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Abstract—This paper investigates the conversion of
Residue Number System (RNS) operands to decimal,
which is an important issue concerning the utilization
of RNS numbers in digital signal processing applications.
We present a Mixed Radix Conversion (MRC) technique
for efficient RNS to decimal conversion using the moduli
set {2n + 2, 2n + 1, 2n}, which has a common factor
of 2. First, we provide two important theorems which
show that, using such a moduli set, the computation of
multiplicative inverses can be eliminated. The usage of
these theorems with the traditional MRC results into
two reverse converters. In terms of area, the proposed
converters require 3 adders, 4 mutipliers and mod-m2
and m3 operations. The proposed converters also require
2 additions, 2 multiplications with mod-m3 operation in
terms of critical path delay. Our proposals outperform
state of the art equivalent Chinese Remainder Theorem
(CRT) based reverse converter in terms of delay and due
to the fact that the numbers involved in the calculations are
smaller it results in less complex adders and multipliers.
Index Terms—Residue Number System, Mixed Radix
Conversion, Data Conversion, Mixed Radix Digits, arithmetic operations

I. I NTRODUCTION
The usage of Residue Number System (RNS) in Digital Signal Processing (DSP) applications has received
considerable attention due to its attractive carry-free
property which yields arithmetic processors that are inherently parallel, modular and fault isolating [1],[2],[7].
For successful application of RNS, data conversion must
be very fast so that the conversion overhead doesn’t
nullify the RNS advantages [7].
The work on residue to binary conversion is based
on Chinese Remainder Theorem (CRT) [6],[8]-[12] or
on Mixed Radix Conversion (MRC) [3]-[5],[13]. CRT
is desirable because the computation can be parallelized
while MRC is by its very nature a sequential process.

However many up to date RNS to binary/decimal converters are based on MRC due to the complex and slow
modulo-M operation (M being the system dynamic range
thus a rather large constant) required by CRT. The main
problem with the MRC is that the computations of the
MR digits is done in a serial manner and requires a large
number of arithmetic operations.
In this paper, we present an MRC technique for
efficient RNS to decimal conversion using the moduli
set {2n + 2, 2n + 1, 2n}, which has a common factor
of 2. First, we provide two important theorems which
show that, using such a moduli set, the computation
of multiplicative inverses can be eliminated. The usage
of these theorems with the traditional MRC results into
two reverse converters. In terms of area, the proposed
converters require 3 adders, 4 mutipliers and mod-m2
or m3 operations. The proposed converters also require
2 additions, 2 multiplications with mod-m3 operation in
terms of critical path delay. Our proposals outperform
state of the art equivalent Chinese Remainder Theorem
(CRT) based reverse converter in terms of required
operations and due to the fact that the numbers involved
in the calculations are smaller it results in less complex
adders and multipliers.
The rest of the article is organised as follows: Section
II presents the necessary background. In Section III
we describe the proposed algorithm. In Section IV, we
evaluate the performance of our proposal while the paper
is concluded in Section V.
II. BACKGROUND
RNS is defined in terms of a set of relatively prime
moduli set {mi }i=1,n such that gcd(mi , mj ) = 1 for
i 6= j , where gcd means the greatest common divisor
Q
of mi and mj , while M = ni=1 mi , is the dynamic
range. The residues of a decimal number X can be
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obtained as xi = |X|mi thus X can be represented in
RNS as X = (x1 , x2 , x3 ..., xn ), 0 ≤ xi < mi . This
representation is unique for any integer X ∈ [0, M − 1].
We note here that in this paper we use |X|mi to
denote the X mod mi operation and the operator Θ
to represent the operation of addition, subtraction, or
multiplication. Given any two integer numbers K and
L in RNS represented by K = (k1 , k2 , k3 , ..., kn ) and
L = (l1 , l2 , l3 , ..., ln ), respectively, W = KΘL, can be
calculated as W = (w1 , w2 , w3 , ..., wn ), where wi =
|ki Θli |mi , for i = 1, n. This means that the complexity
of the calculation of the Θ operation is determined by
the number of bits required to represent the residues and
not by the one required to represent the input operands.
The conversion from RNS to decimal using MRC can
be formulated as follows [2]:
Given an n-digit number X = (x1 , x2 , x3 , ..., xn ) in
an RNS with the set of relatively prime integer moduli
{mi }i=1,n find a set of digits {a1 , a2 , a3 , ..., an }, which
are the mixed radix digits (MRD), such that Equation (1)
holds true.
X = a1 + a2 m1 + a3 m1 m2 + ...

(1)

different converters have been presented based on the
simplification of the well known traditional CRT. The
best of such converters is given in [6] and represented
as :
(x1 − x3 ) + 2z0 n
2


(x1 − 2x2 + x3 ) + 2z0 n
+ 2n
2




X = x2 + m2

, (4)
m1 m3

where z0 is the XOR over the least significant bits of x1
and x3 .
We assume the same moduli sets {2n + 2, 2n + 1, 2n}
and we introduce an RNS to decimal converter based on
the traditional MRC. We first show that the computation
of the required multiplicative inverses can be eliminated
using this moduli set. By doing that we obtain relations
that use lesser number of arithmetic operations when
compared to Equation (4).
In the following section we present two reverse converters using the moduli set {2n + 2, 2n + 1, 2n}. The
two converters use smaller moduli operation compared
to Equation (4).

+ an m1 m2 m3 ...mn−1

The mixed radix digits can be computed as follows
[13]:
a1 = x1
a2 =

(x2 − a1 ) m−1
1


(x3 − a1 )

a3 =

m2 m2

m−1
1 m
3



− a2

m−1
2

m3 m3

...
an =

(2)

|((...(xn − a1 )|m−1
1 |mn
−1
−an−1 )|mn−1 |mn |mn

−

a2 )|m−1
2 |mn

− ...

Given the MRD ai , 0 ≤ ai < mi , any positive
number in the interval [0, ΠN
i=1 mi − 1] can be uniquely
represented.
For a moduli set {mi }i=1,n with the dynamic range
Q
M = ni=1 mi , the residue number (x1 , x2 , x3 , ..., xn )
can be converted into the decimal number X, according
to the Chinese Reminder Theorem, as follows [2]:
X=

n
X
i=1

Mi Mi−1 xi

mi

,

(3)

M

−1
n
M
where M =
is the
i=1 mi , Mi = mi , and Mi
multiplicative inverse of Mi with respect to mi .
The proposed MRC presented in the last section
can be further simplified if certain moduli such as
{2n + 2, 2n + 1, 2n} are utilized. For this moduli set,

Q

III. P ROPOSED A LGORITHM
Given the RNS number (x1 , x2 , x3 ) with respect to
the moduli set {m1 , m2 , m3 } in the form {2n + 2, 2n +
1, 2n}, the proposed algorithm computes the decimal
equivalent of this RNS number based on the well-known
traditional MRC. First, we demonstrate that the computation of the multiplicative inverses can be eliminated
using this moduli set. Next, based on the compact forms
of the multiplicative inverses, we obtain two reverse
converters that use modulo m2 and modulo m3 instead
of modulo m1 m3 used by the state of the art CRT based
equivalent converter.
Theorem 1: Given the moduli set {2n+2, 2n+1, 2n}
with m1 = 2n + 2, m2 = 2n + 1, m3 = 2n, for any even
integer n > 0, the following hold true:
m1 −1
|(
) |m2 = 2,
(5)
2
|(m2 )−1 |m3 = 1,
(6)
m1 −1
m1
) |m3 =
.
(7)
|(
2
2
Proof: If it can be demonstrated that |2× m21 |m2 = 1,
then 2 is the multiplicative inverse of m21 with respect
to m2 . |2 × m21 |m2 is given by: |2 × (n + 1)|2n+1 =
||2n + 1|2n+1 + |1|2n+1 |2n+1 = |0 + 1|2n+1 = 1, thus
Equation (5) holds true.
In the same way if |1 × m2 |m3 = 1, then 1 is the
multiplicative inverse of m2 with respect to m3 . |1 ×
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m2 |m3 is given by: |1×(2n+1)|2n = ||2n|2n +|1|2n |2n =
|0 + 1|2n = 1, thus Equation( 6) holds true.
Again, if |( m21 )( m21 )|m3 = 1, then m21 is the multiplicative inverse of m21 with respect to m3 . |( m21 )( m21 )|m3
is therefore given by |(n + 1)(n + 1)|2n = |n2 + 2n +
1|2n = ||n2 |2n + |2n|2n + |1|2n |2n = |0 + 0 + 1|2n = 1,
thus Equation( 7) holds true.
Theorem 2: Given the same moduli set {2n + 2, 2n +
1, 2n} with m1 = 2n + 2, m2 = 2n + 1, m3 = 2n, for
any odd integer n > 1, the following hold true:
|(m1 )−1 |m2
|(m2 )

−1

= 1,

Operations
Additions
Multiplications
Reduced M

(8)

= 1,
(9)
m1
|(m1 )−1 | m3 =
.
(10)
2
4
Proof: If it can be demonstrated that |1 ×
(m1 )−1 |m2 = 1, then 1 is the multiplicative inverse of
m1 with respect to m2 . |1 × (m1 )−1 |m2 is given by:
|1 × (2n + 2)|2n+1 = |2n + 2|2n+1 = 1, thus Equation
(8) holds true.
In the same way if |1 × m2 | m3 = 1, then 1 is the
2
multiplicative inverse of m2 with respect to m23 . |1 ×
m2 | m3 is given by: |1 × (2n + 1)|n = ||2n|n + |1|n |2n =
2
|0 + 1|n = 1, thus Equation( 9) holds true.
Again, if |( m41 )m1 | m3 = 1, then ( m41 ) is the multi2
plicative inverse of m1 with respect to m23 . |( m41 )m1 | m3
2

is therefore given by: |( (2n+2)
)(2n + 2)|n = |(n + 1)(n +
4
1)|n = |n2 + 2n + 1|n = ||n2 |n + |2n|n + |1|n |n =
|0 + 0 + 1|n = 1, thus Equation(10) holds true.
Proposition 1: For
RNS
with
moduli
set
{m1 , m2 , m3 } sharing a common factor, (x1 , x2 , x3 )
represents a valid number if and only if (x1 + x3 ) is
even.
Proof: This proposition has been proved in [6].
Making the appropriate substitution in Equation (1),
we can particularize it for 3-moduli RNS sharing a
common factor as follows:
Corollary 1: For the moduli set {2n + 2, 2n + 1, 2n}
the decimal equivalent X of the residue set {x1 , x2 , x3 },
(x1 + x3 ) being even, can be computed as follows:
1) If n is even, n > 0:

a1 = x1
a2 = |2(x2 − a1 )|m2
m1
a3 = |(
(x3 − a1 ) − a2 )|m3
2

CII for n-odd
5
3
m2 and m3

Proof: Trivial with proper substitutions from Theorem 1 and Theorem 2 and also due to Proposition 1.

IV. P ERFORMANCE E VALUATION

2

a2 = |2(x2 − a1 )|m2
m1
a3 = |(
(x3 − a1 ) − a2 )|m3
2
2) If n is odd, n > 1:

CI for n-even
5
4
m2 and m3

Table I
P ERFORMANCE C OMPARISON

| m3

a1 = x1

[6]
7
2
m1 m3

Clearly, it can be seen that the numbers involved in
the multiplication are very small when compared to the
numbers involved in the direct CRT or MRC implementations. Additionally, the large modulo M calculations in
the traditional CRT are replaced by modulo calculations
with the m2 and m3 moduli in the moduli set under
consideration.
Previous work on 3-moduli RNS in [6,8] has demonstrated improvement over traditional CRT in terms of
operands magnitude as this determines the complexity
and delay of the associated RNS hardware. Additionally,
[6] outperformed [8] in terms of the operands magnitude
thus we compare our proposal with this approach. Table I
presents performance comparison in terms of the number
of arithmetic calculation and magnitude of the modulo
operation. We note here in Table I that the following
notations are utilized: CI for n-even stands for the
proposed converter for n-even while CII for n-odd stands
for the proposed converter n-odd. As indicated in Table I
converter for n-even requires more arithmetic operations
but smaller modulo calculations than [6] whereas converter for n-odd requires the same arithmetic operations
as [4] but also smaller modulo calculations than [6].
Consequently, the operands magnitude is significantly
reduced which is more important for the hardware complexity.
V. C ONCLUSIONS
In this paper, we investigated the conversion of
RNS operands to decimal, which is an important issue
concerning the utilization of RNS numbers in DSP
applications. We present an MRC technique for efficient RNS to decimal conversion using the moduli set
{2n + 2, 2n + 1, 2n}, which has a common factor of
2. First, we provided two important theorems which
show that, using such a moduli set, the computation
of multiplicative inverses can be eliminated. The usage
of these theorems with the traditional MRC results into
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two reverse converters. In terms of area, the proposed
converters require 3 adders, 4 mutipliers and mod-m2
or m3 operations. The proposed converters also require
2 additions, 2 multiplications with mod-m3 operation in
terms of critical path delay. Our proposals outperform
state of the art CRT based reverse converter in terms
of delay and due to the fact that the numbers involved
in the calculations are smaller it results in less complex
adders and multipliers.
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