
uli set {22n+1 − 1, 2n, 2n − 1} was proposed in [88] together with a reverse
converter based on Mixed Radix Conversion (MRC). This chapter presents
two novel high speed reverse converters for the {22n+1 − 1, 2n, 2n − 1} mod-
uli set.

The rest of this chapter is organized as follows. In Section 7.1, the new limited
dynamic range algorithm for reverse conversion is proposed. We resolve the
domain restriction problem in Section 7.2. Section 7.3 presents the hardware
implementation of the proposed reverse converters, while Section 7.4 gives a
performance comparison with the best known equivalent state of the art con-
verter. Section 7.5 concludes this chapter.

99
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7.1 A Speed Efficient Reverse Converter

For a moduli set {m1,m2,m3, ...,mk}, the residues (x1, x2, x3, ..., xk) can be
converted into the corresponding decimal numberX , according to the Chinese
Remainder Theorem (CRT), as follows [131]:

X =

∣∣∣∣∣
k∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
M

, (7.1)

where M =
∏k
i=1mi, Mi = M

mi
, and M−1i is the multiplicative inverse of Mi

with respect to mi.

The complexity of Equation (7.1) is greatly reduced by using the moduli set
{22n+1 − 1, 2n, 2n − 1}. Consequently, we present an algorithm that com-
putes the decimal equivalent of the Residue Number System (RNS) integer
(x1, x2, x3) based on a further simplification of Equation (7.1). First, we show
that the computation of the multiplicative inverses can be eliminated resulting
into a memoryless reverse converter.

Theorem 7.1 Given the moduli set {m1,m2,m3} with m1 = 22n+1 −
1,m2 = 2n,m3 = 2n − 1, the following hold true:

|(m1m2)
−1|m3 = 1, (7.2)

|(m1m3)
−1|m2 = 1, (7.3)

|(m2m3)
−1|m1 = 22n+1 − 2n+2 − 3. (7.4)

Proof : If it can be demonstrated that |1 × (m1m2)|m3 = 1, then 1 is the
multiplicative inverse of (m1m2) with respect to m3:

R1 =
∣∣2n(22n+1 − 1)

∣∣
2n−1

=
∣∣∣∣∣23n+1

∣∣
2n−1 − |2

n|2n−1
∣∣∣
2n−1

= |2− 1|2n−1 = 1,

thus Equation (7.2) holds true.

In the same way, if |1 × (m1m3)|m2 = 1, then 1 is the multiplicative inverse
of (m1m3) with respect to m2:

R2 =
∣∣(22n+1 − 1)(2n − 1)

∣∣
2n

=
∣∣23n+1 − 22n+1 − 2n + 1

∣∣
2n

=
∣∣∣∣23n+1

∣∣
2n
−
∣∣22n+1

∣∣
2n
− |2n|2n + |1|2n

∣∣
2n

= |0− 0− 0 + 1|2n = 1,
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thus Equation (7.3) holds true.

Again, if
∣∣(22n+1 − 2n+2 − 3)× (m2m3)

∣∣
m1

= 1, then (22n+1 − 2n+2 − 3)

is the multiplicative inverse of (m2m3) with respect to m1:

R3 =
∣∣(22n+1 − 2n+2 − 3)(2n)(2n − 1)

∣∣
22n+1−1

=
∣∣(22n+1 − 2n+2 − 3)(22n − 2n)

∣∣
22n+1−1

=
∣∣24n+1 − 3(22n) + 22n+2 − 23n+2 − 23n+1 + 3(2n)

∣∣
22n+1−1

=
∣∣24n+1 − 3(22n) + 2(22n+1)− 6(23n) + 3(2n)

∣∣
22n+1−1

=
∣∣24n+1 − 3(22n) + 2(22n+1)− 3(2n)(22n+1 − 1)

∣∣
22n+1−1

=
∣∣∣∣∣24n+1

∣∣
22n+1−1 −

∣∣3(22n)
∣∣
22n+1−1 +

∣∣2(22n+1)
∣∣
22n+1−1

−
∣∣3(2n)(22n+1 − 1)

∣∣
22n+1−1

∣∣∣
22n+1−1

=

∣∣∣∣12 − 3

2
+ 2 + 0

∣∣∣∣
22n+1−1

= 1,

thus Equation (7.4) holds true.
The following important relations will be utilized in the subsequent theorem:
Given the moduli set {m1,m2,m3} with m1 = 22n+1 − 1,m2 = 2n,m3 =
2n − 1, the following holds true:

m1 = 2m2m2 − 1, (7.5)

m2 = m3 + 1. (7.6)

The following theorem introduces a simplified way to compute the decimal
equivalent of the RNS number (x1, x2, x3).

Theorem 7.2 The decimal equivalent of the residues (x1, x2, x3) for the mod-
uli set {m1,m2,m3} in the form {22n+1 − 1, 2n, 2n − 1}, assuming X ∈
[0,M −m2

3), can be computed as follows:

X = m2

⌊
X

m2

⌋
+ x2 (7.7)

where ⌊
X

m2

⌋
= x3 − x2 +m3

∣∣(−2n+2 − 2)x1

+2m2x2 + 2m2x3 + 2x3|m1
(7.8)
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Proof : Since Equation (7.7) follows the basic integer division definition in
RNS, which is always true, we only need to show the correctness of Equa-
tion (7.8). For k = 3, (7.1) becomes:

X =

∣∣∣∣∣
3∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
M

(7.9)

Substituting Equations (7.2), (7.3), and (7.4) into Equation (7.9) we obtain the
following:

X =
∣∣m2m3(2

2n+1 − 2n+2 − 3)x1 +m1m3x2 +m1m2x3
∣∣
M
,

and by substituting Equations (7.5) and (7.6) in the above equation, we obtain:

X =
∣∣(m2m3)(2

2n+1 − 2n+2 − 3)x1

+m3(2m2m2 − 1)x2 +m2(2m2m2 − 1)x3|M ,

X =
∣∣(m2m3)(2

2n+1 − 2n+2 − 3)x1 + 2m2m2m3x2 −m3x2

+2m2m2(m3 + 1)x3 −m2x3|M . (7.10)

Equation (7.10) can be further simplified by using the following lemma, pre-
sented in [131]:

|am1|m1m2
= m1 |a|m2

(7.11)

Applying Equations (7.11) and (7.6), (7.10) becomes:

X =
∣∣m2x3 −m3x2 +m2m3

∣∣(22n+1 − 2n+2 − 3)x1

+2m2x2 + 2m2x3 + 2x3|m1

∣∣
M

(7.12)

If Equation (7.6) is applied to simplify even further in Equation (7.12), we
have:

X =
∣∣m2x3 − x2(m2 − 1) +m2m3

∣∣(22n+1 − 2n+2 − 3)x1

+2m2x2 + 2m2x3 + 2x3|m1

∣∣
M

=
∣∣m2x3 −m2x2 + x2 +m2m3

∣∣(22n+1 − 2n+2 − 3)x1+

2m2x2 + 2m2x3 + 2x3|m1

∣∣
M
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Dividing both sides of the above equation bym2 and taking the floor, we have:⌊
X

m2

⌋
=

∣∣x3 − x2 +m3

∣∣(22n+1 − 2n+2 − 3)x1

+2m2x2 + 2m2x3 + 2x3|m1

∣∣
m1m3

=
∣∣∣x3 − x2 +m3

∣∣∣∣∣22n+1x1
∣∣
m1
− 2n+2x1

−3x1 + 2m2x2 + 2m2x3 + 2x3|m1

∣∣
m1m3

=
∣∣x3 − x2 +m3

∣∣x1 − 2n+2x1 − 3x1

+2m2x2 + 2m2x3 + 2x3|m1

∣∣
m1m3

=
∣∣x3 − x2 +m3

∣∣−2n+2x1 − 2x1

+2m2x2 + 2m2x3 + 2x3|m1

∣∣
m1m3

(7.13)

From Equation (7.8), it can be seen easily that Equation (7.13) is the same as∣∣∣⌊ Xm2

⌋∣∣∣
m1m3

. The next stage of the proof is to demonstrate that the corrective

addition required for the calculation of the mod-m1m3 can be avoided in most
of the cases. By definition of modulus, we have:

0 ≤
∣∣−2n+2x1 − 2x1 + 2m2x2 + 2m2x3 + 2x3

∣∣
m1
≤ m1 − 1

0 ≤ m3

∣∣−2n+2x1 − 2x1 + 2m2x2 + 2m2x3 + 2x3
∣∣
m1

≤ m1m3 −m3 (7.14)

Observing that 0 ≤ x3 < m3 and 0 ≤ x2 < m2 (= m3 + 1),
and using (7.14), we have:

−m3 ≤ −x2 ≤ x3 − x2
+ m3

∣∣−2n+2x1 − 2x1 + 2m2x2 + 2m2x3 + 2x3
∣∣
m1

< m1m3 −m3 +m3 (= m1m3) (7.15)

Thus, one corrective addition ofm1m3 is required in order to obtain the correct
result when x3−x2+m3

∣∣−2n+2x1 − 2x1 + 2m2x2 + 2m2x3 + 2x3
∣∣
m1

< 0.

Further, we show that if we slightly restrict the RNS dynamic range, no cor-
rective addition is required. For the numbers that require corrective addition,
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the following condition holds true:

−x2 +m1m3 ≤
⌊
X

m2

⌋
< m1m3

M −m2x2 ≤ m2

⌊
X

m2

⌋
< M

M − (m2 − 1)x2 ≤ X < M

M −m3m3 ≤ X < M. (7.16)

Therefore, the numbers within the interval [0,M−(m3)
2) require no corrective

addition and thus, Equation (7.8) holds true.

Thus, the numbers that need corrective additions lay in the interval [M −
(m3)

2,M − 1], which is on the top part of the dynamic range. Figure 7.1
depicts the corrective and non-corrective addition regions. It can be observed
that the corrective addition range exponentially decreases as n increases. Gen-
erally speaking, if the numbers in the interval [M − (m3)

2,M − 1] require
corrective addition, the numbers within the interval [0,M − (m3)

2] require no
corrective addition and thus, Equation (7.8) holds true.
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We can further reduce the hardware complexity of the reverse converter by
simplifying Equation (7.8) using the following two properties [86].

Property 1: Modulo (2s − 1) multiplication of a residue number by 2t, where
s and t are positive integers, is equivalent to t bit circular left shifting.

Property 2: Modulo (2s − 1) of a negative number is equivalent to the one’s
complement of the number, which is obtained by subtracting the number from
(2s − 1).

Suppose that Equation (7.8) is written as:⌊
X

m2

⌋
= x3 − x2 + (2n − 1)A

= x3 − x2 + 2nA−A, (7.17)

where
A = |u0 + u1 + u2 + u3 + u4|22n+1−1 . (7.18)

For simplicity sake, let us represent Equation (7.17) as:⌊
X

m2

⌋
= B1 +B2 +B3, (7.19)

where

B1 = −x2,
B2 = 2nA+ x3,

B3 = −A. (7.20)

Let the binary representations of the residues be:

x1 = (x1,2nx1,2n−1...x1,1x1,0),

x2 = (x2,n−1x2,n−2...x2,1x2,0),

x3 = (x3,n−1x3,n−2...x3,1x3,0).
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In Equation (7.18), u0, u1, u2, u3, and u4 are represented as follows:

u0 =
∣∣−2n+2x1

∣∣
22n+1−1

=
∣∣−2n+2(x1,2nx1,2n−1...x1,0)

∣∣
22n+1−1

=

∣∣∣∣∣∣∣−2n+2(x1,2nx1,2n−1...x1,n−1︸ ︷︷ ︸
n+2

x1,n−2...x1,0︸ ︷︷ ︸
n−1

)

∣∣∣∣∣∣∣
22n+1−1

= −(· · ·x1,0x1,2nx1,2n−1 · · ·︸ ︷︷ ︸
2n+1

)

= (x1,n−2x1,n−3...x1,1, x1,0︸ ︷︷ ︸
n−1

x1,2nx1,2n−1...x1,n−1︸ ︷︷ ︸
n+2

),

u1 = |−2x1|22n+1−1
= |−2(x1,2nx1,2n−1...x1,0)|22n+1−1
= −(x1,2n−1 · · ·x1,0x1,2n︸ ︷︷ ︸

2n+1

)

= (x1,2n−1 · · ·x1,0x1,2n︸ ︷︷ ︸
2n+1

),

ui,i=2,3 =
∣∣2n+1xi

∣∣
22n+1−1

=
∣∣2n+1(xi,nxi,n−1...xi,0)

∣∣
22n+1−1

= (xi,nxi,n−1 · · ·xi,0︸ ︷︷ ︸
n

00 · · · 0︸ ︷︷ ︸
n+1

),

u4 = |2x3|22n+1−1
= |2(x3,nx3,n−1...x3,0)|22n+1−1
= (00 · · · 0︸ ︷︷ ︸

n

x2,n−1x2,n−2 · · ·x2,0︸ ︷︷ ︸
n

0︸︷︷︸
1

).

Given the binary representation:

A = (a2na2n−1 · · · a1a0︸ ︷︷ ︸
2n+1

),
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u

u

u u

u

s

s

c

c

c

(2n+1)−bit CSA1
with EAC

(2n+1)−bit CSA2
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Figure 7.2: Proposal-I

B2 will be written as:

B2 = (a2na2n−1 · · · a1a0︸ ︷︷ ︸
2n+1

00 · · · 0︸ ︷︷ ︸
n

)

+(x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n

)

= (a2na2n−1 · · · a0x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
3n+1

) (7.21)

In (7.19), in order to carry out the summation, B1 and B3 must have equal
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number of bits, i.e., (3n+ 1)-bits, as B2. They are represented as:

B1 = −x2
= −(000 · · · 0︸ ︷︷ ︸

2n+1

x2,n−1x2,n−2 · · ·x2,0︸ ︷︷ ︸
n

)

= (111 · · · 11︸ ︷︷ ︸
2n+1

x2,n−1x2,n−2 · · ·x2,0︸ ︷︷ ︸
n

), (7.22)

B3 = −A
= −(000 · · · 0︸ ︷︷ ︸

n

anan−1 · · · a0︸ ︷︷ ︸
2n+1

)

= (111 · · · 11︸ ︷︷ ︸
n

anan−1 · · · a0︸ ︷︷ ︸
2n+1

). (7.23)
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Figure 7.3: Proposal-II
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7.2 Domain Restriction Problem

In this section, we resolve the dynamic range limitation problem for
the {22n+1 − 1, 2n, 2n − 1} moduli set. In Equation (7.13), if
x3 − x2 + m3

∣∣(−2n+2 − 2)x1 + 2m2x2 + 2m2x3 + 2x3
∣∣
m1

< 0, then∣∣(−2n+2 − 2)x1 + 2m2x2 + 2m2x3 + 2x3
∣∣
m1

= 0 since m3 ≥ x2.
Thus, we have this negative result iff:

x2 > x3 ∧
∣∣(−2n+2 − 2)x1 + 2m2x2 + 2m2x3 + 2x3

∣∣
m1

= 0 (7.24)

For this case of condition (7.24), only one corrective addition of m1m3 is
required as shown in the previous section. Therefore, Equation (7.13) can be
written as: ⌊

X

m2

⌋
= x3 − x2 +m1m3 (7.25)

Equation (7.25) can be simplified as follows:⌊
X

m2

⌋
= x3 − x2 + (22n+1 − 1)(2n − 1)

= x3 − x2 + 23n+1 − 22n+1 − 2n + 1

= x3 − x2 + 23n+1 − 22n+1 + 2n (7.26)
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Equation (7.26) may be simplified as follows:

B5 = −x2
= (111 · · · 11︸ ︷︷ ︸

2n+2

x2,n−1x2,n−2 · · ·x2,0︸ ︷︷ ︸
n

)

︸ ︷︷ ︸
3n+2

, (7.27)

B4 = 2n + x3

= (100 · · · 00︸ ︷︷ ︸
n+1

) + (x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n

)

= (1x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n+1

), (7.28)

B6 = B4 + 23n+1

= (1x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n+1

) + (100 · · · 0︸ ︷︷ ︸
3n+2

)

= (100 · · · 0︸ ︷︷ ︸
2n+1

)(1x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n+1

), (7.29)

B7 = −22n+1

= −(100 · · · 00︸ ︷︷ ︸
2n+2

)

= −(00 · · · 0︸ ︷︷ ︸
n

)(100 · · · 00︸ ︷︷ ︸
2n+2

)

= (11 · · · 1︸ ︷︷ ︸
n

)(011 · · · 1︸ ︷︷ ︸
2n+2

). (7.30)

Therefore, ⌊
X

m2

⌋
= B5 +B6 +B7 (7.31)

7.3 Hardware Implementation

The hardware structure of the proposed reverse converter, which does not cover
the entire dynamic range, namely proposal-I is based on Equations (7.18)
and (7.19). In Figure 7.2, u0, u1, u2, u3, and u4 are added by Carry Save
Adders (CSAs) with end-around carries (EACs) producing the values s3 and
c3. These values must be added modulo 22n+1 − 1 in order to obtain A, i.e.,
with a one’s complement adder, namely a Carry Propagate Adder (CPA) with
EAC. B2 is easily obtained by concatenating the operand x3 with the n-bit left
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Table 7.1: Area and Delay Comparisons
Components MRC Converter Proposal-I Proposal-II

FA 9n+ 2 9n+ 2 13n+ 6

HA 2 5n+ 4 7n+ 4

XNOR 2n − −
OR 2n − −

Delay (10n+ 5)tFA (7n+ 7)tFA (7n+ 9)tFA

shift of A. This concatenation does not require any additional hardware. The
three operands B1, B2, and B3 are added using a CSA with EAC. It should be
noted that in order to make B1 and B3 (3n+ 1)-bit numbers, 1’s are appended
to the result of complementations, as given in Equations (7.22) and (7.23).
Thus, the addition of the most significant (2n+ 1)-bits performed in this CSA
can be performed by Half Adders (HAs). Moreover, since the n MSB of the
CSA all have two inputs equal to 1, the final one’s complement adder will al-
ways generate an end-around carry. Taking this into consideration the one’s
complement adder can be reduced to a normal CPA with a constant carry-in
equals to 1. The final result, computed from Equation (7.7) is obtained simply
by a shift and a concatenation operation not requiring any additional hardware
resources.

Given that the numbers that fall outside the range [0,M−m2
3) may be of inter-

est, we resolve the domain restriction problem and propose a second converter
namely proposal-II, which is based on Equations (7.18), (7.19) and (7.31). The
hardware implementations of proposal-II, which is valid for the entire dynamic
range [0,M − 1], is depicted in Figure 7.3.

7.4 Performance Evaluation

In order to evaluate the performance of the proposed converters, we compare
them with the best known state of the art equivalent reverse converter proposed
in [88]. This comparison has been carried out by both performing a theoretical
analysis and experimentally by implementing on an FPGA. The theoretical
analysis is presented in Table 8.1. This table indicates that, in terms of area, the
reverse converter in [88] is slightly better than the herein proposed converters.
Proposal-I requires (5n + 4)HA, proposal-II requires more (4n + 4)FA with
(7n + 4)HA against 2HA, 2n XNOR gates, and 2n OR gates required by
the one in [88]. However, in terms of delay, proposal-I and proposal-II are
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(3n − 2)tFA and (3n − 4)tFA, respectively, faster than the reverse converter
in [88].

3 4 5 6 7 8 9 10
40

60

80

100

120

140

160

180

200

220

n−values

A
re

a AreaIAreaII

MRC Area

Figure 7.4: Area Comparison

Table 7.2: Implementation Results
n AreaI AreaII MRC Area DelayI DelayII MRC Delay

(FPGA Slices) (FPGA Slices) (FPGA Slices) (ns) (ns) (ns)
3 54 62 48 30.396 30.757 36.901

4 71 88 67 34.048 32.185 34.418

5 88 109 84 38.582 38.582 41.668

6 107 138 107 37.129 37.278 45.600

7 120 154 115 41.198 40.447 47.318

8 141 176 135 40.319 40.694 48.908

9 156 196 153 45.253 45.436 51.628

10 176 220 174 45.012 47.256 53.757

For the experimental assessment, the converters were described in VHDL and
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Figure 7.5: Conversion Speed Comparison

Table 7.3: AT2 Comparison
n AT2-I AT2-II MRC-AT2

3 49892 58652 65361

4 82308 91157 79368

5 130994 162254 145843

6 147506 191772 222492

7 203673 251938 257484

8 229213 291456 322919

9 319462 404628 407814

10 356590 491289 502828

we implemented them on FPGA. In order to properly evaluate the relation be-
tween these reverse converters, several reverse converters were implemented
for a wide range of values of n. Experimental results are presented in Ta-
bles 7.2 and 7.3. In comparison with the reverse converter in [88], the obtained
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values suggest that, on average, proposal-I and proposal-II, respectively, are
capable of performing the reverse conversion 13.40% and 13.20% faster, with
extra costs of 3.29% and 22.75% in terms of area. To adequately compare
the conversion structures, the Area-Time Square (AT2) efficiency metric was
used. This metric suggests that proposal-I and proposal-II, respectively, are
24% and 3% more efficient than the one in [88]. Figures 7.4 and 7.5 present
the performance of the reverse converters, respectively, in terms of area and
delay.

7.5 Conclusion

In this chapter, two novel high speed memoryless residue to binary converters
for {22n+1 − 1, 2n, 2n − 1} moduli set are proposed. First, we simplified the
traditional CRT to obtain a reverse conveter that requires mod-(2n+1 − 1) in-
stead of both of mod-(22n+1 − 1) and mod-(2n − 1) required by the reverse
converter in [88]. We further simplified the resulting architecture in order to
obtain a pure adder based memoryless converter, which is made up of only
CSAs and CPAs. This leads to a sturcture that is amenable to efficient VLSI
chip realization. We resolved the domain restriction problem and propose an-
other reverse converter, which is valid for the entire dynamic range.

The performance of the proposed reverse converters are evaluated both theo-
retically, in terms of gate analysis, and for an FPGA implementation. The the-
oretical analysis indicates that the two proposed reverse converters are faster
than the one in [88] in terms of delay, but one of them requires more hardware
resources. For the experimental comparison, we described the proposed re-
verse converters and the one in [88] in VHDL and carried out the implementa-
tion on an FPGA. We used a wide range of values of n for the implementation.
The synthesis results indicate that the obtained values suggest that, on average,
proposal-I and proposal-II, respectively, are capable of performing the reverse
conversion 13.40% and 13.20% faster, with extra costs of 3.29% and 22.75%
in terms of area when compared with the one in [88]. The AT2 metric suggests
that proposal-I and proposal-II, respectively, are 24% and 3% more efficient
than the one in [88].

In the next chapter, we present efficient reverse converters for the moduli set
{22n+1 − 1, 22n, 2n − 1} since the moduli set, which is investigated in this
chapter is underutilizing the binary channel.



Chapter 8

Binary Channel Enhancement
Conversion Techniques

A
s discussed in the previous chapter, multiplication by powers of 2 with
respect to the (2n + 1) modulus is not as simple as left circular ro-
tation in a (2n − 1) modulus. Due to this reason, efficient reverse

converter was proposed for the moduli set {22n+1 − 1, 2n, 2n − 1} in the pre-
vious chapter. The disadvantage of this moduli set is that the binary channel
is underutilized. In this chapter, we present three new reverse converters for
the {22n+1 − 1, 22n, 2n − 1} moduli set by extending the modulus 2n in the
{22n+1− 1, 2n, 2n− 1} moduli set. We propose two Chinese Remainder The-
orem (CRT) based converters, one of which covers the entire dynamic range
while the second one does not, and a Mixed Radix Conversion (MRC) based
converter, which is valid for the entire range.

The remainder of this chapter is organized as follows. In Section 8.1, the new
limited dynamic range CRT based algorithm for reverse conversion is pro-
posed. We resolve the domain restriction problem in Section 8.2. Section 8.3
presents the MRC based conversion technique. Section 8.4 presents the hard-
ware implementation of both of the CRT and the MRC based conversion tech-
niques, while Section 8.5 gives a performance comparison with the similar best
known state of the art converters. The chaper is concluded in Section 8.6.

115
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8.1 Limited Dynamic Range CRT Technique

Given the Residue Number System (RNS) integer (x1, x2, x3) for the mod-
uli
{

22n+1 − 1, 22n, 2n − 1
}

, the proposed algorithm computes the decimal
equivalent of this RNS number based on a further simplification of the well-
known traditional CRT. First, we wish to show that the moduli 22n+1− 1, 22n,
and 2n − 1 are relatively prime.

Theorem 8.1 The moduli set
{

22n+1 − 1, 22n, 2n − 1
}

contains pairwise rel-
atively prime moduli.

Proof: From Euclidean theorem, we have:
gcd(a, b) = gcd(b, |a|b),
therefore,

gcd(22n+1 − 1, 22n) = gcd(22n,
∣∣22n+1 − 1

∣∣
22n

)

= gcd(22n, 1) = 1

Also,

gcd(22n+1 − 1, 2n − 1) = gcd(2n − 1,
∣∣22n+1 − 1

∣∣
2n−1)

= gcd(2n − 1, 1) = 1

Again

gcd(22n, 2n − 1) = gcd(2n − 1,
∣∣22n∣∣

2n−1)

= gcd(2n − 1, 1) = 1

Thus, the moduli 22n+1 − 1, 22n, and 2n − 1 are relatively prime since all the
greatest common divisors are equal to 1.

Theorem 8.2 Given the moduli set {m1,m2,m3} with m1 = 22n+1 − 1,
m2 = 22n, m3 = 2n − 1, the following hold true:

|(m1m2)
−1|m3 = 1, (8.1)

|(m1m3)
−1|m2 = 2n + 1, (8.2)

|(m2m3)
−1|m1 = 22n+1 − 2n+2 − 5. (8.3)

Proof : If it can be demonstrated that |1 × (m1m2)|m3 = 1, then 1 is the
multiplicative inverse of (m1m2) with respect to m3:

R1 =
∣∣22n(22n+1 − 1)

∣∣
2n−1 =

∣∣(22n+1 − 1)
∣∣
2n−1

=
∣∣∣∣∣22n+1

∣∣
2n−1 − |1|2n−1

∣∣∣
2n−1

= |2− 1|2n−1 = 1,
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thus Equation (8.1) holds true.

In the same way, if |(2n + 1)× (m1m3)|m2
= 1, then (2n + 1) is the multi-

plicative inverse of (m1m3) with respect to m2:

R2 =
∣∣(2n + 1)(22n+1 − 1)(2n − 1)

∣∣
22n

=
∣∣(22n − 1)(22n+1 − 1)

∣∣
22n

=
∣∣24n+1 − 22n − 22n+1 + 1

∣∣
22n

= |0− 0− 0 + 1|22n = 1,

thus Equation (8.2) holds true.

Again, if
∣∣(22n+1 − 2n+2 − 5)× (m2m3)

∣∣
m1

= 1, then (22n+1 − 2n+2 − 5)

is the multiplicative inverse of (m2m3) with respect to m1:

R3 =
∣∣(22n+1 − 2n+2 − 5)(22n)(2n − 1)

∣∣
22n+1−1

=
∣∣(22n+1 − 2n+2 − 5)(23n − 22n)

∣∣
22n+1−1

=
∣∣23n (22n+1

)
− 24n+2 − 5

(
23n
)

−24n+1 + 23n+2 + 5
(
22n
)∣∣

22n+1−1

=
∣∣23n (22n+1

)
− 3

(
22n
) (

22n+1
)

−23n + 5
(
22n
)∣∣

22n+1−1

=
∣∣23n − 3

(
22n
)
− 23n + 5

(
22n
)∣∣

22n+1−1

=
∣∣22n+1

∣∣
22n+1−1 = 1,

thus Equation (8.3) holds true.
The following important relations will be utilized in the subsequent theorem:
Given the moduli set {m1,m2,m3} with m1 = 22n+1 − 1, m2 = 22n, m3 =
2n − 1, the following hold true:

m1 = 2m2 − 1, (8.4)

m2 = m3m3 + 2m3 + 1. (8.5)

Theorem 8.3 The decimal equivalent of the residues (x1, x2, x3) with respect
to the moduli set {m1,m2,m3} in the form {22n+1−1, 22n, 2n−1}, assuming
X ∈ [0,M − (m2)

2 +m2), can be computed as follows:

X = m2

⌊
X

m2

⌋
+ x2 (8.6)
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where ⌊
X

m2

⌋
= x3 − x2 +m3

∣∣(−2n+2 − 4)x1

+2n+1x2 + 2x2 + 2n+1x3 + 2x3
∣∣
m1

(8.7)

Proof : Since Equation (8.6) follows the basic integer division definition in
RNS, which is always true, we only need to show the correctness of Equa-
tion (8.7). The CRT [111] for k = 3 is given by:

X =

∣∣∣∣∣
3∑
i=1

Mi

∣∣M−1i xi
∣∣
mi

∣∣∣∣∣
M

(8.8)

Substituting Equations (8.1), (8.2), and (8.3) into Equation (8.8) we obtain the
following:

X =
∣∣m2m3(2

2n+1 − 2n+2 − 5)x1

+m1m3(2
n + 1)x2 +m1m2x3|M ,

and by substituting Equations (8.4) and (8.5) in the above equation, we obtain:

X =
∣∣(m2m3)(2

2n+1 − 2n+2 − 3)x1+

m3(2m2m2 − 1)x2 +m2(2m2m2 − 1)x3|M ,

X =
∣∣(m2m3)(2

2n+1 − 2n+2 − 5)x1+

(2n+1m2m3x2 − 2nm3x2 + 2m2m3 −m3x2)

+(2m3m3m2x3 −m3m3x3 + 2m3x3 + x3)|M . (8.9)

Equation (8.9) can be further simplified by using the following lemma, pre-
sented in [131]:

|am1|m1m2
= m1 |a|m2

(8.10)

Applying Equations (8.10) and (8.5) and also since
∣∣22n+1

∣∣
22n+1−1 = 1, Equa-

tion (8.9) becomes:

X = |−2nm3x2 −m3x2 +m2x3+

m2m3

∣∣(−2n+2 − 4)x1 + 2n+1x2

+2x2 + 2m3x3 + 22x3
∣∣
m1

∣∣∣
M

(8.11)
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Further simplifications give:

X =
∣∣−m2x2 + x2 +m2x3 +m2m3

∣∣(−2n+2 − 4)x1 + 2n+1x2

+2x2 + 2m3x3 + 22x3
∣∣
m1

∣∣∣
M

=
∣∣m2x3 −m2x2 + x2 +m2m3

∣∣(22n+1 − 2n+2 − 3)x1

+2m2x2 + 2m2x3 + 2x3|m1

∣∣
M

(8.12)

Dividing both sides of the above equation by m2 and taking the floor with
further simplifications, we have:⌊

X

m2

⌋
=

∣∣x3 − x2 +m3

∣∣−2n+2x1 − 22x1 + 2n+1x2

+2x2 + 2n+1x3 + 2x3
∣∣
m1

∣∣∣
m1m3

=
∣∣∣x3 − x2 +m3

∣∣∣∣∣22n+1x1
∣∣
m1
− 2n+2x1

−3x1 + 2m2x2 + 2m2x3 + 2x3|m1

∣∣
m1m3

=
∣∣x3 − x2 +m3

∣∣x1 − 2n+2x1 − 3x1

+2m2x2 + 2m2x3 + 2x3|m1

∣∣
m1m3

=
∣∣x3 − x2 +m3

∣∣−2n+2x1 − 2x1

+2m2x2 + 2m2x3 + 2x3|m1

∣∣
m1m3

(8.13)

It can be seen that Equation (8.13) is the general expression of Equation (8.7),
which is valid for the entire dynamic range, [0,M − 1]. The next stage of the
proof is to demonstrate that the corrective addition required for the calculation
of the mod-m1m3 can be avoided in most of the cases.

By definition of modulus, we have:

0 ≤
∣∣−2n+2x1 − 2x1 + 2m2x2 + 2m2x3 + 2x3

∣∣
m1
≤ m1 − 1

0 ≤ m3

∣∣−2n+2x1 − 2x1 + 2m2x2 + 2m2x3 + 2x3
∣∣
m1

≤ m1m3 −m3 (8.14)

Observing that 0 ≤ x3 < m3 and 0 ≤ x2 < m2 (= m3 + 1),
and using (8.14), we have:

−m3 ≤ −x2 ≤ x3 − x2
+ m3

∣∣−2n+2x1 − 2x1 + 2m2x2 + 2m2x3 + 2x3
∣∣
m1

< m1m3 −m3 +m3 (= m1m3) (8.15)
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Thus, one corrective addition ofm1m3 is required in order to obtain the correct
result when x3−x2+m3

∣∣−2n+2x1 − 2x1 + 2m2x2 + 2m2x3 + 2x3
∣∣
m1

< 0.

Further, we show that if we slightly restrict the RNS dynamic range, no cor-
rective addition is required. For the numbers that require corrective addition,
the following condition holds true:

−x2 +m1m3 ≤
⌊
X

m2

⌋
< m1m3

M −m2x2 ≤ m2

⌊
X

m2

⌋
< M

M − (m2 − 1)m2 ≤ X < M

M − (m2)
2 +m2 ≤ X < M. (8.16)

Therefore, the numbers within the interval [0,M − (m2)
2 + m2) require no

corrective addition and thus, Equation (8.7) holds true.

We can further reduce the hardware complexity of the reverse converter by
simplifying Equation (8.7) using the following two properties [86].

Property 1: Modulo (2s − 1) multiplication of a residue number by 2t, where
s and t are positive integers, is equivalent to t bit circular left shifting.

Property 2: Modulo (2s − 1) of a negative number is equivalent to the one’s
complement of the number, which is obtained by subtracting the number from
(2s − 1).

Suppose that Equation (8.7) is written as:⌊
X

m2

⌋
= x3 − x2 + (2n − 1)A

= x3 − x2 + 2nA−A, (8.17)

where
A = |u0 + u1 + u2 + u3 + u4|22n+1−1 . (8.18)

For simplicity sake, let us represent Equation (8.17) as:⌊
X

m2

⌋
= B1 +B2 +B3, (8.19)

where

B1 = −x2,
B2 = 2nA+ x3,

B3 = −A. (8.20)
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Let the binary representations of the residues be:

x1 = (x1,2nx1,2n−1...x1,1x1,0),

x2 = (x2,2n−1x2,2n−2...x2,1x2,0),

x3 = (x3,n−1x3,n−2...x3,1x3,0).

In Equation (8.18), u0, u1, u2, u3, and u4 are represented as follows:

u0 =
∣∣−2n+2x1

∣∣
22n+1−1

=
∣∣−2n+2(x1,2nx1,2n−1...x1,0)

∣∣
22n+1−1

=

∣∣∣∣∣∣∣−2n+2(x1,2nx1,2n−1...x1,n−1︸ ︷︷ ︸
n+2

x1,n−2...x1,0︸ ︷︷ ︸
n−1

)

∣∣∣∣∣∣∣
22n+1−1

= −(· · ·x1,0x1,2nx1,2n−1 · · ·︸ ︷︷ ︸
2n+1

)

= (x1,n−2x1,n−3...x1,1, x1,0︸ ︷︷ ︸
n−1

x1,2nx1,2n−1...x1,n−1︸ ︷︷ ︸
n+2

),

u1 =
∣∣−22x1

∣∣
22n+1−1

=
∣∣−22(x1,2nx1,2n−1...x1,0)

∣∣
22n+1−1

= −(x1,2n−1 · · ·x1,0x1,2n︸ ︷︷ ︸
2n+1

)

= (x1,2n−2 · · ·x1,0x1,2nx1,2n−1︸ ︷︷ ︸
2n+1

),

u2 =
∣∣2n+1x2

∣∣
22n+1−1

=
∣∣2n+1(x2,2nx2,2n−1...x2,0)

∣∣
22n+1−1

= |2n(x2,2nx2,2n−1...x2,00)|22n+1−1

=

∣∣∣∣∣∣∣2n x2,2n−1x2,2n−2 · · ·x2,n︸ ︷︷ ︸
n

x2,n−1x2,n−2 · · ·x2,00︸ ︷︷ ︸
n+1

∣∣∣∣∣∣∣
22n+1−1

= x2,n−1x2,n−2 · · ·x2,00︸ ︷︷ ︸
n+1

x2,2n−1x2,2n−2 · · ·x2,n︸ ︷︷ ︸
n

,
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u3 = |2x2|22n+1−1
= |(x2,2n−1x2,2n−2...x2,0)|22n+1−1
= (x2,2n−1x2,2n−2 · · ·x2,00︸ ︷︷ ︸

2n+1

),

u4 =
∣∣2n+1x3 + 2x3

∣∣
22n+1−1

=

∣∣∣∣∣∣∣x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n

00 · · · 0︸ ︷︷ ︸
n+1

+x3,n−1x3,n−2 · · ·x3,00︸ ︷︷ ︸
n+1

∣∣∣∣∣∣∣
22n+1−1

= (x3,n−1x3,n−2 · · ·x3,0x3,n−1x3,n−2 · · ·x3,00︸ ︷︷ ︸
2n+1

.

Given the binary representation:

A = (a2na2n−1 · · · a1a0︸ ︷︷ ︸
2n+1

),

B2 can be written as:

B2 = (a2na2n−1 · · · a1a0︸ ︷︷ ︸
2n+1

00 · · · 0︸ ︷︷ ︸
n

) + (x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n

)

= (a2na2n−1 · · · a0x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
3n+1

) (8.21)

In Equation (8.19), in order to carry out the summation, B1 and B3 must have
equal number of bits, i.e., (3n+ 1)-bits, as B2. They can be represented as:

B1 = −x2
= −(000 · · · 0︸ ︷︷ ︸

n+1

x2,2n−1x2,2n−2 · · ·x2,0︸ ︷︷ ︸
2n

)

= (111 · · · 11︸ ︷︷ ︸
n+1

x2,2n−1x2,2n−2 · · ·x2,0︸ ︷︷ ︸
2n

), (8.22)

B3 = −A
= −(000 · · · 0︸ ︷︷ ︸

n

anan−1 · · · a0︸ ︷︷ ︸
2n+1

)

= (111 · · · 11︸ ︷︷ ︸
n

anan−1 · · · a0︸ ︷︷ ︸
2n+1

). (8.23)
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8.2 Domain Restriction Problem

We resolve the dynamic range limitation problem for the moduli set
{22n+1 − 1, 22n, 2n − 1} in this section. In Equation (8.7), if x3 −
x2 + m3

∣∣(−2n+2 − 4)x1 + 2n+1x2 + 2x2 + 2n+1x3 + 2x3
∣∣
m1

< 0, then∣∣−2n+2x1 − 22x1 + 2n+1x2 + 2x2 + 2n+1x3 + 2x3
∣∣
m1

< 2n + 1 since x2
≤ 22n − 1 = (2n − 1)(2n + 1) and m3 = 2n − 1. Thus, we have this negative
value iff:

x2 > x3 ∧∣∣−2n+2x1−22x1+2n+1x2+2x2+2n+1x3+2x3
∣∣
m1
<2n + 1 (8.24)

For this case of condition (8.24), only one corrective addition of m1m3 is
required as shown in the previous section. Therefore, Equation (8.7) can be
written as: ⌊

X

m2

⌋
= x3 − x2 +m1m3 (8.25)

Equation (8.25) can be simplified as follows:⌊
X

m2

⌋
= x3 − x2 + (22n+1 − 1)(2n − 1)

= x3 − x2 + 23n+1 − 22n+1 − 2n + 1

= x3 − x2 + 23n+1 − 22n+1 + 2n (8.26)
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Equation (8.26) may be simplified as follows:

B5 = −x2
= (111 · · · 11︸ ︷︷ ︸

n+2

x2,2n−1x2,2n−2 · · ·x2,0︸ ︷︷ ︸
2n

)

︸ ︷︷ ︸
3n+2

, (8.27)

B4 = 2n + x3

= (100 · · · 00︸ ︷︷ ︸
n+1

) + (x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n

)

= (1x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n+1

), (8.28)

B6 = B4 + 23n+1

= (1x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n+1

) + (100 · · · 0︸ ︷︷ ︸
3n+2

)

= (100 · · · 0︸ ︷︷ ︸
2n+1

)(1x3,n−1x3,n−2 · · ·x3,0︸ ︷︷ ︸
n+1

), (8.29)

B7 = −22n+1

= −(100 · · · 00︸ ︷︷ ︸
2n+2

)

= −(00 · · · 0︸ ︷︷ ︸
n

)(100 · · · 00︸ ︷︷ ︸
2n+2

)

= (11 · · · 1︸ ︷︷ ︸
n

)(011 · · · 1︸ ︷︷ ︸
2n+2

). (8.30)

Therefore, ⌊
X

m2

⌋
= B5 +B6 +B7 (8.31)

8.3 MRC Based Converter

In this section, we present an MRC technique, which is valid for the entire
dynamic range for the proposed moduli set. Here, the intention is to verify
if an MRC technique will be a better conversion approach when compared to
the entire dynamic CRT technique proposed for the {22n+1 − 1, 22n, 2n − 1}
moduli set in the previous sections.

Theorem 8.4 Given the moduli set {m1,m2,m3} with m1 = 2n − 1,m2 =
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22n,m3 = 22n+1 − 1, the following holds true:

|(m1)
−1|m2 = 22n − 2n − 1, (8.32)

|(m2)
−1|m3 = 2, (8.33)

|(m1)
−1|m3 = 22n+1 − 2n+1 − 3. (8.34)

Proof:
If it can be shown that |22n − 2n − 1 ×m1|m2 = 1, then 22n − 2n − 1 is the
multiplicative inverse of m1 with respect to m2:

R4 =
∣∣(22n − 2n − 1)(2n − 1)

∣∣
22n

= |23n − 22n − 22n + 1|22n
= |23n − 2(22n) + 1|22n
= |0− 0 + 1|22n = 1,

thus Equation (8.32) holds true.

In the same way, if |2×m2|m3
= 1, then 2 is the multiplicative inverse of m2

with respect to m3:

R5 =
∣∣2(22n)

∣∣
22n+1−1 = 1,

=
∣∣22n+1

∣∣
22n+1−1 = 1,

thus Equation (8.33) holds true.

Similarly,

R6 =
∣∣(22n+1 − 2n+1 − 3)(2n − 1)

∣∣
22n+1−1

=
∣∣2n(22n+1)− 2(22n+1)− 2n + 3

∣∣
22n+1−1

= |2n − 2− 2n + 3|22n+1−1 = 1,

thus Equation (8.34) also holds true.

For 3-moduli set the MRC presented in [141] is given by:

X = a1 + a2m1 + a3m1m2 (8.35)

where the Mixed Radix Digits (MRDs) are given as follows:

a1 = x1

a2 =
∣∣∣(x2 − a1) ∣∣m−11

∣∣
m2

∣∣∣
m2

a3 =
∣∣∣((x3 − a1)

∣∣m−11

∣∣
m3
− a2

) ∣∣m−12

∣∣
m3

∣∣∣
m3

(8.36)
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Using Equations (8.32) and (8.33) in Equation (8.36), the MRDs a1, a2, and
a3 can be represented as

a1 = x1, (8.37)

a2 =
∣∣(22n − 2n − 1)(x2 − x1)

∣∣
22n

= |22nx2 − 2nx2 − x2 − 22nx1 + 2nx1 + x1|22n
= | − 2nx2 − x2 + 2nx1 + x1|22n , (8.38)

and

a3 =
∣∣((x3 − x1)(22n+1 − 2n+1 − 3)− a2)(2)

∣∣
22n+1−1

=
∣∣−2n+2x3 − 4x3 + 2n+2x1 + 4x1 − 2a2

∣∣
22n+1−1 . (8.39)

The hardware realization of Equation (8.35) can be further simplified using the
two properties presented in Section 8.1. Let the binary representations of the
residues be:

x1 = (x1,n−1x1,n−2...x1,1x1,0),

x2 = (x2,2n−1x2,2n−2...x2,1x2,0),

x3 = (x3,2nx3,2n−1...x3,1x3,0).

Given that Equation (8.38) is represented as

a2 = |v1,1 + v1,2 + v1,3|22n (8.40)

where

v1,1 = |2nx1 + x1|22n

=

∣∣∣∣∣∣x1,n−1x1,n−2 · · ·x1,0︸ ︷︷ ︸
n

00 · · · 0︸ ︷︷ ︸
n

+x1,n−1x1,n−2 · · ·x1,0︸ ︷︷ ︸
n

∣∣∣∣∣∣
22n

= (x1,n−1x1,n−2 · · ·x1,0x1,n−1x1,n−2 · · ·x1,0︸ ︷︷ ︸
2n

),
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v1,2 = |−2nx2|22n
= |−2n(x2,2n−1x2,2n−2...x2,0)|22n

=

∣∣∣∣∣∣−(x2,2n−1x2,2n−2...x2,0︸ ︷︷ ︸
2n

00...0︸ ︷︷ ︸
n

)

∣∣∣∣∣∣
22n

=

∣∣∣∣∣∣x2,2n−1x2,2n−2 · · ·x2,n︸ ︷︷ ︸
n

x2,n−1x2,n−2 · · ·x2,0︸ ︷︷ ︸
n

00 · · · 0︸ ︷︷ ︸
n

∣∣∣∣∣∣
22n

= x2,n−1 · · ·x2,011 · · · 1︸ ︷︷ ︸
2n

,

and

v1,3 = |−x2|22n

=

∣∣∣∣∣∣−(x2,2n−1x2,2n−2...x2,0︸ ︷︷ ︸
2n

)

∣∣∣∣∣∣
22n

= x2,2n−1x2,2n−2 · · ·x2,0︸ ︷︷ ︸
2n

Representing Equation (8.39) as:

a3 = |v2,1 + v2,2 + v2,3 + v2,4|22n+1−1 (8.41)

where

v2,1 =
∣∣−2n+2x3

∣∣
22n+1−1

=
∣∣−2n+2(x3,2nx3,2n−1...x3,0)

∣∣
22n+1−1

=

∣∣∣∣∣∣∣2n+2(x3,2nx3,2n−1...x3,n+2︸ ︷︷ ︸
n−1

x3,n+1x3,n...x3,0︸ ︷︷ ︸
n+2

)

∣∣∣∣∣∣∣
22n+1−1

=

∣∣∣∣∣∣x2,2n−1x2,2n−2 · · ·x2,n︸ ︷︷ ︸
n

x2,n−1x2,n−2 · · ·x2,0︸ ︷︷ ︸
n

00 · · · 0︸ ︷︷ ︸
n

∣∣∣∣∣∣
22n

= x3,n+1x3,n...x3,0︸ ︷︷ ︸
n+2

x3,2nx3,2n−1...x3,n+2︸ ︷︷ ︸
n−1

,
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v2,2 = |−4x3|22n+1−1

=

∣∣∣∣∣∣∣22 x3,2nx3,2n−1...x3,0︸ ︷︷ ︸
2n+1

∣∣∣∣∣∣∣
22n+1−1

= x3,1x3,0x3,2nx3,2n−1...x3,2︸ ︷︷ ︸
2n+1

,

v2,3 =
∣∣2n+2x1 + 4x1

∣∣
22n+1−1

=

∣∣∣∣∣∣∣(x1,n−1x1,n−2 · · ·x1,0︸ ︷︷ ︸
n

) 00 · · · 0︸ ︷︷ ︸
n+2

+x1,n−1x1,n−2 · · ·x1,000︸ ︷︷ ︸
n+2

∣∣∣∣∣∣∣
22n+1−1

= (0x1,n−1x1,n−2 · · ·x1,0x1,n−1x1,n−2 · · ·x1,0︸ ︷︷ ︸
2n+1

,

v2,4 = |−2a2|22n+1−1

=

∣∣∣∣∣∣∣−(a2,2n−1a2,2n−2...a2,00︸ ︷︷ ︸
2n+1

)

∣∣∣∣∣∣∣
22n+1−1

= a2,2n−1a2,2n−2 · · · a2,01︸ ︷︷ ︸
2n+1

Equation (8.35) can be simplified as follows

X = a1 + a2m1 + a3m1m2

= a1 + 2na2 + 23na3 − 22na3 − a2. (8.42)

The hardware realization of Equation (8.42) can be simplified as follows

X = a4 + a5 + a6 (8.43)

where

a4 = a1 + 2na2 + 23na3

= (a1,n−1a1,n−2...a1,0︸ ︷︷ ︸
n

) + (a2,2n−1a2,2n−2...a2,0︸ ︷︷ ︸
2n

00...0︸ ︷︷ ︸
n

)

+(a3,2na3,2n−1...a3,0︸ ︷︷ ︸
2n+1

00...0︸ ︷︷ ︸
3n

)

= a3,2n...a3,0a2,2n−1...a2,0a1,n−1...a1,0︸ ︷︷ ︸
5n+1

, (8.44)
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a5 = −22na3

= −(00...0︸ ︷︷ ︸
n

a3,2n...a3,0︸ ︷︷ ︸
2n+1

00...0︸ ︷︷ ︸
2n

)

= 11...1︸ ︷︷ ︸
n

a3,2n...a3,0︸ ︷︷ ︸
2n+1

11...1︸ ︷︷ ︸
2n

(8.45)

a6 = −a2
= −(a2,2n−1a2,2n−2...a3,0︸ ︷︷ ︸

2n

)

= −(00...0︸ ︷︷ ︸
3n+1

a2,2n−1a2,2n−2...a2,0︸ ︷︷ ︸
2n

)

= 11...1︸ ︷︷ ︸
3n+1

a2,2n−1...a2,0︸ ︷︷ ︸
2n

(8.46)

8.4 Descriptions of the Proposed Hardware Structures

In this section, the structures that result from the RNS to Binary conversion
methods previously described are presented.

8.4.1 CRT Conversion Techniques

We start by describing the structure that results from the limited range CRT ap-
proach, which is based on Equations (8.18) and (8.19). As it can be seen from
Figure 8.1, u0, u1, u2, u3, and u4 are added by Carry Save Adders (CSAs) with
end-around carries (EACs) producing the values s3 and c3. These values must
be added modulo 22n+1−1 in order to obtain A, i.e., with a one’s complement
adder, namely a CPA with EAC. B2 is easily obtained by concatenating the
operand x3 with the n-bit left shift of A. This concatenation does not require
any additional hardware resources. The three operands B1, B2, and B3 are
added using a CSA with EAC. It should be noted that in order to make B1 and
B3 (3n+ 1)-bit numbers, 1’s are appended to the result of complementations,
as given in Equations (8.22) and (8.23). Thus, the addition of the (n + 1)
Most Significant Bits (MSB) performed in this CSA can be performed by Half
Adders (HAs). Moreover, since the n MSB of the CSA all have two inputs
equal to 1, the final one’s complement adder will always generate an EAC.
Taking this into consideration, the one’s complement adder can be reduced to
a normal CPA with a constant carry-in equals to 1. The final result, computed
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Figure 8.1: Proposed Reverse Converter I
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Figure 8.2: Proposed Reverse Converter-III

from Equation (8.6) is obtained simply by a shift and a concatenation opera-
tion, which do not require any additional hardware resources.
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Given that the numbers that fall outside the range [0,M − (m2
2 − 2m2 + 1))

may be of interest, we resolve the domain restriction problem and propose a
second converter, which is based on Equations (8.22), (8.23), and (8.31). The
hardware implementations of the second proposal, which is valid for the entire
dynamic range [0,M − 1], is depicted in Figure 8.2.

8.4.2 Entire Dynamic Range MRC Technique

The hardware structure that results from the MRC approach is depicted in
Figure 8.3 and it is based on Equations (8.40), (8.41), and (8.43). In Equa-
tion (8.40), the operands are added using a 2n-bit CSA with EAC, generating
s1 and c1, which are added by a 2n-bit CPA with EAC. Similarly, 2-levels of
CSAs, followed by a (2n + 1)-bit one’s complement adder, are used to add
the 4-operands in Equation (8.41). In Figure 8.3, Bit org1 depicts the bit re-
organization used to obtain v2,4. This is simply the result of complementations
of 1-bit right shift of a2. However, a4 is simply obtained by concatenating the
three operands a3, a2, and a1, which are (2n + 1)-bit, 2n-bit, and n-bit, re-
spectively. This concatenation is labeled as Bit org3 and does not require any
additional hardware resources. In order to perform the addition described in

2n−bit CSA1
with EAC

2n−bit CPA1
with EAC

(2n+1)−bit CSA2
with EAC

(2n+1)−bit CSA3
with EAC

(2n+1)−bit CPA2
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V V V

V

V V V1,1 1,2 1,32,1 2,2 2,3
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Figure 8.3: Proposed Reverse Converter II

Equation (8.43), which is identical to what we performed on the CRT conver-
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Table 8.1: Area and Delay Comparisons
FA HA Delay

MOL 2.25D − 0.25 0.5D + 1.5 (2.5D + 2.5)tFA
KAG 2.25D − 0.25 1.25D + 2.75 (1.75D + 5.25)tFA

Proposed CI 2.4D − 0.4 0.4D + 3.6 (1.4D + 5.6)tFA
Proposed CII 3D − 1 0.8D + 2.2 (2.6D + 4.4)tFA
Proposed CIII 3.4D + 3.6 0.6D + 2.4 (1.4D + 7.6)tFA

sion structure, the two operands a5 and a6 must be expanded to (5n + 1)-bit
numbers since a4 is a (5n+1)-bit number. The final adder can be simplified to
a standard CPA (CPA3) with a constant carry-in equals to 1, in a similar way
to what has been done for the CRT.

8.5 Performance Evaluation

In order to evaluate the performance of the proposed reverse converters, we
compare them with similar best known state of the art reverse converters in [88]
and [39]. In order to properly perform this evaluation, for the same dynamic
range, the reverse conversion structures are theoretically analyzed, in terms
of gates, and experimentally by implementating them on an FPGA. We note
that in Table 8.1, D stands for the dynamic range. In the table, we have the
converters CI, CII, and CIII as the converters proposed in this chapter, MOL
and KAG as the converters proposed in [88] and [39], respectively. From the
results of the theoretical analysis, presented in Table 8.1, it is clear that the
proposed CI is clearly more advantageous than the proposed CII and CIII,
both in terms of area and delay. However, CI is not valid for the entire dynamic
range whereas CII and CIII cover the entire dynamic range. Thus, it is more
appropriate to compare CI with KAG, which does not also cover the entire
dynamic range. The theoretical analysis results suggest that CI is faster than
KAG with small area penalty. CIII outperforms CII in all terms. Thus, we
compare CIII with MOL, which uses the {22n+1 − 1, 2n, 2n − 1} moduli set
and can be seen clearly from Table 8.1 that CIII performs reverse conversion
faster than MOL with additional area cost. This is expected since the moduli
set herein proposed is identical to the moduli set in [88] with a binary channel
twice the size. This implies that for the same dynamic range the size of n can
be smaller, thus units with smaller length are used.

The FPGA implementation results presented in Tables 8.2, 8.3, and 8.4, val-
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Table 8.2: Area Cost Comparison
Dynamic Area-CI Area-CII Area-CIII Area-MOL Area-KAG

Range
16 61 80 75 67 71

24 103 142 136 107 107

32 124 167 164 135 141

48 206 286 273 202 210

64 264 369 351 280 276

Table 8.3: Conversion Speed Comparison
Dynamic Delay-CI Delay-CII Delay-CIII Delay-MOL Delay-KAG

Range
16 31.342 37.962 32.306 34.418 34.048

24 43.874 48.127 45.522 45.600 37.129

32 39.689 50.871 40.966 48.908 40.319

48 47.595 59.125 49.586 56.400 44.010

64 49.477 64.811 49.465 59.759 49.180

idate the theoretical analysis results. In comparison with KAG, these re-
sults suggest that CI is able to improve the conversion computation time by
about 6% while reducing the required hardware area by more than 3%. Re-
garding the proposed CII reverse converter, CIII improves the conversion speed
by about 17% and reduces the hardware resources by more than 4%. For this
reason, in the following, we only compare CIII with MOL.

When analyzing the FPGA implementation results, depicted in Figures 8.4
and 8.5 and Tables 8.2 and 8.3, the performance and area advantages of the

Table 8.4: Area-Time2 Comparison
Dynamic AT2-CI AT2-CII AT2-CIII AT2-MOL AT2-KAG

Range
16 59922 115289 78276 79368 82308

24 198268 328902 281826 222492 147506

32 195327 432172 275227 322919 229213

48 466649 999789 671245 642554 406745

64 646265 1549972 858822 999919 667554
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proposed CRT based reverse converter (CIII) are confirmed to be significant
when compared with the proposed MRC based converter (CII) and also with
similar state of the art MRC based reverse converter (MOL).
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Figure 8.4: The Converters Area Comparisons

Experimental results indicate that the proposed CIII is about 11% faster and
requires about 22% more hardware resources than the MOL. Additionally, the
AT2 metric indicates that the proposed CIII is 5% better than the MOL. Due
to the fact that the moduli set utilized by the converter MOL underutilizes the
binary channel, the moduli set proposed here has alot of advantages also with
respect to other RNS arithmetic operations.

From these results it can be concluded that the proposed moduli set and respec-
tive CRT based reverse converter (CIII) are able to improve the performance
of RNS computation.
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Figure 8.5: Conversion Delay Comparisons

8.6 Conclusion

In this chapter, three reverse converters for the new moduli set
{22n+1 − 1, 22n, 2n − 1} are proposed. Two of the proposed reverse convert-
ers are based on the traditional CRT while the other is based on the MRC. The
CRT based reverse converters are better in terms of both area and delay, when
compared to the MRC based reverse converter. Therefore, it can be inferred
that the CRT is a better approach to design reverse converters for this class of
moduli sets.The proposed reverse converters are memoryless and adder based
and can be easily realized in VLSI circuits. We performed both theoretical
and experimental evaluation of our proposal. The theoretical analysis shows
the advantages of our scheme, which is supported by the experimental results.
The synthesis results are obtained and suggest that, CI is able to improve the
conversion computation time by about 6% while reducing the required hard-
ware area by more than 3%. CIII improves the conversion speed by about 17%
and reduces the hardware resources by more than 4%, regarding the proposed
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CII reverse converter. The proposed CIII is about 11% faster and requires
about 22% more hardware resources than the MOL. The moduli set proposed
here has significant advantages also with respect to other RNS arithmetic op-
erations, since the moduli set utilized by the converter MOL underutilizes the
binary channel while the proposed moduli set does not.

This chapter concludes the presentation of our contributions. The next chapter
contains the overall conclusions of our investigation. We will summarize our
main contributions and we will propose some future research directions.



Chapter 9

Conclusions

I
n this thesis, we focussed on building effective Residue Number System
(RNS) to decimal/binary converters based on either Mixed Radix Con-
version (MRC) or on the Chinese Remainder Theorem (CRT). This is an

important issue, since, while RNS computer arithmetic is theoretically faster
than the standard one, this conversion imposes an overhead and limits the RNS
utilization in the design of processors. Since this type of conversion is also re-
quired during the calculations in order to determine operand sign, overflow,
etc., the utilization of RNS has been mostly restricted to special purpose digi-
tal signal processors. We proposed efficient reverse conversion techniques that
result in fast hardware implementations potentially applicable for the design
of general purpose processors.

The remainder of this chapter is organized as follows. Section 9.1 summarizes
the work and results presented in this thesis. Section 9.2 highlights the main
contributions of this thesis, while Section 9.3 presents some future directions
and open issues, which are worthy of further investigation in the RNS arith-
metic domain.

9.1 Summary

In this thesis, we proposed a number of efficient reverse converters based on
either the CRT or MRC. The work presented in this thesis can be summarized
as follows:

• In Chapter 2, we introduced RNS to MRC technique, which addresses

137
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the computation of Mixed Radix Digits in such a way that enables the
MRC parallelization. Given an RNS with a set of relatively prime inte-
ger moduli {mi}i=1,k, the key idea behind this proposed MRC technique
is to maximize the utilization of the modulo-mi adders and multipliers
present in the RNS processor functional units. For an n-digit RNS num-
ber X = (x1, x2, x3, ..., xk) this method requires k iterations. However,
at iteration i, the modulo-mi units are utilized for the calculation of the
MR digit ai, while the other modulo units are calculating intermediate
results required in further iterations. Given that one such iteration can be
seen as one single operation in the RNS processor functional units, our
approach results in an RNS to MR conversion with an asymptotic com-
plexity, in terms of arithmetic operations, in the order of O(k), while
the traditional MRC and many other state of the art MRCs based tech-
niques exhibit an asymptotic complexity in the order ofO

(
k2
)
. More in

particular, the utilization of our technique achieved 33.33% and 5.26%
reductions with moduli sets of length four when compared with MRC
and the improved MRC in [141], respectively. For moduli sets of length
ten, our proposal achieved 66.67% and 38.64% reductions when com-
pared with MRC and the improved MRC in [141], respectively.

• In Chapter 3, we generalized a previously proposed technique that
was restricted to 5-moduli set such that it can be utilized in conjunc-
tion with any RNS with the set of relatively prime integer moduli
{mi}i=1,k. Next, we simplified the computing procedure by maxi-
mizing the utilization of the modulo-mi adders and multipliers present
in the RNS processor functional units. For an k-digit RNS number
X = (x1, x2, x3, ..., xk) the proposed method takes at most k iterations.
Each iteration, except the first one, requires two multiplications and one
parallel subtraction over all the mod-mi ways of the RNS adder. This
scheme results in an RNS to MRC with an asymptotic complexity, in
terms of arithmetic operations, in the order of O(k), while the tradi-
tional MRC technique exhibits an asymptotic complexity in the order of
O
(
k2
)
. In particular, the utilization of our technique, for 3-moduli and

10-moduli RNS results in the reduction of the total number of arithmetic
operations required by the conversion process with 40.00% and 77.16%,
respectively, when compared to the MRC in [139].

• In Chapter 4, we proposed reverse converters for moduli sets with com-
mon factors. First, we assumed a general moduli set {mi}i=1,3, where
m1 > m2 > m3, with the dynamic range M =

∏3
i=1mi, and intro-
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duced a modified CRT that requires mod-m3 instead of mod-M calcu-
lations. Subsequently, we further simplified the conversion process by
focussing on {2n+ 2, 2n+ 1, 2n}moduli set, which has a common fac-
tor of 2. We introduced in a formal way a CRT based approach for this
case, which requires the conversion of the {2n+ 2, 2n+ 1, 2n} moduli
set into a moduli set with relatively prime moduli, i.e.,

{
m1
2 ,m2,m3

}
,

when n is even, n ≥ 2 and
{
m1,m2,

m3
2

}
, when n is odd, n ≥ 3.

We demonstrated that such a conversion can be easily done and doesn’t
require the computation of any multiplicative inverses. We further sim-
plified the 3-moduli CRT for the specific case of {2n+ 2, 2n+ 1, 2n}
moduli set. For this case the proposed CRT requires 4 additions, 4 mul-
tiplications, and all the operations are mod-m3 in case n is even and
mod-m3

2 if n is odd. This outperforms state of the art converters in
terms of required operations. Second, we proposed another new reverse
converter for the moduli set {2n+ 2, 2n+ 1, 2n} for any integer n > 0.
We simplified the traditional CRT in order to obtain a reverse converter
that uses mod-n instead of mod-(2n + 2)(2n) or mod-2n required by
other state of the art equivalent converters. Next, we presented a low
complexity implementation that does not require the explicit calculation
of modulo operation in the conversion process as it is normally the case
in the traditional CRT and other state of the art equivalent converters.
In terms of area, our proposal requires four 2:1 adders and 2 multipli-
ers while the best state of the art equivalent converter [44] requires one
3:1 adder, two 2:1 adders, and four multipliers. In terms of critical path
delay, our scheme requires 3 additions and 1 multiplication with mod-
n operations whereas the converter in [44] requires 2 additions and 2
multiplications with mod-2n operations. Third, we proposed a general
4-moduli RNS conversion scheme and then presented a compact form
of multiplicative inverses valid for both n odd or even for the moduli
set {2n+ 3, 2n+ 2, 2n+ 1, 2n}. This increases the dynamic range and
the processing parallelism enabling efficient reverse conversion. The
proposed CRT utilizes the same or slightly larger area when compared
to other existing techniques but all the operations are mod-m4. This out-
performs state of the art CRTs in terms of the magnitude of the numbers
involved in the calculation and due to this fact, our proposal results in
less complex adders and multipliers.

• In Chapter 5, we proposed a new reverse converter for the moduli set
{2n+1, 2n, 2n−1}. First, we simplified the traditional CRT in order to
obtain a reverse converter that utilizes mod-(2n− 1) operations instead
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of mod-(2n)(2n− 1) and (2n+ 1)(2n− 1) operations required by the
converters in [41] and [2], respectively. Next, we transformed the needed
corrective addition of M into a corrective m3 addition. We then pre-
sented a novel low complexity implementation that does not require the
explicit use of modulo operation in the conversion process. The perfor-
mance of the proposed converter is evaluated both theoretically, in terms
of the required number of arithmetic operations and experimentally by
FPGA implementation. Theoretically speaking, the proposed converter
requires one 3:1 adder, three 2:1 adders, and 2 multipliers while the
one in [41] requires one 3:1 adder, two 2:1 adders, and four multipli-
ers. In terms of delay the proposed scheme requires 3 or 4 additions
and 1 multiplication whereas the converter in [41] requires 3 additions
and 2 multiplications. Moreover, due to the fact that our scheme op-
erates on smaller magnitude operands, it utilizes less complex adders
and multipliers, which potentially results in even faster and smaller im-
plementations. For the experimental assessment, the converters were
described in VHDL and implemented on Xilinx Spartan 3 FPGA. We
used a wide range of values of n for the implementation. The synthe-
sis results indicate that, on average, the proposed converter is in terms
of delay 14% and 15.8% faster with 27% and 21% area decrease, when
compared to the reverse converters in [41] and [2], respectively. The
proposed converter also consumes, on average, 18% and 8% less power
when compared to the converters in [41] and [2], respectively.

• In Chapter 6, we proposed two new novel memoryless residue to binary
converters for the moduli set {2n+1 − 1, 2n, 2n − 1}. First, we simpli-
fied the CRT to obtain a reverse converter that requires mod-(2n+1 − 1)
instead of both of mod-(2n+1 − 1) and mod-(2n − 1) required by state
of the art converter. Second, we further reduced the resulting archi-
tecture in order to obtain a reverse converter that utilizes only Carry
Save Adders (CSAs) and Carry Propagate Adders (CPAs). We reduced
the large (2n+1 − 1)(2n − 1) adder to a simple adder with the conse-
quence of a reduction in the dynamic range from M to M-(2n − 1)2.
We demonstrated that the reduction penalty decreases exponentially as
n increases and for values of n ≥ 5, the reduction penalty is negligi-
ble (≤ 0.0078%). We resolved the dynamic range limitation problem
and proposed another converter, which is valid for the entire dynamic
range. Theoretically speaking, the two proposed converters are faster
than the most effective equivalent state of the art converter, but one of
them requires more hardware resources. Finally, we implemented our
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proposals and the most effective equivalent state of the art converter on
a Xilinx Spartan 3 FPGA. The obtained results show that, on average
and contrary to the theoretical results, our schemes significantly reduced
the area cost with no delay penalty.

• In Chapter 7, we proposed two novel high speed memoryless residue to
binary converters for the moduli set {22n+1 − 1, 2n, 2n − 1}. First, we
simplified the traditional CRT and obtained a new converter that only
requires mod-(22n+1 − 1) operations. Further simplifications result in
a very simple and efficient hardware structure, composed of only CSAs
with End-Around Carries (EACs) and CPAs. We resolved the domain re-
striction problem and propose another reverse converter, which is valid
for the entire dynamic range. The theoretical analysis indicates that the
two proposed reverse converters are faster than the one in [88] in terms of
delay, but one of them requires more hardware resources. We described
the proposed reverse converters and the one in [88] in VHDL and carried
out the implementation on an FPGA. We used a wide range of values of
n for the implementation. The synthesis results indicate that, on aver-
age, the proposed limited range CRT and the proposed entire range CRT,
respectively, are capable of performing the reverse conversion 13.40%
and 13.20% faster, with extra costs of 3.29% and 22.75% in terms of
area when compared with the one in [88]. Additionally, the AT2 effi-
ciency metric suggests that proposal-I and proposal-II are 24% and 3%,
respectively, more efficient than the one in [88].

• In Chapter 8, we proposed three reverse converters for the new moduli
set {22n+1 − 1, 22n, 2n − 1}. Two of the proposed reverse converters,
namely CI and CIII are based on the traditional CRT while the third one,
namely CII is based on the MRC. The CRT based reverse converters
are better in terms of both area and delay, when compared to the MRC
based reverse converter. Therefore, it can be inferred that the CRT is a
better approach to design reverse converters for this class of moduli sets.
The proposed reverse converters are memoryless and adder based and
can be easily realized in VLSI circuits. We performed both theoretical
and experimental evaluation of our proposal. The theoretical analysis
shows the advantages of our scheme, which is supported by the experi-
mental results. The obtained synthesis results suggest that, CI is able to
improve the conversion computation time by about 6% while reducing
the required hardware area by more than 3% when compared to CIII. On
the other hand, CIII improves the conversion speed by about 17% and
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reduces the hardware resources by more than 4%, regarding the pro-
posed CII reverse converter. The proposed CIII is about 11% faster and
requires about 22% more hardware resources than the converter in [88].
Additionally, the AT2 metric indicates that the proposed CIII is 5% bet-
ter than the one in [88].

9.2 Major Contributions

The major contributions of this study can be summarized by the following:

• We introduced an RNS to MRC technique, which addresses the com-
putation of mixed radix digits in such a way that enables the MRC par-
allelization. The proposed technique maximizes the utilization of the
modulo-mi adders and multipliers present in the RNS processor func-
tional units. This scheme results in an RNS to MR conversion with an
asymptotic complexity, in terms of arithmetic operations, in the order of
O(k), where k is the number of moduli.

• We generalized a previously proposed technique that was restricted to 5-
moduli set such that it can be utilized in conjunction with any RNS with
the set of relatively prime integer moduli {mi}i=1,k. Next, we simplified
the computing procedure by maximizing the utilization of the modulo-
mi adders and multipliers present in the RNS processor functional units.
This scheme results in an RNS to MRC with an asymptotic complexity,
in terms of arithmetic operations, in the order of O(k), where k is the
number of moduli. .

• We presented an efficient reverse converter for the moduli set
{2n+ 2, 2n+ 1, 2n}, which has a common factor of 2. Given that
for such a moduli set, CRT cannot be directly applied, we introduced
in a formal way a CRT based approach for this case, which requires
the conversion of {2n+ 2, 2n+ 1, 2n} set into a moduli set with rel-
atively prime moduli, i.e.,

{
m1
2 ,m2,m3

}
, when n is even, n ≥ 2 and{

m1,m2,
m3
2

}
, when n is odd, n ≥ 3. We demonstrated that the moduli

set transformation can be easily done and doesn’t require the computa-
tion of any multiplicative inverses.

• We demonstrated that for the {2n+ 2, 2n+ 1, 2n}moduli set, the com-
putation of multiplicative inverses can be eliminated and proved that for
n even or odd, the hardware realization is the same.
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• For the moduli set {2n+ 2, 2n+ 1, 2n}, we presented a low complex-
ity implementation that does not require the explicit use of the modulo
operation in the conversion process as it is normally the case in the tra-
ditional CRT and other state of the art equivalent converters.

• We provided a general 4-moduli RNS conversion scheme and then pre-
sented a compact form of multiplicative inverses for the moduli set
{2n+ 3, 2n+ 2, 2n+ 1, 2n}.

• We introduced a modified CRT that requires mod-mk instead
of mod-M calculations by assuming a general n-moduli set
{mi}i=1,k, m1 > m2 > m3 > ... > mk, with the dynamic range M =∏k
i=1mi. This scheme can be utilized in conjunction with other well

established k-moduli sets.

• We proposed a novel reverse converter for the moduli set
{2n+ 1, 2n, 2n− 1}. We simplified the traditional CRT in order
to obtain a reverse converter that utilizes mod-(2n − 1) operations
instead of mod-(2n)(2n− 1) and (2n+ 1)(2n− 1) operations required
by the converters in [41] and [2], respectively. Next, we transformed
the needed corrective addition of M into a corrective m3 addition. We
then presented a novel low complexity implementation that also doesn’t
require the explicit use of modulo operation in the conversion process.

• We proposed two novel memoryless residue to binary converters for the
{2n+1 − 1, 2n, 2n − 1} moduli set. We simplified the CRT to obtain a
reverse converter that requires mod-(2n+1 − 1) instead of both of mod-
(2n+1 − 1) and mod-(2n − 1) required by the proposal in [85].

• We proposed two novel high speed memoryless reverse converter for the
moduli set {22n+1 − 1, 2n, 2n − 1}.

• We proposed three memoryless reverse converters for the moduli set
{22n+1 − 1, 22n, 2n − 1}. First, we proposed a novel reverse converter,
which is purely adder based, using the traditional CRT. Second, due to
the fact that the proposed CRT based structure does not cover the en-
tire dynamic range, two other reverse converters, which cover the entire
dynamic range, are proposed.
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9.3 Proposed Research Directions

In this thesis, a number of efficient reverse conversion algorithms, based on
either the CRT or MRC have been presented. Designing efficient converters is
a major step in the realization of RNS based general purpose processors. This
section presents some future research that could further improve RNS usage in
both general purpose and special purpose processors.

• As discussed in this thesis, one of the ways of designing an efficient
MRC based reverse converter is to propose a strategy which can pro-
duce unity for all the required multiplicative inverses in the conversion
processes. Investigating this will be interesting as the selection of mod-
uli to satisfy the unity criterion is an empirical procedure which needs
further attention.

• The difficult RNS operations include division, sign detection, magni-
tude comparison, and overflow detection. Since the majority of the al-
gorithms for performing these difficult RNS operations are based on re-
verse conversion, it will be interesting to re-design existing techniques
or to design entirely new techniques for handling the difficult RNS op-
erations using the currently available efficient reverse converters.

• Designing an efficient conversion scheme, which has the capability to
switch between one moduli set and another during conversion is another
possible future work. This will be interesting and is particularly appli-
cable in some cryptographic applications.

• Since performing mod-(2n + 1) type arithmetic is relatively slower and
more complex than performing mod-(2n − 1) type arithmetic. It will
be of interest to design a general reverse converter for the moduli set
{2a, 2b − 1, 2c − 1}, where b is not equal to c.

• The introduction of the New CRT [131] created a lot of possibilities for
RNS researchers to develop efficient reverse converters especially for
(2n − 1, 2n, 2n + 1) type moduli set. As discussed in Chapter 1 of this
thesis, the reverse converter for the moduli set (2n − 1, 2n, 2n + 1) has
been generalized in [52] and requires only one carry save adder and a
carry propagate adder, which is very efficient. Given that larger dynamic
range is of practical interest, providing a generalised efficient reverse
converter structure for the moduli set {2a, 2b − 1, 2b + 1, 22b + 1} will
be of interest.
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• In literature, the existing RNS fault tolerant architectures are based on
either the traditional MRC or CRT. Now, efficient reverse conversion
algorithms are available. Thus, designing efficient RNS fault tolerant
architectures can be considered as a possible research direction.

• RNS can be used to improve the performance of Smith Waterman’s Al-
gorithm (SWA). The SWA is an optimal method for homology searches
and sequence alignment in genetic databases and makes all pair wise
comparisons between two strings of Deoxyribonucleic Acid (DNA). It
achieves high sensitivity as all the matched and near-matched pairs are
detected. However, the computation time required strongly limits its use.
The SWA involves the basic RNS supported arithmetic operations such
as addition and multiplication. Since it has been shown in literature both
theoretically and experimentally that using these basic arithmetic oper-
ations, RNS is faster than the conventional binary number system, we
suggest RNS as an alternative candidate for improving the performance
of the SWA. The SWA has been extensively described in [53, 54].
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Samenvatting

I
n deze proefschrift, stellen wij effectieve conversie technieken van RNS
naar WNS voor. Dit onderzoek volgt de twee traditionele conversie meth-
oden: de Mixed Radix Conversion (MRC) en de Chinese Remainder The-

orem (CRT). In het eerste deel van de research onderzoeken we twee op MRC
gebaseerde technieken met k de number of moduli. Als eerst introduceren we
een RNS naar MRC techniek, die ingaat op de berekening van Mixed Radix
Digits op een zodanige wijze dat deze MRC parallelisatie mogelijk maakt. Dit
concept resulteert in een RNS naar MRC met een asymptotische complex-
iteit, in termen van rekenkundige bewerkingen, in de order van O(k). Ten
tweede generalizeren we een eerder voorgestelde techniek die gelimiteerd was
tot de 5-moduli verzameling, zodanig dat deze gebruikt kan worden in com-
binatie met elke RNS voor de verzameling van relatieve priemgetallen mod-
uli {m1,m2,m3, ...,mk}. Net zoals voor het eerste concept, resulteert deze
tweede techniek ook in een RNS naar MRC met een asymptotische com-
plexiteit, in termen van wiskundige bewerkingen in de order van O(k). In
het tweede deel van de research stellen wij een aantal efficiente converters
gebaseerd op de simplificatie van de traditionele CRT voor. Ten eerste, ne-
men we een algemene {m1,m2,m3, ...,mk} moduli verzameling aan, waar
m1 > m2 > m3 > ... > mk, met het dynamische bereik M =

∏k
i=1mi

en introduceren we een gemodificeerde CRT die mod-mk in plaats van mod-
M berekeningen vereist. Vervolgens, vereenvoudigen we de conversie pro-
ces verder door te focussen op moduli verzamelingen met gemeenschappelijke
factoren, d.w.z. {2n+ 2, 2n+ 1, 2n} en {2n+ 3, 2n+ 2, 2n+ 1, 2n}. Daar-
naast, voor de moduli verzameling {2n+ 2, 2n+ 1, 2n}, stellen wij verdere
simplificaties voor die in een concept resulteert die zelfs geen explicite modulo
operatie bewerkingen vereist. Ten tweede, voor de {2n+ 1, 2n, 2n− 1}mod-
uli verzameling, stellen we een nieuwe converer voor, die ook geen explicite
modulo operatie bewerkingen vereist gedurende de conversie processen. Ten
derde, stellen we twee efficiente geheugen vrije reverse converters voor, voor
de {2n+1 − 1, 2n, 2n − 1} moduli verzameling. Ten vierde stellen we voor de
moduli verzameling {22n+1 − 1, 2n, 2n − 1} twee efficinte teller gebaseerde
converters voor. Tot slot, twee CRT en n MRC gebaseerde reverse convert-
ers worden voorgesteld voor de moduli verzamling {22n+1 − 1, 22n, 2n − 1}.
Experimentele resultaten duiden aan dat onze voorstellen equivalente convert-
ers in de huidige stand van de techniek substantieel overtreffen in termen van
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oppervlakte, berekeningstijd en vermogensverbruik.
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