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Daniel Ramiro Humberto Calderón Rocabado

Abstract

I
n this dissertation, we address the design of multi-functional arithmetic

units working with the most common fixed-point number representations,

namely: unsigned, sign-magnitude, fractional, ten’s and two’s comple-

ment notations. The main design goal is to collapse multiple complex arith-

metic operations into a single, universal arithmetic unit, aiming at the highest

possible reutilization of shared hardware resources. More specifically, we pro-

pose an Arithmetic unit for collapsed Sum-of-Absolute Differences (SAD) and

Multiplication operations (AUSM). This unit collapses various multi-operand

addition based operations, such as SAD, universal notation multiplication,

Multiply-Accumulate (MAC), fractional multiplication. Our AUSM design

demonstrated high hardware reutilization level of up to 75%, yet its perfor-

mance is comparable to the fastest related stand-alone designs supporting the

individual operations. Another complex arithmetic operation, considered in

this thesis is Matrix-Vector Multiplication. We collapsed fixed-point dense and

sparse matrix-vector multiplication in one unit. It’s Xilinx Virtex II Pro im-

plementation suggests up to 21GOPS on a xc2vp100-6 FPGA device. Further-

more, in this thesis, we propose an arithmetic unit for universal addition, which

supports addition/subtraction in binary and Binary Coded Decimal (BCD) rep-

resentations in various sign notations. The hardware reutilization level for this

unit was 40% and its performance was estimated to be more than 82MOPS.

All considered units require massively parallel memory organizations, capa-

ble of providing high data throughput. Therefore, in this thesis, we propose a

high-performance address generator (AGEN) employing a modified version of

the low-order interleaved memory access approach. Our experiments suggest

that the AGEN can produce 8 × 32 − bit addresses every 6 ns. Overall, in

this dissertation, we demonstrated a design approach, which allows collapsing

of multiple arithmetic operations into performance efficient universal designs

with high level of hardware reutilization among the implemented functions.
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Chapter 1

Introduction

V
arious emerging applications in the embedded and general purpose

processing domains are envisioned to benefit from high perfor-

mance arithmetic support. High definition streaming video and

3D graphics for mobile devices, pervasive gaming [17, 18] and financial

transactions [19, 20] are just some examples of such applications. In addition,

embedded devices like personal digital assistants (PDAs), handhelds, next

generation mobile phones [21] and even interactive high definition TV

(HDTV) sets are expected to support increasing number of additional func-

tionalities in the near future. Additional computational problem is imposed

by new applications with dynamically changing performance requirements.

For example, in the new open framework for multimedia applications

MPEG21 [22] support for wide range, dynamically selectable, audio and

video resolutions is required [22, 23]. Furthermore, all classical issues such

as silicon area and low power consumption are expected to grow in importance.

The current industrial solution to cope with the above trends is by using

highly specialized processing elements for each new functionality class. This

leads to very complex, heterogeneous systems with unacceptable development

times and high associated costs. Multi-core processing platforms, originally

proposed to address the state-of-the-art technology limitations, might be

considered as a potential solution for some of the above problems [24, 25]. It

should be noted that many additional shortcomings, e.g., communication and

area overheads due to the interconnecting network and under-utilization of the

distributed resources, are inherent to such platforms. Using closely coupled

arithmetic accelerators is envisioned as a valid alternative that does not intro-

1



2 CHAPTER 1. INTRODUCTION

duce significant limitations. The application specific accelerators approach,

widely used in the general purpose processors (GPP) domain [26, 27], is con-

sidered not feasible for many embedded devices due its hardware inflexibility

and highly targeted customization, expressed in the basic instructions selec-

tion. Customized, adaptable processing units supporting complex operations

rather than simple instructions (also referred as hardware accelerators) that

specifically target the computational bottlenecks of applications, such as the

one mentioned above, are investigated in this dissertation. More precisely,

high-performance, silicon area efficient, parameterizable arithmetic units

with multiple operations support are discussed in detail. Our units built upon

elements based on arithmetic addition allow us to reuse most of the hardware

resources among different operations types.

Four motivating examples that indicate the required performance in different

cases are listed below:

• Motion estimation kernels [28] in multimedia processing, e.g., the Sum

of Absolute Difference (SAD) for 16×16 picture element (pels) blocks

would need 256 absolute subtract operations and 255 additions to com-

pute one of the 255 motion vectors [29]. The computation of all 225

candidate motion vectors when video-streams of 352×288 pels frames

with 30 frames per second (fps) is considered would require 1.365 GOPS

(Giga operations per second);

• Matrix by vector multiplication, heavily used in game simulation [30],

will require n multiplications and n − 1 additions per final dot product

when matrix and vector sizes of m×n and respectively n are considered.

The multiplication of a square matrix with m = n = 1200 by a vector

of length n = 1200 needs 1.726 GOPS to produce results every second;

• Fixed point multiplication and multiply-add operations in many signal

processing kernels [31, 32], e.g., a simple FIR filter will require N mul-

tiplications and N − 1 additions. Considering an audio application with

a sample rate of 20 KHz and a 6 tap FIR filter will require 0.25 MOPS;

• BCD arithmetic used in financial operations; e.g. when a simple BCD

addition is performed in software, it will require between 100 to 1000

longer times compared to hardware acceleration [33, 34].



3

The arithmetic operations involved on the above kernels together with some

additional ones are presented in Table 1.1.

Table 1.1: Multiple-addition related kernels

Kernel Equation

SAD
∑16

j=1

∑16
i=1 |A(x + i, y + j) − B((x + r) + i, (y + s) + j)|

Sum of Differences
∑16

j=1

∑16
i=1(A(x + i, y + j) − B((x + r) + i, (y + s) + j))

Dense/Sparse −→c =
−→
A x

−→
b with ci =

∑n−1
k=0 A(i,k)xbi

Matrix-Vector Multiply

BCD Addition/Subtraction SUM = A + B + 10 + 6 + 6 †

Finite Impulse Response yi =
∑k−1

j=0 CjXi−j

Filters

Infinite Impulse Response yi =
∑k−1

j=0 CjXi−j −
∑k−1

j=1 CjYi−j

Filters

2D Discrete F(u,v) = CuCv

4

∑7
j=0

∑7
j=0 f(x, y)

cos((2x+1)uπ)
16

cos((2y+1)vπ)
16

Cosine Transform

2D Inverse Discrete f(x,y) = Cv

2

∑7
j=0[Cu

2

∑7
j=0 F (u, v)

cos((2x+1)uπ)
16

]
cos((2y+1)vπ)

16

Cosine Transform

Illumination Model I = kaIa + kdIl(
−→
N x

−→
L ) + ksIl(

−→
N x

−→
H )Ns

† : The first “10” and “6” values are added conditionally, the addition depends on the type of operation and

the decimal Carry out (Cout) occurrence. Furthermore, the final “6” value is added when B > A in

subtraction operations when the post complement operation is required.

The following similarities among these arithmetic operations were found:

1. All kernels require multiple addition operations. They can be embedded

in a loop as in the SAD case or be required just once as in the BCD

and the illumination model cases. Some of the kernels implicitly require

additions of the partial products from different operations, e.g., the dense

and the sparse matrix multiplication and FIR.

2. Some kernels, e.g. FIR and IIR, involve dot product operations em-

bedded into an outer loop performing additions that can benefit from a

multiply-accumulate support. The Discrete Cosine transform can be also

considered as such kernel when the cosine functions are implemented as

look up tables.

3. Some of the kernels contain data dependent operations (not shown in

detail in the table). Arithmetic comparison operations support can be
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useful to hide the penalties of such operations. For example, in the BCD

subtraction case, the three correcting additions required originally (one

permanent and two conditional) can be reduced to only two. Similar

optimizations can be applied to the SAD kernel.

All operations above, including the comparison operation, are based on

(multiple) arithmetic additions. Based on this observation, we envision that

complex, multiple domain arithmetic accelerators that effectively reuse the

majority of the hardware resources are possible by using addition based

building blocks. Having said this, those accelerators should support further

customizations highly dependent on the specific kernel properties.

The remainder of this chapter is organized as follows. Section 1.1 briefly dis-

cusses the traditional solutions for the stated problem, and presents the back-

ground for our new proposal. Section 1.2 presents the open questions and

methodology. This chapter is concluded in Section 1.3 that presents the re-

search goal and overview of the dissertation.

1.1 Problem Overview

With the current technology, the widely used library-based approach shows a

behavior that is heavily influenced by the wire delays [35]. Typically, multiple

arithmetic blocks are interconnected to implement complex operations. Since

the optimization scope of the arithmetic functional blocks is limited to their

boundaries only, the implementation of complex operations with low latencies

is becoming more and more difficult. In this thesis, we explore the benefits

of breaking the boundaries of the aforementioned standard arithmetic blocks

by collapsing them into fewer, but more complex structures. These structures

have shorter latencies when compared to their interconnected library-based

design counterparts.

The trend that we develop further in this thesis was inspired by some earlier

Computer Arithmetic work. One of the pioneering approaches was introduced

by Swartzlander in his Merged Arithmetic [36] proposal. In this design,

the boundaries between multiplication and addition are dissolved when a

multiply-accumulate operation is performed. This approach is nowadays

widely used in DSP processors [37]. This concept was improved in a later

proposal, Compound Arithmetic, where several arithmetic operations are
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supported by the same functional unit [38]. Compound arithmetic relies on the

fact that specific sequences of simple arithmetic operators like addition, sub-

traction, multiplication and division are present in many computer programs.

Merging such sequences together can be exploited to improve performance.

Good examples are the “Fast Computation of Compound Expressions in

Two’s Complement Notation” [39] and the “High-performance 3-1 Interlock

Collapsing ALU’s” [40]. The collapsing of several operations into a single

hardware unit and optimizing the delay is the approach that we explore in

this dissertation. We propose a set of arithmetic accelerators that extend

the paradigm established by the aforementioned proposals. More precisely,

our accelerators collapse up to 16 arithmetic functions in highly optimized

hardware structures. The key feature of our designs are reduced latencies.

In addition, we always consider optimal reuse of hardware resources. To

validate our claim, we will use the widely available reconfigurable Field

Programmable Gate Array (FPGA) technology and relate our approach to the

previous art. However, this does not limit the implementation possibilities for

the proposed approach. The same methodology is directly applicable to ASIC

design processes.

1.2 Research Questions

In this thesis, we address performance efficient designs of arithmetic units,

which employ common general purpose operations such as addition, subtrac-

tion, and multiplication, but also support domain specific operations such as

sum-of-absolute differences and matrix-vector multiplications. In our work,

we consider the most popular fixed-point number representations, namely

two’s complement, ten’s complement, unsigned, and sign-magnitude nota-

tions. Our main idea is to exploit the functional commonalities between dif-

ferent arithmetic operations and to reuse hardware resources in order to obtain

efficient designs of complex arithmetic operations. Pursuing this idea, we state

four general research questions, which are addressed in this thesis. Answered

chronologically, these questions led us to the efficient design of several com-

plex arithmetic units, which are presented further in this dissertation. We can

shortly state these question as follows:

1. Can we identify a particular set of arithmetic operations, which

share common arithmetic kernels?
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After identifying such a set of arithmetic operations and the correspond-

ing set of common arithmetic kernels, a second main question drives our

research:

2. Can we collapse the identified arithmetic operations into a single

complex arithmetic unit by sharing common hardware resources?

In this thesis, we suggest several designs, which employ common hard-

ware resources to support different arithmetic operations. For example,

we merge in one unit the following operations: multiply, SAD, Multiply

and Accumulate (MAC) - all of them in different number notations. The

complete list of units, considered in this thesis is presented in Section

1.3. Our third research question is:

3. What are the design advantages of such collapsed operations com-

pared to traditional implementations with interconnected standard

units?

We synthesized our designs for reconfigurable technology. The synthe-

sis results suggest that collapsing several operations into one unit allows

shorter critical paths reduction compared to the traditional multiple-unit

approaches. Finally, we investigate the complete design answering the

last research question:

4. Can we easily extract and implement sub-circuits based on our

complex accelerators without having to redesign the entire unit?

The partitioning of our designs allows the collapsed functionalities to be

extracted in separate self-contained designs for individual use. Synthe-

sis results suggest improved critical paths, for designs supporting such

individual operations.

1.3 Dissertation Overview

The further discussion in this dissertation is organized as follows:

In Chapter 2 titled “Arithmetic Unit for collapsed SAD and Multiplication

operations (AUSM)”, we present a configurable unit that collapses various
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multi-operand addition related operations into a single array. Specifically

we consider multiplication and sum of absolute differences and propose

an array of processing elements capable of performing the aforementioned

operations for unsigned, signed magnitude, and two’s complement represen-

tations. The proposed array is divided into common and controlled logic

blocks intended to be reconfigured dynamically. The proposed unit was

constructed around three main operational fields, which are fed with the

necessary data products or SAD addition terms in order to perform the desired

operation. It is estimated that 66.6 % of the (3:2)counter array is shared by

the operations providing an opportunity to reduce the reconfiguration times.

The synthesis result for a FPGA device, of the new structure, is compared

against other multiplier organizations. The obtained results indicate that the

proposed unit is capable of processing 16 bit multiplication in 23.9 ns, and

that an 8 input SAD can be computed in 29.8 ns when targeting Virtex II

Pro-6 FPGA technology. Even though the proposed structure incorporates

more operations, the additional delay when compared to conventional struc-

tures is negligible (in the order of 1% compared to Baugh&Wooley multiplier).

In Chapter 3 titled “AUSM extension”, we extend the functionality of the

array presented in the previous chapter, augmenting more functionalities and

preserving the original ones. A universal array unit is used for collapsing

eight multi-operand addition related operations into a single and common

(3:2)counter array. We consider for this unit multiplication in integer and

fractional representations, the sum of absolute differences in unsigned, signed

magnitude and two’s complement notations. Furthermore, the unit also incor-

porates a multiply-accumulation unit for two’s complement representation.

The proposed multiple operation unit was constructed around 10 element

arrays that can be reduced using well known counter techniques, which are

feed with the necessary data to perform the proposed eight operations. It

is estimated that 6/8 of the basic (3:2)counter array is re-used by different

operations. The obtained results of the presented unit indicate that it is capable

of processing a 4×4 SAD macro-block in 36.35 ns and it takes 30.43 ns to

process the rest of the operations using a VIRTEX II PRO xc2vp100-7 FPGA

device.

Chapter 4, titled “Fixed Point Dense and Sparse Matrix-Vector Multiply

Arithmetic Unit”, presents a reconfigurable hardware accelerator for process-

ing fixed-point-matrix-vector-multiply/add operations. The unit supports

dense and sparse matrices in several well known formats. The prototyped
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hardware unit accommodates 4 dense or sparse matrix inputs and performs

computations in a space parallel design achieving 4 multiplications and up

to 12 additions at 120 MHz over an xc2vp100-6 FPGA device, reaching a

throughput of 1.9 GOPS. A total of 11 units can be integrated in the same

FPGA chip, achieving a peak performance of 21 GOPS.

Chapter 5, titled “Arithmetic unit for Universal Addition”, presents an

adder/subtracter arithmetic unit that combines Binary and Binary Code Deci-

mal (BCD) operations. The proposed unit uses effective addition/subtraction

operations on unsigned, sign-magnitude, and various complement representa-

tions. Our design overcomes the limitations of previously reported approaches

that produce some of the results in complement representation when operating

on sign-magnitude numbers. When reconfigurable technology is considered,

a preliminary estimation indicates that 40 % of the hardware resources are

shared by the different operations. This makes the proposed unit highly

suitable for reconfigurable platforms with partial reconfiguration support.

The proposed design, together with some classical adder organizations, were

compared after synthesis targeting 4vfx60ff672-12 Xilinx Virtex 4 FPGA. Our

design achieves a throughput of 82.6 MOPS with almost equivalent area-time

product when compared to the other proposals.

In Chapter 6, titled “Address Generator for Arithmetic Units with multiple

complex operations”, we describe an efficient data fetch circuitry for retriev-

ing several operands from an 8-bank interleaved memory system in a single

machine cycle. The proposed address generation (AGEN) unit operates with

a modified version of the low-order-interleaved memory access approach.

Our design supports data structures with arbitrary lengths and different (odd)

strides. A detailed discussion of the 32-bit AGEN design aimed at multiple-

operand functional units is presented. The experimental results indicate that

our AGEN can produce 8 x 32-bit addresses every 6 ns for different stride

cases when implemented on VIRTEX-II PRO xc2vp30-7ff1696 FPGA device

using trivial hardware resources.

In Chapter 7, titled “Comparative Evaluations”, we present a comparison

of the proposed arithmetic accelerator units with related work, in terms of

occupied area and performance. We present the results of mapping a complete

vector-coprocessor micro-architecture for the SAD case; we compare the

results of software implementation on a GPP of a SAD routine, against the
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execution of the same routine over the SAD arithmetic accelerator unit.

In Chapter 8, titled “Conclusions”, we conclude the dissertation summarizing

our findings and we discuss the main contributions and suggestions for future

research directions.

In Appendix A, we provide a brief overview of the most popular reconfigurable

architectures. It provides background for the results presented in Chapter 7.





Chapter 2

Arithmetic Unit for collapsed

SAD and Multiplication

operations (AUSM)

M
ultimedia instruction set architectures (ISA) provide new demands

on multi-operand addition related operations. Furthermore, when

designing multimedia reconfigurable extensions [16, 41], special

attention has to be paid to dynamic reconfiguration of arithmetic units. It

is desirable that parts of hardware, common to several operations, can be

configured in advance where the “differences”, rather than the entire unit,

are adapted for reconfiguration. This motivates us to address the design

problems of universal arithmetic units that perform multiple operations

reusing common hardware blocks for different number representations. An

Arithmetic Unit for collapsed SAD and Multiplication operations (AUSM) is

proposed in this chapter. It reintroduces universal and collapsed units [42]

and addresses additional problems imposed by multi-operand operations that

require rectangular arrays, e.g. SAD implementations [43–46]. We consider

an arithmetic accelerator supporting multiple number integer representations.

Moreover, we assume unsigned, signed magnitude and two’s complement

number notations into a single collapsed multiplier/SAD design.

This chapter is organized as follows. Section 2.1 presents the background for

the proposed reconfigurable unit. Section 2.2 outlines the AUSM organization.

Section 2.3 presents the experimental results of the mapped unit, as well as a

comparison with other well know multiplier organizations in terms of used

11
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area and delay. Finally, Section 2.4 ends with the conclusions.

2.1 Unit Collapsing Example

Single bit addition is typically implemented by a circuit called Full Adder (FA),

also referred to as (3:2)counter in this thesis. Full adders are used as build-

ing blocks to implement a variety of more complex addition-based arithmetic

functions. One basic structure for multi-bit addition is the Ripple Carry Adder

(RCA) depicted in Figure 2.1. Considering the delay of one FA as the basic

delay unit, an n-bit RCA will have n-FA delays or a latency of Θ(n) imposed

by the carry propagation chain. The Carry Propagation Adder (CPA) latency

problem has been addressed in several designs (see e.g. [47–49]). Neverthe-

less, the carry circuit on CPA, still imposes the main performance bottleneck

in simple two operand addition operations.
0 0

in

0

1 1

1

n-1 n-1

n-1

01
Cout n-1

2 2

2

2

FA

(3:2)counter

FA

(3:2)counter

FA

(3:2)counter

         FA

(3:2)counter

Figure 2.1: Ripple Carry Adder (RCA)

The above adder is not efficient for multiple operand additions. Applications

that require addition of more than two operands can benefit from counter-based

schemes used to reduce the total latency. The latency cost of adding n operands

is reduced to (n−2) (3:2)counters delays plus one CPA delay for a multiplica-

tion operation. Figure 2.2 presents an example of a fixed point multiplication

unit based on a (3:2)counter scheme (carry-save adder structure).

(3:2)counter (3:2)counter (3:2)counter (3:2)counter

(3:2)counter(3:2)counter(3:2)counter

S(j+1)(i+2)

C(j+1)(i+4)

(3:2)counter (3:2)counter

(3:2)counter
CI3(j)(i)

S(j+4)(i)

S(j+3)(i+3)

C(j+3)(i+3)

S(j+1)(i+3)

C(j+1)(i+3)

C(j+1)(i+2)

S(j+1)(i+1)

C(j+1)(i+1)

S(j+1)(i)

S(j+2)(i+1)S(j+2)(i+2)

C(j+2)(i+2)

S(j+2)(i+3)

C(j+2)(i+3)

C(j+2)(i+4)

C(j+3)(i+4)

1 3

013

(3:2)counter

(3:2)counter

(3:2)counter (3:2)counter

(3:2)counter (3:2)counter

(3:2)counter

5

(3:2)counter

(3:2)counter

(3:2)counter

(3:2)counter

Sign Sign Sign
‘0’

‘0’‘0’‘0’‘0’‘0’

Sign

Sign

Sign

(3:2)counter

0 4

1 2

0 3

1 1

0 2

1 0

0 1

0 0

2 02 12 22 3

3 1 3 03 23 3

CPA

Figure 2.2: Basic array multiplier unit
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The group of (3:2)counters presented in dark shaded rectangles in Figure 2.2

are used for unsigned numbers. When two’s complement representation is

considered, extra hardware is required for sign extension. These are the light

shaded rectangles ((3:2)counters) in the leftmost part of Figure 2.2. An exam-

ple of two’s complement multiplication of the numbers -1 and -7 is presented

in Figure 2.3. The additional (3:2)counters required to add the (Sign), neces-

sary operation when consider sign extended multiplication schemes [50] are

shown separately at the left.

(3:2)Counter (3:2)Counter (3:2)Counter (3:2)Counter

(3:2)Counter(3:2)Counter(3:2)Counter(3:2)Counter

CI1(j)(i)

S(j+1)(i+2)C(j+1)(i+4)

N3(i)

(3:2)Counter (3:2)Counter (3:2)Counter (3:2)Counter

(3:2)Counter(3:2)Counter(3:2)Counter(3:2)Counter

N4(i)N4(i+1)

N5(i)N5(i+2) N5(i+1)

CI2(j)(i)

CI3(j)(i)

S(j+3)(i)S(j+3)(i+1)

C(j+3)(i+1)

C(j+4)(i+1)

C(j+3)(i+2)

C(j+4)(i+2)

S(j+3)(i+2)S(j+3)(i+3)

C(j+3)(i+3)

S(j+1)(i+3)

C(j+1)(i+3)
C(j+1)(i+2)

S(j+1)(i+1)

C(j+1)(i+1)

S(j+1)(i)
CI(j)(i)

S(j+2)(i)S(j+2)(i+1)

C(j+2)(i+1

)

S(j+2)(i+2)

C(j+2)(i+2)
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(3:2)Counter
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1

1
1

(3:2)Counter

‘0’ ‘0’ ‘0’
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(3:2)Counter

‘0'

1

1 1

1

1

1

Figure 2.3: Two’s complement sign extension scheme and example

Sum of absolute differences: The basic structure presented in the Figure 2.2

can be used to accelerate the processing of multiple-operand additions. An

example of such operation, widely used in multimedia motion estimation,

is the Sum of Absolute Differences (SAD). Motion estimation techniques

divide the image frame in macro-blocks of size n ∗ n picture elements (pels).

The algorithm establishes if there is a difference between two image blocks

using the SAD operation. This is established by computing the absolute

value differences between two picture elements of the reference frame and

the current-search frame [46]. Commonly the sum of absolute differences is

computed for the entire block performing the following operations: 1) find the

largest, 2) find the smallest, 3) perform the subtraction, always subtracting a

small value from the largest one (absolute difference) and 4) accumulate the

results. The SAD operation is formally represented as follows:

SAD(x, y, r, s) =
16
∑

j=1

16
∑

i=1

|A(x + i, y + j) − B((x + r) + i, (y + s) + j)| (2.1)

where, the tuple (x, y) represents the position of the current block and (r, s)
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denotes the displacement of B (pel of the search area), relative to the reference

block A. Given that SAD’s performance is critical, multimedia instruction sets

have incorporated dedicated SAD instructions, and numerous schemes have

been proposed to speed up the SAD operation [43,51–53]. In this dissertation,

we assume the scheme proposed in [46] because it separates the multi-operand

addition from the determination of which operand should be subtracted to

produce in parallel the sum of absolute values.

Notations: In this thesis the following notations are used to better define the
operations of Chapters 2, 3 and 4. The notation in Chapter 5 is different to the
definitions presented in this chapter, and similar to the sign-magnitude adder
described in [54].

• A[N ] - an N-element array (matrix).

• a16(j) - a 16-bit (row) element with position j in matrix A.

• a(j,i) - bit i in the j-th (row) element of matrix A.

In other words:

A[8] = A =













a16(7)
·
·
·

a16(0)













≡













a(7,15) a(7,0)

· ·
· ·
· ·

a(0,15) a(0,0)













Using the above notation, the SAD operation can be represented as:

SAD(A[N ], B[N ]) =

n−1
∑

j=0

|a16(j) − b16(j)| (2.2)

For the simplicity of the notations, hereafter we merge the two input matrices

into one larger matrix in the following way:

IN[2N ] = A[N ]

⋃

B[N ] =















a16(N − 1)
·
·
·
·
·

a16(0)















⋃















b16(N − 1)
·
·
·
·
·

b16(0)















=















a16(N − 1)
b16(N − 1)

·
·
·

a16(0)
b16(0)















=















in16(2N − 1)
in16(2N − 2)

·
·
·

in16(1)
in16(0)

















2.1. UNIT COLLAPSING EXAMPLE 15

SAD example: As an example, in Figure 2.4 (a) we depict the (3:2)counter
array structure for adding six numbers. Three of these numbers are represented
in one’s complement notation. Three Hot ones (‘1’) are added using the carry
in the first column of counters. This is necessary to perform a subtraction in
two’s complement representation. Figure 2.4 (b), presents the additional hard-
ware coupled with the main (3:2)counter array. This entitled “carry unit” is
used for a selective complementing (one’s complement) of the inputs. Fig-
ure 2.4(c) presents an example of the operations performed by the aforemen-
tioned hardware. In the example from Figure 2.4, we use decimal numbers and
illustrate the functionality of our implementation:

|in16(5) − in16(4)| + |in16(3) − in16(2)| + |in16(1) − in16(0)| =

|7 − 5| + |6 − 4| + |3 − 2| = 5

where: IN [6] = A[3]
⋃

B[3],

A[3] =





7
6
3



 ;B[3] =





5
4
2



 ⇒ IN [6] = [7, 5, 6, 4, 3, 2]
T
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Figure 2.4: SAD (3:2)counter array

From Figures 2.2 and 2.4 one can conclude that portions of the (3:2)counter ar-

ray can be reused to support two operations: the multiplication and the sum of

absolute differences. Figure 2.5 presents an example of a group of (3:2)coun-

ters into the colored frame, commonly used to support both, two’s complement

multiplication and SAD.
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(3:2)counter (3:2)counter (3:2)counter (3:2)counter

(3:2)counter(3:2)counter(3:2)counter

S(j+1)(i+2)

C(j+1)(i+4)

(3:2)counter (3:2)counter

(3:2)counter
CI3(j)(i)

S(j+4)(i)

S(j+3)(i+3)

C(j+3)(i+3)

S(j+1)(i+3)

C(j+1)(i+3)

C(j+1)(i+2)

S(j+1)(i+1)

C(j+1)(i+1)

S(j+1)(i)

S(j+2)(i+1)S(j+2)(i+2)

C(j+2)(i+2)

S(j+2)(i+3)

C(j+2)(i+3)

C(j+2)(i+4)

C(j+3)(i+4)

(3:2)counter

(3:2)counter

(3:2)counter (3:2)counter

(3:2)counter (3:2)counter

(3:2)counter(3:2)counter

(3:2)counter

(3:2)counter

(3:2)counter

‘0’‘0’
‘0’‘0’‘0’‘0’

(3:2)counter

CPA

Figure 2.5: Common basic array

The example presented in Figure 2.5 illustrates our collapsing approach of sev-

eral arithmetic operations (e.g. unsigned, signed magnitude and two’s comple-

ment multiplication and SAD) into one universal arithmetic unit. A group of

multiplexers enables the sharing of the (3:2)counter resources. The main pur-

pose of these logic elements is to determine the operands to be issued into the

array. Those elements are also used to enable or disable carry propagation.

Figure 2.6 illustrates the scheme for a (3:2)counter with two multiplexers at-

tached to enable the proposed functionalities. The multiplexer inputs a,b,..n in

MUXA are e.g. SAD input and partial product inputs. MUXB is used to

force a Cin equal to zero or one; also it is used to propagate the (3:2)counter

generated carry value

(3:2)Counter

(j,i)(j,i)

(j+1,i)(j+1,i+1)

Figure 2.6: Cell detail in Figure 2.5

The selector signals are generated by a control unit and are used to set up the

data path. Selector-1 in MUXA is used to choose one of the inputs (a,b,..n),

while the Selector-2 in MUXB forces a carry = ‘1’ (e.g. Hot one) for two’s

complement notations. Selector-2 is also used for disable the carry (‘0’) in

case of SAD processing and to enable the propagation of a generated carry in

multiplication operations (see details further).
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2.2 The AUSM Array Organization

We present an adaptable arithmetic unit that collapses various multi-operand

addition related operations into a single array. More precisely, we consider

multiplication and SAD, and propose an array of processing elements capable

of performing the aforementioned operations for unsigned, signed magni-

tude, and two’s complement representations. The main idea is to compute

several operations in parallel (SAD case), which increases substantially the

performance compared to related works that perform those operations in a

sequential processing way [55, 56]. In our case, we assume 16-bit integer

numbers for both the multiplication and SAD operations. With appropriate

considerations and without loss of generality, our approach can be extended

to any desired data width. The main approach of collapsing operations into

one unit was shown through examples in Section 2.1. As indicated earlier,

we consider three number representations, unsigned, signed magnitude and

two’s complement. We note that when considering the array, each symbol in

Figure 2.7 represents a (3:2)counter. It is actually an elaborated version of the

example from Figure 2.5. Note that the common part is further divided into

two triangular sections 2 and 3 on Figure 2.7.

01531

0

14

“1” (hot one) Required for two’s 

complement correction

Figure 2.7: The AUSM: a 16x16 integer multiplication and SAD operation.

In Figure 2.7, the AUSM array columns are enumerated from 0 to 31, it

has 0 to 14 rows, and the array is divided into three main sections detailed

further. The last row represent the carry propagating adder at the end of the
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(3:2)counter tree. Let the multiplier and the multiplicand be denoted by yn(0)
and xn(0):

yn(0) = y(0,n−1)y(0,n−2)...y(0,2)y(0,1)y(0,0)

xn(0) = x(0,n−1)x(0,n−2)...x(0,2)x(0,1)x(0,0)

Our 16-bit universal multiplier is constructed around a unit composed by the

following components:

a) Partial product (pp) 1 generation:

pp(j,i) = x(0,i) · y(0,j),

∀ : [x16(0) = x(0,15)...x(0,0)] and [y16(0) = y(0,15)...y(0,0)].

b) The partial product addition, based on a (3:2)counter organization, and

c) Final adder with carry propagation.

The first row in Figure 2.7, denoted by the black circles, receives the first

group of partial products of the multiplier (x(0,0)y(0,i) ∀ 1 ≤ i < 15) and

(x(0,1)y(0,i) ∀ 0 ≤ i < 14). The other 14 partial products are accommodated

in the remaining 14 rows of the array corresponding to sections 1 and 2. Sec-

tion 3 is used for sign extension in multiplication operations. In conjunction

with section 2, section 3 is also used by the SAD processing.

Multiplication in universal notations: The accommodation of different

multiplication operation types into the array is accomplished with changes in

the sign values for signed magnitude representations, and with sign extension

for two’s complement representations. In the sign-magnitude notation we

denote the Most Significant Bits (MSBs), which are the sign bits, as x(0,n−1)

and y(0,n−1). Table 2.1 presents in column 4 the three types of extensions

needed to properly perform multiplication for all unsigned, signed-magnitude

and two’s complement notations. Unsigned numbers and signed-magnitude

number are extended with zero, while two’s complement are extended with

the sign bit extension along the (3:2)counters of section 3 (see Figure 2.7).

Also, Table 2.1 indicates that in unsigned and two’s complement notations,

no changes are introduced in the Most Significant Bits (MSBs) for computing

1An “AND” gate is used for two bit multiplication. The multiplication of two n-bit numbers

e.g. x and y, will require n2 2-input “AND” gates. The partial products generated by the “AND”

are then added
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purposes as shown in columns 2 and 3. On the other hand, in signed-

magnitude numbers, MSB is forced to be zero (sign values = 0). At the end

of the operation, the final multiplication sign is corrected by replacing the

computed value with the result of the XOR operation between x(0,n−1) and

y(0,n−1) (e.g., x(0,n−1) ⊕ y(0,n−1)) as shown in column 5 of Table 2.1.

Table 2.1: Universal multiplier extensions - MSB use in addition operation

x(0,n−1) y(0,n−1) Extension Sign

(MSB of xn) (MSB of yn) (section 3) correction

Unsigned x(0,n−1) y(0,n−1) 0 N.A.

Signed 0 0 0 x(0,n−1) ⊕ y(0,n−1)

Magnitude (updated value)

Two’s x(0,n−1) y(0,n−1) Sign extension: N.A.

complement y16(0)· x(0,n−1)

Sum of absolute difference processing: The SAD calculation can be de-

composed into two logical steps. In order to perform a universal operation,

we need to produce a positive result2. To achieve such a goal, we proceed as

follows:

1. We note that SAD inputs are positive integers. The first step determines

which of the operands is greater, so that the smallest is subtracted in the

array to produce the absolute values at once. The logic required to per-

form this kind of functionality (comparison) is obtained from the carry

out (Cout) of the addition of one operand in(0,i) and the inverted operand

in(1,i) (see Figure 2.4(b)), where the subindex ‘0’ or ‘1’ represents input

0 and input 1 respectively and i indicates that the binary number has i

bits. Thus, the carry out indicates if in(0,i) or in(1,i) is the greatest and

is computed into the entitled “carry unit”. This is true because of the

following:

a: The sign bit for sign magnitude and two’s complement is 0, (inputs

to SAD are positive) thus they are equal.

b: For all the bits for the unsigned numbers and the magnitude of the

signed magnitude and two’s complement numbers; for the first

2Positive numbers and unsigned notation numbers have the same representation and can be

seen as positive numbers with an implicit 0 sign-bit.
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operand in(0,i) to be greater, then the second operand in(1,i) must

be that all most significant bits are equal (sign included, see a:,

this is to make equal length operands and to have the same carry

circuitry for all notations) and that there is a bit position x such

that the bit value of in(0,i) is 1 and in(1,i) is 0. The reason is the

following: if the bit position is x, then starting at position x and

ending at position 0, in(0,i) = 2x is the worst case (the rest of

the bit starting at x-1 are all 0) and in(1,i) = 2x − 1 is the best

case (all remaining least significant bits are 1). Consequently,

when inverting in(1,i) all most significant bits starting from

x + 1 have opposite values for both in(0,i) and in(1,i) and at

the bit position x, in(0,x) = 1 and in(1,x) = 1, implying that at

position x a carry will be generated and it will be transmitted out,

consequently Carry-Out = 1. If in(1,i) is greater, then in(0,i) = 0

and in(1,i) = 1. Thus in(1,i) = 0 and a potential carry from the

least significant bit is killed. Also because the most significant

bits starting at position x + 1 have opposite values there is no

generated carry thus Carry-Out = 0. If in(0,i) and in(1,i) are equal

then the carry out is zero.

In summary, the absolute operation | in(0,i) − in(1,i) | can be sub-

stituted with in(0,i)− in(1,i) or in(1,i)− in(0,i), depending whether

in(0,i) or in(1,i) is the smallest and thus obtaining a positive result.

For this, one of the operands is one’s complemented and then the

carry out of the addition of both operands is computed, as stated

mathematically by the following equations:

in(0,i) + in(1,i) ≥ 2i − 1 (2.3)

therefore
in(1,i) > in(0,i) (2.4)

means checking whether the addition of the binary complement of

in(0,i) and the operand in(1,i) produces a carry out. The outcome

determines which is the smallest, depending on the existence or

not of the carry output as described in the example presented in

Figure 2.4(b) with the “carry unit”.

2. The second step creates the array for multi-operand additions using sec-

tion 2 and 3, corresponding to the (3:2)counters enumerated 16 to 31
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inclusive (see Figure 2.7). Sixteen operands are received in this array,

eight corresponding to the reference block and the other 8 come from

the block of the search area (SAD processing). Those operands are pre-

processed into a set of 8 carry units. For example in(0,i) and in(1,i)

enter the multi-operand addition tree of (3:2)counters after being com-

plemented selectively into a carry unit. In the same way, the other 14

inputs are preprocessed in pairs; those inputs are also selectively com-

plemented into the carry units before entering the multiple-operand ad-

dition tree. Therefore, the square array of (3:2)counters constructed with

sections 2 and 3, receive 16 inputs of 16 bits width each one, and process

concurrently the half-block of a 4×4 SAD operations. The following

matrix IN is used to represent the 16 inputs elements of 16-bits each for

SAD processing.

IN [16] =













in16(15)
·
·
·

in16(0)













≡













in(15,15) · · · in(15,0)

·
·

·
in(0,15) · · · in(0,0)













The array description: As indicated earlier, each block in Figure 2.7 is a

(3:2)counter. Figure 2.8 details the different kinds of logical blocks used in

our implementation. Some of those blocks utilize multiplexers denoted in the

figure as thick horizontal bars. The control signals SEL1 and SEL2 drive the

multiplexers to feed the (3:2)counters with correct data. SEL1 is a one-bit and

SEL2 is a two-bit multiplexer selection signal. A decoder, attached to any in-

struction for this unit, should consider the Table 2.2.

Table 2.2: Selector signal SEL1 and SEL2 - Multiplexer behavior

Selector signal Function

SEL1 ≡ 02 It is used to select the SAD operands.

SEL1 ≡ 12 Route partial products for multiplication operations.

SEL2 ≡ 002 It is used to select the SAD operands.

SEL2 ≡ 012 Route the data for unsigned multiplication operation.

SEL2 ≡ 102 Used to choose the signed-magnitude multiplication data.

SEL2 ≡ 012 Used to select the two’s complement values.

It has to be noticed that the empty circle presented in the first row of Figure 2.7

(first symbol in the upper right corner), represents the product x(0,0) ·y(0,0) that
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it is computed by an 2-input AND gate and does not contain any counter.

pp(1,i-1)    pp(0,i)   0

c(j+1,i+1)   s(j+1,i)

pp(j+1,i)  s(j,i)  c(j,i)

c(1,i+1)   s(1,i)

(a) (b)

(3:2)Counter (3:2)Counter

  in(j+3,0)  pp(j+1,15-j)

c(j+1,17)    s(j+1,16)

(c)

1  c(j,16) in(j+3,0) pp(j+1,15-j) 

(d)

0  c(j,16)

c(j,i+16)

(e)

s(j,i+16)

(3:2)Counter

in(j+3,i)

Counter(3:2)
(3:2)Counter

(f)

in(1,i)  pp(i+1,15)  0  pp(0,15)

in(2,i)  0  pp(i+1,15)  pp(1,15)

in(3,i)  0  0  0 

(3:2)Counter

(g)

in(j+3,i)    0    0    pp(j+1,15)

  s(j,i+16)

 c(j,i+16)

c(j+1,i+17)    s(j+1,i+16)
c(1,i+17)    s(1,i+16)

c(j+1,i+17)    s(j+1,i+16)

(3:2)Counter(3:2)Counter

c(j+1,17)    s(j+1,16)

 s(j,16) s(j,16)

     pp(j+1,15-j+i) 
*

*

* :   PC is complemented in the last row; and Cin = 1 in the CPA for a negative two’s complement multiplier.

SEL1

SEL2

i1(j,i)

i1(j,i) i1(j,i)
i1(j,i)

i1(j,i)

i1(j,i)

i3(j,i)

i2(j,i)
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i3(j,i) i3(j,i)

i3(j,i)i3(j,i)

i3(j,i)
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i2(j,i)i2(j,i)i2(j,i)

i2(j,i) i2(j,i)SEL1 SEL1

SEL2

SEL2

SEL2

SEL2

SEL1

Figure 2.8: (3:2)counters of the AUSM array

Table 2.3 presents in the second column the operation supported by the differ-

ent type of logic blocks depicted in Figure 2.8. The third column presents the

number of (3:2)counters used in each block type.

Table 2.3: (3:2)counters used in the AUSM scheme

Counter type Operation Number of counters used

see Figure 2.8

(a) Multiplication 15

(b) Multiplication 105

(c) Multiplication and SAD 8

(d) Multiplication and SAD 6

(e) Multiplication and SAD 91

(f) Multiplication and SAD 16

(g) Multiplication and SAD 119

Finally, we describe the inputs for the blocks depicted in Figure 2.8. We con-

sider that the (3:2)counters have the followings three inputs i1(j,i), i2(j,i) and
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i3(j,i) and produce two outputs s(j,i) that correspond to the SUM, and c(j,i) for

the CARRY output; where those outputs are a function of their corresponding

inputs ([c(j,i), s(j,i)] = f [i1(j,i), i2(j,i), i3(j,i)]). A concise description of the

index ranges of the logic blocks elements presented in Figure 2.8, is shown

through the following pseudo-codes 3:

(a): for i = 1...15
i1(0,i) = pp(0,i),

i2(0,i) = pp(1,i−1),

i3(0,i) = 0
end

(b): for j = 1...14
n = j +1,

for i = n...15
i1(j,i) = pp(j+1,i),

i2(j,i) = s(j,i),

i3(j,i) = c(j,i);

end

end

(c): for j = 1...8
i1(j,16) = in(j+2,0) · (SEL1 ≡ 0) + pp(j+1,15−j) · (SEL1 ≡ 1),
i2(j,16) = s(j,16),

i3(j,16) = 1 · (SEL1 ≡ 0) + c(j,16) · (SEL1 ≡ 1)
end

(d): for j = 9...14
i1(j,16) = in(j+2,0) · (SEL1 ≡ 0) + pp(j+1,15−j) · (SEL1 ≡ 1),
i2(j,16) = s(j,16),

i3(j,16) = 0 · (SEL0 ≡ 0) + c(j,16) · (SEL0 ≡ 1)
end

(e): for j = 2...14
n = j-1;

for i = 1...n

i1(j,i+16) = in(j+2,0) · (SEL2 ≡ “00”) + pp(j+1,15−j+i) · (SEL2 ≡ “01”)+

pp(j+1,15−j+i) · (SEL2 ≡ “10”)+

pp(j+1,15−j+i) · (SEL2 ≡ “11”)

i2(j,i+16) = s(j,i+16),

i3(j,i+16) = 1 · (SEL2 ≡ “00”) + c(j,i+16) · (SEL2 ≡ “01”)
end

end

3by SEL1 ≡ 0, we denote an expression which is true when signal SEL1 has value 02, e.g.,

(SEL1 ≡ 02 = TRUE)
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(f): for i = 0...15

i1(0,i+16) = in(0,i) · (SEL2 ≡ “00”) + pp(i+1,15) · (SEL2 ≡ “01”)+

pp(0,15) · (SEL2 ≡ “11”)

i2(0,i+16) = in(1,i) · (SEL2 ≡ “00”) + pp(i+1,15) · (SEL2 ≡ “10”)

+ pp(1,15) · (SEL2 ≡ “11”)

i3(0,i+16) = in(2,i)

end

(g): for j = 1...14
for i = j...15
i1(j,i+16) = in(j+2,i)·(SEL2 ≡ “00”)+pp(j+1,15)·(SEL2 ≡ “11”),
i2(j,i+16) = s(j,i+16),

i3(j,i+16) = c(j,i+16);

end

end

The following must also be considered to ensure correct results when two’s

complement representation is used: pp(15,i) = pp(15,i) XOR pp(15,15) and

Cin = 0 XOR pp(15,15); this is necessary to produce “hot one” addition

effect needed for two’s complement correction.

2.3 Experimental Results

The AUSM including the carry unit were implemented using VHDL, syn-

thesized, functionally tested, and validated using the ISE 5.2 Xilinx environ-

ment [57] and Modelsim [58], for the VIRTEX II PRO FPGA device. The

unit’s features include the following:

• One 16 x 16 multiplier for operate with unsigned, signed-magnitude and

two’s complement representation as well as for receive 8-input pairs of

16-bits SAD operands in the same AUSM array;

• A latency of 23.9 ns for processing a 16 bit multiplication and 29.88

ns for processing 8-input pairs of SAD operands, for unsigned, signed

magnitude and two’s complement representations;

• It is estimated that 2/3 of the resources are shared by the multiplication

and SAD functionalities in universal representation. This sharing could

be of benefit when dynamically reconfiguring environments are consid-

ered, based on frames differences.
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Furthermore, a classic unsigned array multiplier and a Baugh and Wooley

(B&W) signed two’s complement multiplier [59] were implemented and syn-

thesized using the same tools for comparison reasons. For all implementations,

we use a ripple carry adder in the final stage. We have also implemented and

synthesized parallel additions and consider the fast carry support of the Xil-

inx Virtex II PRO technology. Table 2.4 summarizes the performance of these

structures.

Table 2.4: AUSM and other multiplication units.

- Latency -

Unit Logic Wire Total

Unsigned M. [50] ‡ 14.589 ns 14.639 ns 29.282 ns

49.8% 50.2% 100%

Baugh Wooley [59] ‡ 15.555 ns 15.826 ns 31.381 ns

49.6% 50.4% 100%

our proposal ‡ 15.877 ns 15.741 ns 31.618 ns

(LUT based) 50.2% 49.8% 100%

our proposal § 16.112 ns 13.603 ns 29,715 ns

with CLA 54.2% 45.8% 100%

our proposal 14.311 ns 9.568 ns 23.879 ns

(RCA-Xilinx based unit) 59.9% 40.1% 100%

Carry Unit 2.576 ns 3.338 ns 5.914 ns

(into the RCA-Xilinx based unit) 43.6 % 56.4 % 100 %

‡ : RCA as a final adder; LUT based implementation

§ CLA: Carry Lookahead Adder as final adder; LUT implementation

It can be noticed that the proposed array incorporates additional logic and

it is expected to perform somehow slower than the other multiplier units. It

is observed that both, our proposal and Baugh&Wooley’s proposal for two’s

complement numbers, are a bit slower than the classic unsigned multiplier.

There are negligible differences in timing between our AUSM proposal and

the Baugh&Wooley’s two’s complement multiplier.

The time delay introduced by the multiplexers used to feed the (3:2)counters

in order to perform the four operations has a constant delay for all blocks of

the array; therefore, from the obtained results it is evident that the routing

delay is still significant in reconfigurable devices. Additionally, regarding the

carry unit required for SAD, it is observed that 5.914 ns are needed for the
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processing of the carry-out and the inversion through the XOR gates. The

latency presented in Table 2.4 for the carry unit, corresponds to the latency of

our proposal constructed with the support of the RCA with the use of the hard

IPs of Virtex II PRO devices (RCA-Xilinx) [60].

As expected, concerning the silicon used by the proposed unit when com-

pared with the other structures, the added functionalities require some extra

resources as depicted on Table 2.5.

Table 2.5: AUSM and other multiplication units

- Hardware Use -
Unit # Slices # LUTs # IOBs

Unsigned M. [50] ‡ 300 524 64

Baugh & Wooley [59] ‡ 330 574 65

our proposal ‡ 686 1198 322

(LUT based)

our proposal § 711 1244 322

with CLA

our proposal 658 1170 322

RCA-Xilinx based unit

Carry Unit 8 16 32

(into the RCA-Xilinx based unit)

‡: RCA as a final adder; LUT based implementation

§ CLA: Carry Lookahead Adder as final adder; LUT implementation

The carry unit used in SAD operations consumes a considerable hardware

for routing the correct operands into the universal array suggested by Table

2.5. The 16 data entries consume 128 slices, 8 slices per unit. This amount

of hardware represents an 18 % of the slices used in the proposed unit. In

spite of that, this constitutes only 1 % of the VIRTEX II PRO resources device.

When reconfigurable platforms with partially reconfiguration support are con-

sidered, it is of interest to set only the differences rather than configure at once

the entire structure. For example, pre-configure the basic array of (3:2)coun-

ters and then modify the necessary elements to transform the array into a mul-

tiplier or a SAD unit, e.g., introduce XOR gates for complement conditionally

the data or introduce some bypass multiplexors. Our calculations indicate that

66.6 % of the basic array are shared by the supported operations. Indeed we
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have a multiplexer, which changes the functionality of the unit into one of

the collapsed operations. This makes the unit reprogramable and suitable for

ASIC implementation as the minimum hardware complexity for a set of op-

erations. Furthermore, considering contemporary reconfigurable technologies,

with partial configuration capabilities, our proposal can be more efficient both

in hardware utilization and in performance. This can be achieved as follows:

1) initially configure the FPGA only with the common functionality of the

collapsed unit and 2) later during run time, partially reconfigure, to adapt the

basic unit towards a particular operation, minimizing with this the total con-

figuration time and FPGA utilization. We estimated using partial reconfigura-

tion [61] that the reconfiguration frames difference between the functionalities

proposed could be around 50 %, improving in this way the latency required

over complete reconfigurations.

2.4 Conclusions

In this chapter, a detailed description of our universal unit for the processing

of the sum of absolute differences and a multiplier operating with unsigned,

signed magnitude and two’s complement representation has been presented.

A brief analysis of the time cost associated to the implementation indicates

that the proposed approach regardless of the additional function reveals a

similar performance in terms of time delay when compared with a single two’s

complement multiplication schemes.

The proposed unit is capable to process an 8-pair-input SAD operation in 29.8

ns; and takes 23.9 ns for a 16-bit multiplication when targeting Virtex II Pro-6

FPGA technology. When our AUSM scheme is compared to multiplication

units for two’s complement notation (Baugh & Wooley ), we observed that

it incurs in negligible extra delays, but performing additional functionalities

such as: SAD and multiplication for unsigned, two’s complement and sign

magnitude integer numbers. Our experimental results suggest that instead of

reconfiguring the complete unit into the FPGA device (e.g. a multiplier or

a SAD), we only need 50 % of the configuration stream data of the original

one, when we want to migrate from an instantiated multiplier to the SAD unit

(partial reconfiguration). In this way, the set up time for adaptation between

different units such as a multiplication unit and an 8-pair-input SAD unit can

be reduced.





Chapter 3

AUSM extension

A
n arithmetic unit that collapses multiplication and Sum of Absolute

Differences (SAD) was introduced in the previous chapter. In this

chapter this unit is extended to support additional functionality. The

new structure has rectangular shape and contains one additional (3:2)counter

row right above the CPA (the last row) of the original AUSM structure. The

rectangular array is used for collapsing the eight multi-operand addition re-

lated operations. For this unit, we consider multiplication in integer and frac-

tional notations; the sum of absolute differences in unsigned, signed magni-

tude and two’s complement notations. Furthermore, our proposal incorporates

additional functionality in the Multiply-Accumulation (MAC) mode for two’s

complement representation. The extended AUSM scheme proposed in this

chapter can be implemented in an ASIC as a run time parametrizable unit,

or synthesized and mapped on reconfigurable technology. It is estimated that

6/8 of the basic (3:2)counter arrays in our design are re-used by the different

operations supported. The obtained results on the presented unit indicate that

it is capable of processing a 4×4 SAD macro-block in 36.35 ns and it takes

30.43 ns to process the remaining of the operations using a VIRTEX II PRO

xc2vp100-7 FPGA device.

This chapter is organized as follows. Section 3.1 describes the proposed

AUSM extension. Section 3.2 presents the mathematical equations supporting

the proposed functionalities. Section 3.3 outlines the experimental results on

the mapped unit, as well as other comparison units in terms of area utilization

and delay. Finally, the chapter is concluded with Section 3.4.

29
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3.1 The AUSM Extension: a Multiple-Addition Array

This section begins by presenting a brief background of the SAD operation

that was widely discussed in the previous chapter. Further, an explanation

of the AUSM extension is presented. Finally, a complete description of the

equations’ set for the construction of the proposed arithmetic accelerator unit

is given.

3.1.1 Previous Work

Equation (3.1) is used for the motion estimation between two blocks.

SAD(x, y, r, s) =

16
∑

j=1

16
∑

i=1

|A(x + i, y + j) − B((x + r) + i, (y + s) + j)| (3.1)

where, the duple (x, y) represents the position of the current block, and the

pair (r, s) denotes the displacement of B, relative to reference block A. Several

methods have been proposed for speeding up the SAD kernel, e.g. the work

presented in [44–46]. Those proposals use several Processing Elements (PE)

such as: a set of subtractors and accumulation circuits to perform the SAD

operation. The data is distributed over subtracter units and the result of this

operation is issued into a regular accumulator circuits (with local feedback).

Thus, each accumulator is in charge of iteratively adding the subtraction results

of each pair of SAD terms. On the other hand, the proposal presented in this

chapter follows the approach used in Chapter 2: we process several elements

in parallel. The processing requires that SAD input terms received by the

multiple operation array, in this case the extended AUSM, have to be ordered

and complemented selectively before computation. The rectangular shape of

the AUSM extension schemes allows the processing of 16 input pairs of SAD,

a 4×4 macroblock, doubling the processing capacity achieved in the previous

chapter. Additionally, the new organization allows the creation of a dedicated

multiplication unit for fractional representation. Furthermore, an extra row

(row 15) of (3:2)counters is augmented to the AUSM array. This extra row

of counters enables an extra operand addition, functionality necessary for the

setup of the multiplication and accumulation operation. This approach follows

previous schemes such as the work presented in [62].
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3.1.2 Array Sectioning

The extended AUSM unit is constructed around a rectangular array of

(3:2)counters. The general idea is illustrated in Figure 3.1. A set of

(3:2)counters presented in grey in Figure 3.1(b) is added to the basic AUSM

array depicted in Figure 3.1(a), augmenting its processing capabilities while

preserving the original AUSM functionality.

01531

0

14

0
0

31 15

14

16

Figure 3.1: Multiple operation units: a) AUSM array b) AUSM extended array

The proposed new rectangular array consist of ten operational sections

presented in Figure 3.2.

1

9

W(31) W(30)  ... 10   …            W(1)  W(0)

5

2 3 6 7

4 8

Left Side Right Side

OUT

 INA INB

SEL3
(3-bit

multiplexers

control signal )

32

256 256

Figure 3.2: The AUSM extension array scheme

Depending on the particular operation, the inputs INA and INB accommo-

date input operands described in Table 3.1.
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Table 3.1: Input and output of the AUSM extension array

Operation Operand Operand Result

INA INB OUT

Unsigned x16(0) y16(0) p32(0)

integer multiplication (16-bit integer) (16-bit integer) (32-bit integer)

Sign-magnitude x16(0) y16(0) p32(0)

integer multiplication (16-bit integer) (16-bit integer) (32-bit integer)

Two’s complement x16(0) y16(0) p32(0)

integer multiplication (16-bit integer) (16-bit integer) (32-bit integer)

Two’s complement x16(0) y16(0)

integer MAC (16-bit integer) 16-bit integer

w16(0) w16(0) mac32(0)

(16-bit integer) (16-bit integer) (32-bit integer)

Unsigned fractional a16(0) b16(0) p32(0)

multiplication (16-bit fractional) (16-bit fractional) (32-bit fractional)

Sign-magnitude a16(0) b16(0) p32(0)

fractional multiplication (16-bit fractional) (16-bit fractional) (32-bit fractional)

Two’s complement a16(0) b16(0) p32(0)

fractional multiplication (16-bit fractional) (16-bit fractional) (32-bit fractional)

SAD INA[16] INB[16]
∑8

i=1 |ina16(i) − ina16(i + 1)|

two interleaved two interleaved

input 2×4 input 2×4
∑8

i=1 |inb16(i) − inb16(i + 1)|

blocks of blocks of

16-bit integers 16-bit integers two 16-bit integers
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Sections use

The 10 different sections of our extended AUSM array are used to set up the

following functionalities:

• For integer multiplication, sections 5, 6, 3 and 4 are used to add the par-

tial products. Additionally, section 9 is used to add the last partial prod-

ucts of the operation. Two’s complement multiplications are processed

with sign extension in sections 1 and 2. The same sections are used for

the introduction of zero values, necessary to achieve the universal mul-

tiplication characteristics. Approach that is similar to the one used into

the AUSM scheme presented in Chapter 2.

• Fractional multiplication operations are achieved through sections 1, 3,

6 and 8. Additionally, sections 2 and 4 are employed for adding the sign

extensions for two’s complement fractional representations. Section 2

and 4 are also used to add zeros for sign-magnitude processing.

• SAD processing is carried out into the left and right side of the AUSM

extended array (see Figure 3.2). Sections 1, 2, 3 and 4 are used to set up

the functionality proposed in the AUSM scheme. Sections 5, 6, 7 and

8 process one additional group of 8-SAD inputs. Thus, the computing

capability is doubled. The 32 SAD terms required by the unit are

represented through the matrix IN [32]:

IN [32] =













in16(32)
·
·
·

in16(1)













≡













in(32,15) · · · in(32,0)

·
·

·
in(1,15) · · · in(1,0)













• Finally, an extra row of (3:2)counters is used for the addition of the 32-

bit w32(0) operand. Section 10 provides the capability for processing

MAC operations.

3.1.3 Array Organization

As mentioned before, the integer multiplication with universal characteristics

is carried out in the AUSM extended scheme in a similar way as in the AUSM

proposal presented in Chapter 2. The rectangular organization of the extended

AUSM scheme allows the collapsing of two SAD units (similar to the one

described in Section 2.1). Each SAD unit operates over a rectangular shape,
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performing the operations described in Figure 2.4 (see Chapter 2). In the

left side of the AUSM extension scheme depicted in Figure 3.2 the first SAD

unit is instantiated. The right side is used to build the additional SAD unit.

The multiplication of two fractional numbers resembles the multiplication

of two integer numbers. Figure 3.3(a) and (b) illustrates an example of

multiplication of two unsigned fractional numbers (9/16) and (5/16) with

the (3:2)counter array and the operation performed by the aforementioned

hardware. The proposed organization depicted in Figure 3.3 is an example of

the large scale array instantiated into the AUSM extended scheme. The middle

diagonal shape denoted with the highlighted (3:2)counters in Figure 3.3

performs fractional multiplication in our design. This unit is then collapsed

into the rectangular array presented in Figure 3.2; specifically, the fractional

multiplication array is composed of sections 1, 2, 3, 4, 6 and 8.
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Figure 3.3: Fractional multiplication example.

The AUSM extension receives the integer multiplicand x16(0) and the integer

multiplier y16(0), both represented in 16-bits. The augmented AUSM scheme

receives also the fractional-numbers1 a16(0) and b16(0); where the fractional

1in terms of binary numbers, each magnitude bit represents a power of two, while each frac-

tional bit represents an inverse power of two. e.g. 5
16

= 0.0101 = 0x2−1+1x2−2+0x2−3+1x2−4
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multiplicand a16(0) and the fractional multiplier b16(0) (also in 16 bits). A

fractional fixed point binary number is defined as a number in the interval

-1,1 expressed in a fixed number of bits. An N-bit fractional number can be

expressed sign-magnitude (FSM ) and two’s complement (FCT ) notations

as follows:

FSMN : bSM = (−1)bo
∑N−1

j=1 bi2
−i (signed magnitude)

FTCN : bTC = −bo +
∑N−1

j=1 bi2
−i (two’s complement)

The processing of both, integer and fractional numbers require the partial

product generation. AUSM extended scheme use z(j,i) and f(j,i) to represent

the partial products of integer and fractional numbers respectively as stated by

the following pseudo-code:

for 0 ≤ j ≤ 15
for 0 ≤ i ≤ 15

z(j,i) = x(0,i) · y(0,j)

f(j,i) = a(0,i) · b(0,j)

end

end

The (3:2)counter organization as presented in Figure 2.6 in Chapter 2, is also

used in the extended AUSM scheme. Figure 3.4 presents the basic organization

of the (3:2)counter pattern replicated in all sections of the array. The figure

presents a group of (3:2)counters with inputs i1(j,i), i2(j,i) and i3(j,i) and two

outputs s(j,i) and c(j,i). In this array, the input i1(j,i) receives the data through a

multiplexer used to select adequate data depending on the operation performed,

e.g., receive values such as: in(j,i) (addendum terms of SAD operation), or

partial products terms such as f(j,i) and z(j,i). The inputs i2(j,i) and i3(j,i)

receive the previous computed values of SUM and CARRY. In Figure 3.4, the

multiplexers are presented as thick bars. Signal SEL3, which is detailed in

the following section, is used for controlling the multiplexer, and for choosing

the appropriate data for the proposed operations. SEL3 configures in this way

the operation to be computed by the array.
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SEL3
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Figure 3.4: Detail organization into the AUSM extended array

Distribution of the processing terms: The multiplexer - SEL3 signal

A 8-to-1 multiplexer is used to route the data for the different proposed op-

erations. The control signal SEL3 drives these multiplexers and controls that

the (3:2)counter are fed with correct data. Multiplexer selector (SEL3) is a

signal with the same function as SEL1 and SEL2, presented and explained in

Chapter 2. In this case, SEL3 is a three-bit multiplexer selection signal. The

encoding scheme is presented in Table 3.2.

Table 3.2: Selector signal SEL3 - Multiplexer behavior

Selector signal Function

SEL3 ≡ 0002 It is used to select the SAD operands.

SEL3 ≡ 0012 Route partial products for unsigned multiplication operations.

SEL3 ≡ 0102 Choose the integer signed-magnitude multiplication data.

SEL3 ≡ 0112 It is used to select the integer two’s complement values.

SEL3 ≡ 1002 Choose the MAC operands (the partial products and the w(0,i) operand)

SEL3 ≡ 1012 It is used to select the unsigned fractional values for multiplication.

SEL3 ≡ 1102 Used to choose the signed magnitude fractional values.

SEL3 ≡ 1112 Used to select the fractional two’s complement values.

Table 3.3 summarizes the (3:2)counter input i1(j,i). The possible inputs in

each 10 main sections of the AUSM scheme are abbreviated in column one of

Table 3.3 as Sec. 1, Sec. 2 and so on. The data values for i1(j,i) are selected

using the 8-to-1 multiplexers with the use of control signal SEL3 for the differ-

ent functionalities as described above in Table 3.2. From Table 3.3 it is evident

that we process two’s complement numbers with sign extension. Signed mag-

nitude numbers are processed by the same hardware as positive numbers are.
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Their sign bits are forced to zero and the result is updated with the XOR of

multiplicand and multiplier signs like in the AUSM scheme.

Table 3.3: i1(j,i) inputs: The 8-to-1 multiplexer

SAD Unsigned Signed Two’s MAC Unsigned Signed Two’s

Integer Integer Integer Two’s Fractional Fractional Fractional

MUL MUL MUL MUL MUL MUL

0002 0012 0102 0112 1002 1012 1102 1112

Sec. 1 in(j,i) 0 0 z(j,15) z(j,15) f(j,i) f(j,i) f(j,i)

Sec. 2 in(j,i) 0 0 z(j,15) z(j,15) 0 0 f(j,15)

Sec. 3 in(j,i) z(j,i) z(j,i) z(j,i) z(j,i) f(j,i) f(j,i) f(j,i)

Sec. 4 in(j,i) 0 0 z(j,15) z(j,15) 0 0 f(j,15)

Sec. 5 in(j,i) z(j,i) z(j,i) z(j,i) z(j,i) 0 0 0

Sec. 6 in(j,i) z(j,i) z(j,i) z(j,i) z(j,i) f(j,i) f(j,i) f(j,i)

Sec. 7 in(j,i) 0 0 0 0 0 0 0

Sec. 8 in(j,i) 0 0 0 0 f(j,i) f(j,i) f(j,i)

Sec. 9 0 z(15,i) z(15,i) z(15,i) z(15,i) 0 0 0

Sec. 10 0 0 0 0 w(0,i) 0 0 0

Additionally, we notice that in the limit of both sides, left and right of the

counter array, the carry input i3(j,i) uses an additional multiplexer which is in

charge of propagating or inhibiting the carry out of the (3:2)counters of the

right side. Also this multiplexer is used to introduce a Hot One (HO) or a

zero. The HO is introduced when a two’s complement subtraction operation is

carried out in the SAD operations. Furthermore, we have to notice that the first

row of (3:2)counters of both sides, the left and the right, use three multiplexers

instead of one as described further (see the equations in section 3.2 for more

details).

3.2 The Array Construction - Equations Description

The multiple operation array is composed by 32 columns and 16 rows of

(3:2)counters, giving a total of 496 (3:2)counters. Figure 3.5 contains all the

details presented in the scheme depicted in Figure 3.2(a). The notation used

for representing (3:2)counters gives us information of the different kind of

data received by these core logic blocks. The first columns on each side of

the array, sections 3 and 7 in Figure 3.2(a) are used for introducing a Hot

One (columns 0 and 16 and rows 1 to 8 of Figure 3.5 are used for that). The
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rest of the column introduces zeros. These corrections are necessary for SAD

calculation because of the following property: A−B = A+B +1, that holds

true for two’s complement. Also we notice that column 16 inhibits the carry

propagation from the right side. It should also be noted that the last row of

this figure, denoted by “+” , represents the final stage CPA used to calculate

the final outcome values of the (3:2)counter array.

The remainder of this section describes in details the mathematical equations

used in the 10 sections of (3:2)counter array. We have detailed for all cases

the input i1(j,i) and also the other equations for inputs i2(j,i) and i3(j,i) when

the structure differs from the functionality presented in Figure 3.2(b). The

(3:2)counters produces two outputs s(j,i) that correspond to the SUM, and

c(j,i) for the CARRY output; where those outputs are a function of their

corresponding inputs ([c(j,i), s(j,i)] = f [i1(j,i), i2(j,i), i3(j,i)]).

051015202531

0

5

10

13

Figure 3.5: The AUSM extension - array organization

Consider the partial products z(j,i), f(j,i) and the SAD inputs (IN[32]), then

the functionality of each AUSM section is described analytically below:

Section 1, is denoted by the symbols �, �, >, ⊛ and ▽. This section is

used by the following operations: SAD, fractional multiplications in universal

notations, integer multiplication in two’s complement and MAC operations.

The exact behavior of the different inputs is as follows:
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� :

i1(0,16) = in(1,0) · (SEL3 ≡ “000”) + z(1,15) · (SEL3 ≡ “001”)+

z(1,15) · (SEL3 ≡ “010”) + z(1,15) · (SEL3 ≡ “011”)+

z(1,15) · (SEL3 ≡ “100”) + f(15,1) · (SEL3 ≡ “101”)+

f(15,1) · (SEL3 ≡ “110”) + f(15,1) · (SEL3 ≡ “111”)

i2(0,16) = in(2,0) · (SEL3 ≡ “000”) + z(0,15) · (SEL3 ≡ “011”)+

z(0,15) · (SEL3 ≡ “100”) + f(14,2) · (SEL3 ≡ “101”)+

f(14,2) · (SEL3 ≡ “110”) + f(14,2) · (SEL3 ≡ “111”)

i3(0,16) = in(3,0) · (SEL3 ≡ “000”)

� :

for i = 1...13

i1(0,i+16) = in(1,i) · (SEL3 ≡ “000”) + z(0,15) · (SEL3 ≡ “011”)+

z(0,15) · (SEL3 ≡ “100”) + f(15,i+1) · (SEL3 ≡ “101”)+

f(15,i+1) · (SEL3 ≡ “110”) + f(15,i+1) · (SEL3 ≡ “111”)

i2(0,i+16) = in(2,i) · (SEL3 ≡ “000”) + z(1,15) · (SEL3 ≡ “011”)+

z(1,15) · (SEL3 ≡ “100”) + f(14,i+2) · (SEL3 ≡ “101”)+

f(14,i+2) · (SEL3 ≡ “110”) + f(14,i+2) · (SEL3 ≡ “111”)

i3(0,i+16) = in(3,i) · (SEL3 ≡ “000”)

end

> :

i1(0,30) = in(1,14) · (SEL3 ≡ “000”) + z(1,15) · (SEL3 ≡ “011”)+

z(1,15) · (SEL3 ≡ “100”) + f(15,1) · (SEL3 ≡ “101”)+

f(15,1) · (SEL3 ≡ “110”) + f(15,1) · (SEL3 ≡ “111”)

i2(0,30) = in(2,14) · (SEL3 ≡ “000”) + z(0,15) · (SEL3 ≡ “011”)+

z(0,15) · (SEL3 ≡ “100”) + f(14,15) · (SEL3 ≡ “111”)

i3(0,30) = in(3,14) · (SEL3 ≡ “000”)

⊛ :

i1(0,31) = in(1,15) · (SEL3 ≡ “000”) + z(1,15) · (SEL3 ≡ “011”)+

z(1,15) · (SEL3 ≡ “100”) + f(15,1) · (SEL3 ≡ “111”)

i2(0,31) = in(2,15) · (SEL3 ≡ “000”) + z(0,15) · (SEL3 ≡ “011”)+

z(0,15) · (SEL3 ≡ “100”) + f(14,15) · (SEL3 ≡ “111”)

i3(0,31) = in(3,15) · (SEL3 ≡ “000”)
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▽ :

for j = 1...6

n = j + 1,

m = 13 - j,

for i = n...m

i1(j,i+16) = in(j+3,i) · (SEL3 ≡ “000”) + z(j+1,15) · (SEL3 ≡ “011”)+

z(j+1,15) · (SEL3 ≡ “100”) + f(14−j,i+3) · (SEL3 ≡ “101”)+

f(14−j,i+3) · (SEL3 ≡ “110”) + f(14−j,i+3) · (SEL3 ≡ “111”)

end

end

Section 2, is denoted by •. This section is active during the following

operations: SAD, integer and fractional multiplication in two’s complement

and MAC operations. Its precise behavior is as follows:

• :
for j = 1...6

n = 14 - j,

for i = n...15

i1(j,i+16) = in(j+3,i) · (SEL3 ≡ “000”) + z(j+1,15) · (SEL3 ≡ “011”)+

z(j+1,15) · (SEL3 ≡ “100”) + f(14−j,15) · (SEL3 ≡ “111”)

end

end

• :
for j = 7...13

n = j + 1,

for i = n...15

i1(j,i+16) = in(j+3,i) · (SEL3 ≡ “000”) + z(j+1,15) · (SEL3 ≡ “011”)+

z(j+1,15) · (SEL3 ≡ “100”) + f(14−j,15) · (SEL3 ≡ “111”)

end

end

Section 3, is denoted by the symbols ⊞, ⊟, and ©. This section is active

in all the operations: SAD, fractional and integer multiplication in universal

notations, and MAC operations. In more details, the behavior is:
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⊞ :
for i = 1...8

i1(j,16) = in(j+3,0) · (SEL3 ≡ “000”) + z(j+1,15−j) · (SEL3 ≡ “001”)+

z(j+1,15−j) · (SEL3 ≡ “010”) + z(j,16−j) · (SEL3 ≡ “011”)+

z(j,16−j) · (SEL3 ≡ “100”) + f(14−j,j+2) · (SEL3 ≡ “101”)+

f(14−j,j+2) · (SEL3 ≡ “110”) + f(14−j,j+2) · (SEL3 ≡ “111”)

i3(j,16) = 1 · (SEL3 ≡ “000”) + c(j−1,i+15) · (SEL3 ≡ “001”)+

c(j,i+16) · (SEL3 ≡ “010”) + c(j,i+16) · (SEL3 ≡ “011”)+

c(j,i+16) · (SEL3 ≡ “100”) + c(j,i+16) · (SEL3 ≡ “101”)+

c(j,i+16) · (SEL3 ≡ “110”) + c(j,i+16) · (SEL3 ≡ “111”)

end

⊟ :

for j = 9...13

i1(j,16) = in(j+3,0) · (SEL3 ≡ “000”) + z(j+1,15−j) · (SEL3 ≡ “001”)+

z(j+1,15−j) · (SEL3 ≡ “010”) + z(j,15−j) · (SEL3 ≡ “011”)+

z(j,15−j) · (SEL3 ≡ “100”) + f(14−j,j+2) · (SEL3 ≡ “101”)+

f(14−j,j+2) · (SEL3 ≡ “110”) + f(14−j,j+2) · (SEL3 ≡ “111”)

i3(j,16) = 1 · (SEL3 ≡ “000”) + c(j,i+16) · (SEL3 ≡ “001”)+

c(j,i+16) · (SEL3 ≡ “010”) + c(j,i+16) · (SEL3 ≡ “011”)+

c(j,i+16) · (SEL3 ≡ “100”) + c(j,i+16) · (SEL3 ≡ “101”)+

c(j,i+16) · (SEL3 ≡ “110”) + c(j,i+16) · (SEL3 ≡ “111”)

end

© :

for j = 1...6

m = j,

for i = 1...m

i1(j,i+16) = in(j+3,i) · (SEL3 ≡ “000”) + z(j+1,i+14) · (SEL3 ≡ “001”)+

z(j+1,i+14) · (SEL3 ≡ “010”) + z(j+1,i+14) · (SEL3 ≡ “011”)+

z(j+1,i+14) · (SEL3 ≡ “100”) + f(14−j,i+3) · (SEL3 ≡ “101”)+

f(14−j,i+3) · (SEL3 ≡ “110”) + f(14−j,i+3) · (SEL3 ≡ “111”)

end

end
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© :

for j = 7...12

m = 13 - j,

for i = 1...m

i1(j,i+16) = in(j+3,i) · (SEL3 ≡ “000”) + z(j+1,i+15−j) · (SEL3 ≡ “001”)+

z(j+1,i+15−j) · (SEL3 ≡ “010”) + z(j+1,i+15−j) · (SEL3 ≡ “011”)+

z(j+1,i+15−j) · (SEL3 ≡ “100”) + f(14−j,i+j+2) · (SEL3 ≡ “101”)+

f(14−j,i+j+2) · (SEL3 ≡ “110”) + f(14−j,i+j+2) · (SEL3 ≡ “111”)

end

end

Section 4, is denoted by ◭. This section is active during the following

operations: SAD, fractional and integer multiplication in two’s complement

and MAC operations. Its precise behavior is as follows:

◭ :
for j = 7...13

n = 14 - j,

m = j,

for i = n...m

i1(j,i+16) = in(j+3,i) · (SEL3 ≡ “000”) + z(j+1,15−j+i) · (SEL3 ≡ “001”)+

z(j+1,15−j+i) · (SEL3 ≡ “010”) + z(j+1,15−j+i) · (SEL3 ≡ “011”)+

z(j+16,15−j+i) · (SEL3 ≡ “100”) + f(14−j,15) · (SEL3 ≡ “111”)

end

end

Section 5, is denoted by the symbols ∤, �, ⊡, ⊙ and ▽. This section is active

during the following operations: SAD, integer multiplication in universal

notations and MAC operations. In more details, the behavior is:

∤ :

i1(0,0) = in(17,0) · (SEL3 ≡ “000”) + z(0,0) · (SEL3 ≡ “001”)+

z(0,0) · (SEL3 ≡ “010”) + z(0,0) · (SEL3 ≡ “011”)+

z(0,0) · (SEL3 ≡ “100”)

i2(0,0) = in(18,0) · (SEL3 ≡ “000”)

i3(0,0) = in(19,0) · (SEL3 ≡ “000”)
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� :

for i = 1...13

i1(0,i) = in(17,i) · (SEL3 ≡ “000”) + z(0,i) · (SEL3 ≡ “001”)+

z(0,i) · (SEL3 ≡ “010”) + z(0,i) · (SEL3 ≡ “011”)+

z(0,i) · (SEL3 ≡ “100”)

i2(0,i) = in(18,i) · (SEL3 ≡ “000”) + z(1,i−1) · (SEL3 ≡ “001”)+

z(1,i−1) · (SEL3 ≡ “010”) + z(1,i−1) · (SEL3 ≡ “011”)+

z(1,i−1) · (SEL3 ≡ “100”)

i3(0,i) = in(19,i) · (SEL3 ≡ “000”)

end

⊡ :

i1(0,14) = in(17,14) · (SEL3 ≡ “000”) + z(0,14) · (SEL3 ≡ “001”)+

z(0,14) · (SEL3 ≡ “010”) + z(0,14) · (SEL3 ≡ “011”)+

z(0,14) · (SEL3 ≡ “100”) + f(14,0) · (SEL3 ≡ “101”)+

f(14,0) · (SEL3 ≡ “110”) + f(14,0) · (SEL3 ≡ “111”)

i2(0,14) = in(18,14) · (SEL3 ≡ “000”) + z(1,13) · (SEL3 ≡ “001”)+

z(1,13) · (SEL3 ≡ “010”) + z(1,13) · (SEL3 ≡ “011”)+

z(1,13) · (SEL3 ≡ “100”)

i3(0,14) = in(19,14) · (SEL3 ≡ “000”)

⊙ :

i1(0,15) = in(17,15) · (SEL3 ≡ “000”) + z(0,15) · (SEL3 ≡ “001”)+

z(0,15) · (SEL3 ≡ “010”) + z(0,15) · (SEL3 ≡ “011”)+

z(0,15) · (SEL3 ≡ “100”) + f(15,0) · (SEL3 ≡ “101”)+

f(15,0) · (SEL3 ≡ “110”) + f(15,0) · (SEL3 ≡ “111”)

i2(0,15) = in(18,15) · (SEL3 ≡ “000”) + z(1,14) · (SEL3 ≡ “001”)+

z(1,14) · (SEL3 ≡ “010”) + z(1,14) · (SEL3 ≡ “011”)+

z(1,14) · (SEL3 ≡ “100”) + f(14,1) · (SEL3 ≡ “101”)+

f(14,1) · (SEL3 ≡ “110”) + f(14,1) · (SEL3 ≡ “111”)

i3(0,15) = in(19,15) · (SEL3 ≡ “000”) + HO · (SEL3 ≡ “011”)+

HO · (SEL3 ≡ “100”) + HO · (SEL3 ≡ “111”)

▽ :

for j = 1...6

n = j + 1,

m = 13 -j,

for i = n...m

i1(j,i+16) = in(j+19,i) · (SEL3 ≡ “000”) + z(j+1,i−j−1) · (SEL3 ≡ “001”)+

z(j+1,i−j−1) · (SEL3 ≡ “010”) + z(j+1,i−j−1) · (SEL3 ≡ “011”)+

z(j+1,i−j−1) · (SEL3 ≡ “100”)

end
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end

Section 6, is denoted by the symbol •. This section is active in all the oper-
ations: SAD, fractional and integer multiplication in universal notations and
MAC operations. Its precise behavior is as follows:
• :
for j = 1...6

n = 14 - j ,

for i = n...15

i1(j,i) = in(j+19,i) · (SEL3 ≡ “000”) + z(j+1,i−j−1) · (SEL3 ≡ “001”)+

z(j+1,i−j−1) · (SEL3 ≡ “010”) + z(j+1,i−j−1) · (SEL3 ≡ “011”)+

z(j+1,i−j−1) · (SEL3 ≡ “100”) + f(14−j,i−14+j) · (SEL3 ≡ “101”)+

f(14−j,i−14+j) · (SEL3 ≡ “110”) + f(14−j,i−14+j) · (SEL3 ≡ “111”)

end

end

• :
for j = 7...13

n = 15 -j,

for i = n...15

i1(j,i) = in(j+19,i) · (SEL3 ≡ “000”) + z(j + 1, i + j − 1) · (SEL3 ≡ “001”)+

z(j+1,i+j−1) · (SEL3 ≡ “010”) + z(j+1,i+j−1) · (SEL3 ≡ “011”)+

z(j+1,i+j−1) · (SEL3 ≡ “100”) + f(14−j,i−14+j) · (SEL3 ≡ “101”)+

f(14−j,i−14+j) · (SEL3 ≡ “110”) + f(14−j,i−14+j) · (SEL3 ≡ “111”)

end

end

Section 7, is denoted by the symbols ⊚, ⊲ and ♦. This section is active in
SAD operations. In more details, the behavior is:
⊚ :

for j = 1...8

i1(j,0) = in(j+19,0) · (SEL3 ≡ “000”)

i3(j,0) = 1 · (SEL3 ≡ “000”)

end
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⊲ :

for j = 9...13

i1(j,0) = in(j+19,0) · (SEL3 ≡ “000”)

i3(j,0) = 0

end

♦ :

for j = 1...7

m = j,

for i = 1...m

i1(j,i+16) = in(j+19,i) · (SEL3 ≡ “000”)

end

end

♦ :

for j = 8...12

m = 14 - j,

for i = 1...m

i1(j,i) = in(j+19,i) · (SEL3 ≡ “000”)

end

end

Section 8, is denoted by ⊳. This section is active in SAD and fractional

multiplication in universal notations. Its precise behavior is as follows:

⊳ :
for j = 9...13

n = 16 - j,

m = j-1,

for i = n...m

i1(j,i) = in(j+17,i) · (SEL3 ≡ “000”) + f(16−j,16−j−i) · (SEL3 ≡ “101”)+

f(16−j,16−j−i) · (SEL3 ≡ “110”) + f(16−j,16−j−i) · (SEL3 ≡ “111”)

end

end

Section 9, is denoted by ◮, △, ⊘, ⊗, N and ⊖. This section is active in integer

multiplication in universal notations and MAC operations. Its precise behavior

is as follows:
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◮ :

i1(14,0) = f(0,0) · (SEL3 ≡ “101”) + f(0,0) · (SEL3 ≡ “110”)+

f(0,0) · (SEL3 ≡ “111”)

△ :

for i = 1...14

i1(14,i) = f(0,i) · (SEL3 ≡ “101”) + f(0,i) · (SEL3 ≡ “110”)+

f(0,i) · (SEL3 ≡ “111”)

end

⊘ :

i1(14,15) = z(15,0) · (SEL3 ≡ “001”) + z(15,0) · (SEL3 ≡ “010”)+

z(15,0) · (SEL3 ≡ “011”) + z(15,0) · (SEL3 ≡ “100”)+

f(0,15) · (SEL3 ≡ “101”) + f(0,15) · (SEL3 ≡ “110”)+

f(0,15) · (SEL3 ≡ “111”)

⊗ :

i1(14,16) = z(15,1) · (SEL3 ≡ “001”) + z(15,1) · (SEL3 ≡ “010”)+

z(15,1) · (SEL3 ≡ “011”) + z(15,1) · (SEL3 ≡ “100”)+

f(0,15) · (SEL3 ≡ “101”) + f(0,15) · (SEL3 ≡ “110”)+

f(0,15) · (SEL3 ≡ “111”)

N :

for i = 1...14

i1(14,i+16) = z(15,i+1) · (SEL3 ≡ “001”) + z(15,i+1) · (SEL3 ≡ “010”)+

z(15,i+1) · (SEL3 ≡ “011”) + z(15,i+1) · (SEL3 ≡ “100”)+

f(0,15) · (SEL3 ≡ “111”)

end

⊖ :

i1(14,31) = z(15,15) · (SEL3 ≡ “011”) + z(15,15) · (SEL3 ≡ “100”)+

f(0,15) · (SEL3 ≡ “111”)

Section 10, is denoted by ×. This section is active in MAC operations. Its
behavior is as follows:

for i = 0...31

i1(15,i) = w(0, i) · (SEL3 ≡ “100”)

end
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3.3 Experimental Results and Analysis

The AUSM extension and the necessary control logic including the carry unit

has been implemented using VHDL. We have synthesized, functionally tested,

and validated with the ISE 5.2 Xilinx environment [57] and Modelsim [58]

respectively, for the VIRTEX II PRO xc2vp100-7ff1696 FPGA device. The

AUSM extended design has the following embedded units and features:

• A 16×16 bit multiplier for integer and fractional representations in uni-

versal notations;

• 4×4 SAD unit operating in universal notation, doubling the processing

capacity of the original AUSM;

• The Multiply-Accumulation (MAC) operation for two’s complement no-

tation.

The individual units such as: unsigned multiplier; signed magnitude mul-

tiplier; two’s complement multiplier; two rectangular SAD units (2 half

of the rectangular array); and MAC unit has been implemented in stand

alone units, without synthesizing the overhead logic of the whole collapsed

unit. Previously presented units like the AUSM [5] for integer numbers

and Baugh and Wooley (B&W) signed multiplier [59] are synthesized with

the same ISE toolchain in order to have fair comparison with our proposal.

Table 3.4 summarizes the performance in terms of delay for all structures we

investigated.

The additional logic introduced into the extended AUSM reduces the per-

formance of the multiply and SAD functionalities as reported in Table 3.4

with respect to the latencies achieved with the AUSM unit (see Table 2.4

in Chapter 2). Our proposal, compared with the embedded (collapsed)

presents an extra delay. It is around 12 % for a 16 bits MAC operand, and

up to 50 % for a 32 bits MAC compared to the previous single functionality

units such as Baugh-Wooley or a simple integer AUSM. This increased

latency diminishes to 27 % when the fast carry logic provided in the Xil-

inx FPGAs is used [60] in the final stage adder. The additional latency

introduced by the AUSM-extended scheme when it is compared with the

previous AUSM scheme is due to two main factors: the first relates to the

multiplexer used to provide the data into the input i1(j,i), which presents a

constant delay for all the logic blocks; the second is due to the additional

multiplexer introduced in the array to separate logically the right and left sides.
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Table 3.4: AUSM extension and related units

- Latency -

Unit Logic Delay (ns) Wire Delay (ns) Total Delay (ns)

SAD ‡ 13.184 12.006 25.191

Unsigned Multiplier ‡ 14.589 14.639 29.282

Two’s I ‡ 12.595 15.564 28.159

Two’s F ‡ 15.153 16.825 31.978

Baugh&Wooley ‡ 15.555 15.826 31.381

U-SAD-M ‡ 15.877 15.741 31.618

U-SAD-M † 14.311 9.568 23.879

MAC ‡ 15.062 19.064 34.662

Our Proposal-32 MAC ‡ 21.351 26.040 47.391

Our Proposal-16 MAC ‡ 16.521 19.065 35.586

Our Proposal-32 MAC † 15.311 15.127 30.438

Carry Unit 2.576 3.338 5.914

RCA final adder: ‡ : LUT based ; † : Based on Xilinx Fast Carry Logic. [60]

Instead of using a regular array, a Wallace tree [63] can be implemented in

order to accelerate the performance of the operations. By using Wallace trees,

the critical path is reduced from 16 CSA downto 6 CSA delays. This is an

improvement of 62 % in the total (3:2)counter array delay.

Concerning the silicon used by the extended AUSM scheme and the other

structures, depicted on Table 3.5, the hardware overhead of the presented unit

is considerable and is the price we pay for its multi-functional characteristic.

Nevertheless, if the eight units are implemented separately, we will need two

times the hardware resources. We should also consider that 6/8 of the ba-

sic logic block array is shared among the eight operations. Therefore, these

operations are good candidates for partial reconfiguration implementation, ex-

ploiting differences of the functional units.

3.4 Conclusions

We have presented an extended AUSM array organization. The proposed unit

can be implemented on a VLSI circuit as a programmable unit, and it can

also be used in a reconfigurable technology as a run-time reconfigurable unit.

The whole array is configured using multiplexers, which can be replaced by

fast connections on partially reconfigurable hardware. Several units such as:
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Table 3.5: AUSM extension and related units

- Hardware Use -
Unit # Slices # LUTs # IOBs

SAD † 242 421 272

Unsigned Multiplier ‡ 300 524 64

Two’s I ‡ 294 511 64

Two’s F ‡ 443 770 64

Baugh&Wooley ‡ 330 574 65

AUSM ‡ 686 1198 322

AUSM † 658 1170 322

MAC ‡ 358 622 96

Our Proposal ‡ 1373 2492 643

Our Proposal-16 MAC ‡ 1360 2465 643

Our Proposal † 1354 2458 643

Carry Unit 35 61 64

RCA final adder: ‡ : LUT based ; † : Based on Xilinx Fast Carry Logic [60].

multiplication in integer and fractional notations; the sum of absolute dif-

ferences in unsigned, signed magnitude and two’s complement notations, a

multiply-accumulation (MAC) unit for two’s complement representation and

Baugh&Wooley multiplier were coded and synthesized. Their performance

and complexity has been compared with our proposal. A brief analysis of the

obtained results in terms of used area and time delay suggests a maximum

working frequency of 27.5 MHz for the calculation of 4×4 SAD macro-block

and 32.85 MHz for MAC. The same delay was obtained for the other multi-

plier operations in a VIRTEX II PRO device using a 3% of the available slices

of the chosen FPGA.





Chapter 4

Fixed Point Dense and Sparse

Matrix-Vector Multiply

Arithmetic Unit

M
atrix multiplication/addition is an important operation in both

scientific and media applications (e.g. 3D graphics, realistic video

games). The main differences between the two domains are that

media applications typically use short, fixed point data formats, while in

scientific applications, floating-point data are considered. There are numerous

approaches for matrix hardware multiplication using systolic array structures

(see for example [64–68]). These approaches consider either sparse or dense

matrices computation, and mainly floating point operations [69–71]. In this

chapter, we consider typical media data formats and propose a fixed point

arithmetic unit for the collapsing of both sparse and dense computations. That

is, both dense and sparse matrix computations are performed using the same

unit. We introduce a simple numeric expression of this operation and we

collapsed the necessary hardware unit capable to process in parallel several

operations for the inner loop of a matrix-vector multiply operation. In this

chapter:

• We propose a single unit for 16-bit fixed-point data, incorporating 4 sub-

units. The design computes 4 multiplications and up to 12 additions,

operating upon dense and sparse matrix formats. Sparse matrix data are

compressed into small dense sub matrices;

51
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MULTIPLY ARITHMETIC UNIT

• We introduce a simple algorithm to schedule the incoming data into the

available resources. Our algorithm targets for maximum throughput and

allocates the data entries into:

– Four identical (16:2) reduction-trees1, planed to be used as four

embedded multiply units.

– Four different reduction trees: (12:2), (10:2), (8:2) and (6:2) used

for multiple-operand addition of the products and previous results

when those are available.

– Four (2:1) reduction units used to compute the outcomes of the

multi-operand compression trees.

• We propose a 4 stage pipelined architecture that can run on a Virtex

II PRO at 120 MHz reaching a throughput of 1.9 GOPS. Potentially,

our design can reach performance of 21 GOPS on a larger xc2vp100-

6 FPGA device, with 11 fixed-point dense and sparse matrix-vector-

multiply units.

The remainder of this chapter is organized as follows. Section 4.1 outlines

the sparse matrix compression formats we consider. Section 4.2 extensively

describes the proposed unit and presents the 4 stage pipeline design. Sec-

tion 4.3 describes the prototype and experimental results. Finally, the chapter

concludes with Section 4.4.

4.1 Background

Let us define an n × n matrix A[N ][N ] = [Ai,j ]i,j=0,1,...,n−1, a vector b[N ] =

[bi]i=0,1,...,n−1, and the result of the matrix by vector multiplication c[N ] =

[ci]i=0,1,...,n−1. Mathematically, the matrix by vector multiplication operation

is described as follows:

c = A × b (4.1)

with

ci =

n−1
∑

k=0

ai,kbk i = 0, 1, ..., n − 1 (4.2)

1Trees are very fast structures for summing partial products. In a tree, counters and compres-

sors are arranged in different parallel connections to accelerate the multiple operand addition.
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Numerous hardware mechanisms have been developed for efficient imple-

mentation of equation (4.2). Solutions include vector processors and SIMD

multimedia instructions to deal with linear arrays and vectors [67, 72, 73].

Different numbers of parallel units are used to compute the inner loop of the

equation (4.2), and in the case of sparse computations they are intended to

work with one of several sparse matrix vector formats [74,75]. In this chapter,

we consider three formats for sparse matrix representations described in detail

in the subsections to follow.

4.1.1 Sparse Matrix Compression Formats

We begin presenting the Compressed Row Storage as a good example of the

most popular format and describe two improved formats denoted as the Block

Based Compression Storage and the Hierarchical Sparse Matrix. The for-

mats are described with the help of Figure 4.1, which depicts a 32×32 matrix

A[N ][N ] with several nonzero elements represented by numbers or by an “x”.

The dense vector b and the resulting vector c are also illustrated. The partition-

ing of matrix A visualizes better the sparse formats we consider later in this

section.
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Figure 4.1: Sparse matrix representation
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The Compressed Row Storage (CRS)

Figure 4.2 illustrates the CRS representation of a small sparse matrix with 7

nonzero elements. In this format, the compression is achieved using a linear

array AN to store nonzero elements of matrix A in a row-wise way. A second

linear array AJ , is used to store the column index for each nonzero element

and a third one, AI , holds the indices of the first element of a row in AN (see

e.g. [68, 76, 77]).

Figure 4.2: Compressed Row Storage (CRS) format

The Block Based Compression Storage (BBCS)

In the BBCS format [68], the n × n A matrix is fractionated in ⌈n
s
⌉ Vertical

Blocks (VBs), where s corresponds to a processing section, as the 4 VBs

presented in Figure 4.1. Figure 4.3 presents the BBCS format for nonzero

values. The format enables us to process matrix A in sections Am for

m = 0, 1, 2, 3...⌈n
s
⌉ − 1; in the same way the vector b can be fractionated into

bm = [bms, bms+1, ..., bms+s−1], where s is again the split section. Therefore,

we are able to multiply each section Am with the correspondent bm section,

segmenting in this way the matrix processing.

                       Value  CP        EOR   ZR    EOB EOM

B

Figure 4.3: BBCS format

The fields presented in the BBCS format, and depicted in Figure 4.3, have the

following interpretation:

• Value: Specifies the nonzero element of matrix A in a B-bits word rep-

resentation when ZR = 0. When ZR = 1, this field denotes the number

of subsequent block rows without NZE.
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• Column Position (CP): Represents the column position for an element

of matrix A within a vertical block Am. For different blocks, the CP

value is j mod m, represented in C-bits.

• End-of-Row Flag (EOR): This bit is asserted when the current nonzero

value is the last element of the row, otherwise is zero.

• Zero-Row-Flag (ZR): Asserted when the current row has zero elements

only.

• End-of-block-Flag (EOB): Indicates the last non zero value of the

block.

• End-of-Matrix-Flag (EOM): Asserted when the particular nonzero el-

ement is the last one of the matrix.

Figure 4.4, presents an example of this format. We use a small sparse matrix

extracted from the lowest part of Vertical Block A2 depicted in Figure 4.1.

1 2 3 4 5 6

1

2

3

4

5

6

Figure 4.4: BBCS format example

The Hierarchical Sparse Matrix Format (HiSM)

In this hierarchical format, an M × N matrix A is partitioned in ⌈M
s
⌉ × ⌈N

s
⌉

squared sub-matrices. Figure 4.5 presents an example with 16 sub-matrices

with M = N = 32, and section size s = 8. The nonzero values in this

format, as well as the positional information combined, are stored in a row-

wise array in memory. The format uses two indexing levels; the first one points

to the square blocks (Level 1), which contains nonzero elements and the second
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indexes the nonzero elements into the squared blocks (Level 0), using column

and row representation [65].
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Figure 4.5: HiSM format example

A Common Hardware Structure for Processing Different Formats

Considering the aforementioned three compression formats, we propose a

common hardware unit capable to process all of them after a specific pre-

processing stage. The CRS can be translated into a BBCS representation with

the use of simple hardware which decrements by one the values in the CRS

AI index, converting in this way the pointer of the first element of a row into

a position associated with the EOR flag in the BBCS format.2 Furthermore,

the low level indexing in the HiSM (Level 0) can be modified (HiSM-M) to

present a similar format to the BBCS, constituting in this way a square section

version of the BBCS format. We denote the matrix A of such format by As×s,

where the exponent denotes a square matrix A ( s × s) of section size s. For

this purpose we have to add an EOR flag to HiSM format. Summarizing, we

propose a hardware which works with the nonzero elements, a column pointer

as well as an EOR flag for the processing of the considered formats. Table 4.1

2Special attention has to be paid to the first element of the array.
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presents in short our proposals. Column three identifies whether the particular

format require a column index. Column four, whether a row index is required,

and EOR - the type of end-of-row indication. In dense matrices and in HiSM-

M, EOR flag is implicit, in BBCS- it is explicit, while CRC has to be extracted.

Table 4.1: Comparison of matrix-vector formats

Format Value Column Index Row Index EOR

Dense A[M ][N ] Yes Yes Implicit

CRS A(N)[M ] A(J) N.A. Extracted

BBCS Am[N ][M ] Yes N.A. Explicit

HiSM-M As×s[S][S] Yes N.A. Implicit

Therefore, a block Am where m = 0, 1, ..., ⌈n
s
⌉−1 and s is the processing section

size, can be computed in parts. To achieve this, Am has to be stored row-wise

with increasing row number order. Thus, each Am block will correspond to

a section s of vector bm = [bms, bms+1, ..., bms+s−1]. So that each Am can be

multiplied by its corresponding bm section of the vector. A hardware that

exploits this characteristics intended to support the aforementioned formats is

proposed in the next section.

4.2 Dense and Sparse Matrix-Vector Multiply Unit

Dense matrix-vector multiplication (DMVM) and sparse matrix-vector multi-

plication (SMVM) are easily parallelizable operations. Equation 4.3 suggests

the potential for parallelism of four elements per cycle of any particular row.

ci =
3

∑

k=0

ai,kbk +
7

∑

k=4

ai,kbk + ... +
n−1
∑

k=n−4

ai,kbk (4.3)

According to equation 4.3, the computing of the dense matrix-vector multi-

ply operation can be accelerated with a hardware that process concurrently s

entries, in this case s = 4. Furthermore, the same hardware should be capa-

ble to deal with the sparse matrix-vector multiply operation, which contains a

variable number of entries per row. This leads to consider situations in which

the nonzero elements can belong to different rows and columns. Our hardware
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solution uses dynamic channels for allocating the data into a hardware com-

posed by four parallel execution units (s = 4). These units were designed in

a collapsed way [6], optimized in terms of hardware complexity and delays.

Our design was implemented in a 4-stage pipeline organization. A simple con-

trol algorithm is used to enable the hardware unit to support n × s sections,

processing in this way section sizes like the ones described in Figure 4.1, as

well as different cases3 like the one established by equation 4.2. The main

tasks performed by our control allocation algorithm are:

1. Select one set of data (4 inputs) from a pool of two sets residing in the

local memory;

2. Route the correct dense vector multiplicand and a dense or sparse matrix

multiplier into a set of reduction trees;

3. Chose the necessary multi-operand units from a set of available re-

sources for the addition of scalar multiplication results and a possible

precalculated value. Depending on the incoming data, the algorithm

allocates a certain number of multi-operand units, determined by the

particular design (s = 4 in this case);

4. Add the final partial values into the final stage of (2:1) CPA adders, and

save those results into the registers for write back into memory.

Memory Model: The memory model used to support the 4 stage pipeline

fixed-point dense and sparse matrix-vector-multiply arithmetic accelerator unit

denotes vector registers by VR, and Control Register by CR. Thus, our design

has the following registers:

• VR1: 8 entry register file for 16-bit matrix Am elements.

• CR: 8 entry register file for 8-bit index information of the nonzero el-

ements of matrix Am stored in VR1. Specifically we use the column

index and the EOR flag.

• VR2: 8 entry register file for 16-bit dense vector bm[8].

• VR3-O: 8 entry register file for 32-bit ci[8] write-back.

• VR3-I: 8 entry register file for 32-bit ci[8], used to load the previous

results from memory.

3Data can come from different rows, and in this proposal we present the processing of 2× s

data.
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4.2.1 The Pipeline Structure

The pipeline structure is divided into the following stages:

Stage 1. Vector Read.

Stage 2. Multiple reduction trees.

Stage 3. Multiple-Addition reduction trees.

Stage 4. Final Addition and result update.

In the following subsection we describe in detail each of the proposed pipeline

stages:

Stage 1) Vector Read: Figure 4.6 describes schematically the functionality

of this stage. The three main register files: VR1, VR2 and CR are actualized

from memory through the “Memory Bus” (i.e. form embedded RAM). VR1,

as stated before, stores the matrix elements Am. VR2 is used to store vector

bm, while CR is used for hold the index information of the nonzero elements.
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Figure 4.6: Vector read

Stage 2 ) Multiply reduction trees: In the second stage, the register files

A-Buffer Data (AD) and Control Data (CD) are loaded. A toggle Flip-Flop
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(FF) controls which quadruple set of VR1 and CR registers are routed with the

eight 2-to-1 MUXs4 to the registers AD and CD respectively, as depicted in

Figure 4.7 (a). Then the Column Positions (CPs) information held in CD reg-

isters, is used for controlling the four 8-to-1 muxes (MD) and route the VR2

values. At this point, a partial multiplication operation of the 4 matrix A ele-

ments and the corresponding dense vector b is carried out. Wallace type [63]

trees without the final (2:1) addition are designed to compute the multiplication

operations (see Figure 4.7 (b)), saving with this organization the unnecessary

repetition of the addition operations. Our approach of collapsing several multi-

ple operand additions and other related operations through the entire pipeline is

the design philosophy adopted here. The final stage implements the necessary

carry propagation adder. Using this approach, we save area and reduce at the

same time the processing delay. We notice that Figure 4.7 (b) does not specify

the register-pipeline (R-Pipeline) that stores tree compressor results (SUMs and

CARRYs).
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Figure 4.7: Multiplication reduction trees

Stage 3) Reduction Trees (Multiple-Addition): The third pipeline stage is in

charge of compute the multiple operand addition, fundamental for processing

in parallel 4 data inputs of dense or sparse matrices. This stage is composed

by four parallel reduction trees, each one intended to add several operands.

Figure 4.8 depicts four main compressors: (6:2), (8:2), (10:2) and (12:2) used

to reduce the incoming data as explained in the followings.

4Multiplexers are represented by thick lines in the figure’s.
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The multiple-operand addition hardware compressors are designed to perform

the following operations:

• The (6:2) compressor is used to carry out the partial addition of one

multiply reduction tree outcome (M1), the partial result of the computing

row (12:2) result (feedback value), and the Previous Result (PR) stored

in VR3I;

• A reduction tree (8:2) receives two partial product outcomes of M1 and

M2, the feedback value and the corresponding VR3I input;

• For adding three partial products (M1, M2 and M3), a feedback value

and the VR3I data, it is used a (10:2) reduction tree;

• The (12:2) reduction tree is expended to compute the partial addition of

four incoming partial products M1, M2, M3 and M4; the VR3I value

and the feedback value.

Resource Allocation Mechanism: The allocation of the multiplication results

into four parallel counters (6:2), (8:2), (10:2), and (12:2) is controlled by the

EOR flags of the incoming set (s = 4). Table 4.2 shows 4 variables: W, X,

Y and Z in the first column. These variables corresponds to the EOR flags

associated with the 4 nonzero Am elements being processed, where W is the

first entry and Z the last entry of the input set. All 16 possible combinations

of the 4 EOR flags are considered. Based on the pattern of the EOR flags, a
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control allocation algorithm is presented. The bits presented in columns two to

five in Table 4.2, are used to control the issue of the multiplication-results into

the group of proposed multiple addition reduction trees. The distribution is

achieved with the use of a group of multiplexers denominated here “Dynamic

Channels”. This information is a fundamental key for the entire unit operation.

Table 4.2: Resources allocation control bits.

EOR (6:2) (8:2) (10:2) (12:2) Compressor used. Z

W X Y Z

0 0 0 0 000000 00000000 0000000000 FF0011111111 (12:2) 1

0 0 0 1 000000 00000000 0000000000 FF1111111111 (12:2) 0

0 0 1 0 000000 00000000 FF11111111 000000000011 (10:2),(12:2) 1

0 0 1 1 000000 00000000 FF11111111 001100000011 (10:2),(12:2) 0

0 1 0 0 000000 FF111111 0000000000 000000001111 (8:2),(12:2) 1

0 1 0 1 000000 FF111111 0000000000 001100001111 (8:2),(12:2) 0

0 1 1 0 000000 FF111111 0011000011 000000000011 (8:2),(10:2),(12:2) 1

0 1 1 1 000000 FF111111 0011000011 001100000011 (8:2),(10:2),(12:2) 0

1 0 0 0 FF1111 00000000 0000000000 000000111111 (6:2),(12:2) 1

1 0 0 1 FF1111 00000000 0000000000 001100111111 (6:2),(12:2) 0

1 0 1 0 FF1111 00000000 0011001111 000000000011 (6:2),(10:2),(12:2) 1

1 0 1 1 FF1111 00000000 0011001111 001100000011 (6:2),(10:2),(12:2) 0

1 1 0 0 FF1111 00111100 0000000000 000000001111 (6:2),(8:2),(12:2) 1

1 1 0 1 FF1111 00111100 0000000000 001100001111 (6:2),(8:2),(12:2) 0

1 1 1 0 FF1111 00110011 0011000011 000000000011 (6:2),(8:2),(10:2),(12:2) 1

1 1 1 1 FF1111 00110011 0011000011 001100000011 (6:2),(8:2),(10:2),(12:2) 0

The final strategy to allocate the multiplication results into the multiple addi-

tions hardware is presented in the sixth column of Table 4.2, labeled “Com-

pressor used”. This strategy is tuned to optimize the control complexity, re-

ducing the control logic from 16 to only 2 main states. Reduction is made

upon consideration of the following 4 rules:

1. The processing of data associated with EOR flags with even terms such

as: WXYZ = 0, 2, 4, 6, 8, 10, 12 and 14 (always with Z = 0) means

that currently a row is still computing. Thus, it will need to add its

partial result, held as the feedback value, to the rest of row values derived

from the next four inputs. This partial computing is performed by the

(12:2) compressor. Therefore, the feedback value will always come from

this multiple operands addition tree (see Figure 4.8). By this rule the

feedback control is then simplified because we can rule out the rest of

the resources as possible sources of a feedback data;

2. Allocation of resources follows the principle of using the biggest com-

pressor when possible, taking always into account rule 1;
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3. When possible, the currently processed nonzero elements with flags W,

X, Y and Z are distributed to compressors (6:2), (8:2), (10:2) and (12:2)

respectively;

4. EOR flags enable the use of VR3I values for proper accumulation of

partial or final values.

The nomenclature used to represent allocation control bits in Table 4.2, uses

a ‘1’ to enable the dynamic connecting channels5 of data, and a ‘0’ to disable

the issuing of data into the multiple addition reduction trees. We enumerate the

bits in the control words from MSB to LSB; being bit 0 the MSB. Thus, for

any compressor, from left to right, we can determine the following meaning

and behavior of the bits:

1. Bits 0 and 1 are used to control the incoming result from the (12:2) com-

pression tree outcome. Using these bits we can compute n DMVM sets

of 4 data with a supporting hardware of s = 4. Some entries have an

‘F’ symbol. We use symbol ‘F’ to show that the dynamic connecting

channels of data will be either enabled or disabled to issue data into the

reduction trees. This occurrence will depend on the Z value of the previ-

ous computed set. Therefore, when processing, e.g., the small matrix of

section S2, see Figure 4.1, partial result feedback is needed to obtain the

row’s final result, since we need to add the result of the first quadruple

1, 2, 3, 4 to quadruple 9, 2, 7, 9 values. Consequently, equations (4.4)

and (4.5) represent the possible feedback data FS12i and FC12i (see

Figure 4.8) that come from the (12:2) compressor:

FS12i = S12i · Z ∀ 0 ≤ i ≤ 31 (4.4)

FC12i = C12i · Z ∀ 0 ≤ i ≤ 31 (4.5)

where S12i and C12i are the SUM and CARRY outcomes of (12:2)

compressor tree respectively, and “·” represents the logical AND opera-

tion. Furthermore, these bits also control the feedback of a partial result

when processing a sparse-matrix-vector-multiply operation.

2. Bits 2 and 3 are used to control the issuing of VR3I values, SUM

(V R3SIi ) and CARRY (V R3CIi). This operation is performed when

5Regards the path followed by a data coming from the multiply reduction tree outcome to

the multiply-addition reduction tree.
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EOR flag is ‘1’ for any of the 4 inputs. Logical equations (4.6) and (4.7)

describe the control of this operation (see Figure 4.8 for these signals).

SV R3i = V R3SIi · EOR ∀ 0 ≤ i ≤ 31 (4.6)

CV R3i = V R3CIi · EOR ∀ 0 ≤ i ≤ 31 (4.7)

where SV R3i and CV R3i represents the possible SUM and CARRY

values added into the compressor trees. For example, Figure 4.1 shows

that to compute row 24 in section A3 we need to add the value ‘1’ to the

previous result of section A2, completing thus (as suggested by equa-

tion (4.3)) the computation of the row.

3. Finally, from left to right, starting from bit 4 the remainder of the bits

controls the multiplication compressor outcomes’ delivery. The next 2,

4, 6 and 8 bits enable or disable inputs to the (6:2), (8:2), (10:2) and

(12:2) compression trees respectively, basically they control the issuing

of M1, M2, M3 and M4 results. The control of each multiplication

reduction tree output (SUM and CARRY) is described by the following

equations:

S = SMi · SE ∀ 0 ≤ i ≤ 31 (4.8)

C = CMi · CE ∀ 0 ≤ i ≤ 31 (4.9)

where SMi represents the SUM and CMi the CARRY outputs from the

partial multiplication unit, e.g. M1, and Sum Enable (SE) and Carry

enable (CE) are used in this equation for representing each pair of con-

trol bits presented in Table 4.2 from position bit 4. It is important to

notice that a set of multiplexers is necessary to chose the correct state

being processed. The input to those multiplexers comes from equa-

tions (4.4) to (4.9).

Stage 4) Final Addition and Result Update: The fourth stage reduces and

finalizes computing of the multiple-addition trees’ results. The 4 final adders

outcomes are stored according to the column flags, and 4 de-multiplexers ac-

complish the task as schematized in Figure 4.9. The main memory should be

updated from registers file VR3O.

4.2.2 Sparse Matrix-Vector Multiply Example

In this subsection, we present an example of sparse matrix multiplication for all

targeted formats with nonzero elements, a column pointer as well as an EOR
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flag as proposed in Section 4.1.1. The pipeline structure described above com-

putes in parallel 4 inputs at the time. In Figure 4.10 (a) the NZE (2, 8, 2 and

5) has associated the EOR flags (WXYZ) equal to “0110”. Using the resource

allocation strategy presented in Table 4.2, the multiplication results, produced

by the multiply reduction trees are distributed in this case into the following

multiple operand addition resources: (8:2), (10:2) and (12:2) for their addition.

0 x x

3 x

5 x

7 x x x

5 x

Figure 4.10: Sparse by dense vector multiplication for s=4: a) First processing

step, b)Second processing step.
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Partial result c0 is obtained from the (8:2) compressor, that adds two multi-

plication results plus a previous result (PR) 6. c3 is equal to the addition of

one multiplication result and PR, this addition is carried out into the (10:2)

compressor; while c5 has only one value. The last NZE from the first group

considered in Figure 4.10(a) (i.e., number “5”) belongs to a row that is still

being processing due to EOR = 0. The value 10 (=5×2), it is passed trough the

(12:2) compressor padded with zeros and remains in the pipeline for the com-

puting of the next 4 inputs (see the internal feedback from the output of (12:2)

compressor in Figure 4.8). Figure 4.10(b) depicts the processing of the next 4

inputs with EOR = “1001”. c5 is now finally computed into the (6:2) compres-

sor, which is equal to the previous value computed and retained (that always

comes from the (12:2) compressor), plus the current multiplication result and

the PR. Finally c7 is the result of the addition of 4 values, 3 correspond to the

multiplication results and the last one to a PR value, this operation is carried

out in (12:2) compressor.

4.2.3 Reconfigurable Optimizations:

High parallel algorithms can use several reconfigurable units for speeding up

the processing of dense-matrix-vector-multiply operation. Those algorithms

can schedule in each unit an inner loop described by equation (4.3). In our case

to achieve scalability, in each unit, instead of using multiplexers to route the

data, trees connectivity are reconfigured, improving in this way the processing

delay and limiting the hardware used. A group of simplified units for dense

matrix processing is presented in Figure 4.11
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Figure 4.11: Scalability on dense matrix processing

6PR: comes from a previous sub-matrix computing
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Performance improvement is achieved and in the same time the size of the en-

tire unit is reduced with this approach. This is done with the use of the recon-

figurable characteristics offered by FPGAs, modifying partially the pipeline

unit, leaving the first stage as it is, using a simple MUX instead of MD in the

second stage, leaving only the (12:2) multiple-operand adder in the third stage,

and finally, using only one final (2:1) compressor instead of the four used in

the original unit proposed. Assuming a polymorphic processor scenario, as

presented in [16], the reconfigurable coprocessor will behave as follows:

1. A group of necessary (3:2)counters can be implemented at fabrication

time. Using these resources, we can set up in advance the main blocks

like: the partial multipliers, the multiple-operand addition units like the

(12:2), as well as, the final (2:1) adders;

2. A partial reconfiguration of the structure can be implemented on de-

mand, setting up the dynamic channels in order to support only the de-

sired operation. Furthermore, the same basic hardware can be used to

support also other operations, which are based on addition and multi-

ple addition related operations like the ones discussed in the previous

Chapter 3.

The two above presented points (1) and (2) are suitable to the reconfigurable

processor platforms with partial reconfiguration capabilities.

4.3 Experimental Results

Our proposal is intended to cover various formats, i.e. sub words in fixed point

notations, and incorporate both: sparse and dense computation into a single

unit; opposed to other approaches that are intended for scientific computations

and employ either sparse or dense matrices in floating point formats. We have

presented a general design intended to be used in ASICs as well as in reconfig-

urable technology. The proposed unit was described using VHDL, synthesized

with the ISE 6.1i Xilinx environment [78], for a xc2vp100-6 FPGA device.

The synthesis results indicates that our design utilizes 4255 slices, 1505 FFs

and 6472 LUTs for the entire unit. Additionally, we synthesize each particular

pipeline stage separately in order to find the contribution of each stage into

the overall results. We did this in respect of area and delay; those results are
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depicted in Table 4.3 7.

Table 4.3: Matrix-vector multiply/add unit.
(Pipelines stages: time delay - hardware use)

Xilinx XC2VP100 Partial Multiply Multiple-Addition. Final Add

Operand Width 16 32 32

Pipeline Stages 1 1 1

# of Slices 1656 1595 332

LUT 3192 3174 640

Area utilization % 37 35 7

Latency (ns) 8.3 6.0 6.3

From the above table, we can conclude that the partial multiply stage is the

bottleneck that limits frequency of the unit’s operation. We notice that the

partial multiplier unit without the final addition logic is equivalent in terms

of time response to the built-in multipliers on the FPGA. Nevertheless, this

stage, like others, can be pipelined in order to improve the unit’s throughput.

Concerning the hardware used and presented in Table 4.3, the second stage

consumes 37% of the designed unit implementing the four multiply reduction

trees and the routing logic. The third stage requires similar hardware to the

previous one, and 35% of the unit is used by the four multiple-addition trees

with their corresponding routing logic. The final 4 adders utilize 7% of the

hardware used. Those three stages use 79% of the total hardware. Regarding

the multiplexers used to route data into the second stage depicted in Table 4.4,

we should mention that the 1.3 ns introduced as an extra delay become a 16 %

of the total stage delay.

Table 4.4: Routing multiplexers - Second Stage.
(Routing hardware: - time delay and hardware use)

Xilinx XC2VP100 M-CD M-AD MD

Operand Width 8 16 16

# of Slices 18 37 128

LUT 32 64 256

Latency (ns) 0.4 0.4 1.3

7For first stage see Table 4.6. Independent synthesized pipeline units use more hardware

when compared to the whole unit, due to synthesis introduces resource sharing.
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In reference to the area used to route the output of the 4 partial-multipliers,

we found a maximum of 1.8 ns of extra delay as shown in Table 4.5. The

extra delay represents 30% of the total stage delay. This information suggests a

bigger use of resources compared with the previous stage. This occurs because

of the operands size is increased due a partial multiply outcomes, it can be

noted that we use SUM and CARRY representation in our pipeline.

Table 4.5: Allocation hardware -Third stage.

(Dynamic channel hardware: time delay and hardware use)

Xilinx XC2VP100 G-6:2 G-8:2 G-10:2 G-12:2

Operand Width 32 32 32 32

# of Slices 32 147 186 214

LUT 192 256 324 388

Latency (ns) 0.4 0.4 1.6 1.8

The remainder of used area, is employed to built the register files and pipeline

registers as illustrated in Table 4.6.

Table 4.6: Matrix-vector multiplication unit.

(File registers: time delay - hardware use)

Xilinx XC2VP100 VR1/VR2 CR/Control AD/CD VR3I/VR30 R-Pipeline

Operand Width 16 16/8 8 32/32 64

# of Slices 72/72 40/40 36/20 144/144 288

Flip-Flips 128/128 64/64 64/32 256/256 512

Area utilization % 3.2 2.8 2.2 6.4 6.4

Latency (ns) 1.6 1.6 1.6 1.6 1.6

Control: refers to the control register that holds in the pipeline the Column and EOR information.

Additionally, we also synthesize the reduced unit presented earlier. Such re-

duced unit use 2507 slices and 3904 LUTs, representing 60% of the original

unit. Also the frequency operation increments to 123 MHz. It is estimated that

a 1/2 of the (3:2)counters used to construct the unit are shared by the scaled

one. Therefore, the proposed unit can be considered as valid (viable) candidate

block, suitable to work in a reconfigurable collapsed arithmetic unit.
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4.4 Conclusions

We have presented a novel fixed point integer matrix-vector multiplication

unit suitable to work with sparse and dense matrices found in several media

formats. The acceleration of the proposed unit is achieved using a new

concurrent and scalable hardware capable of processing 4 matrix entries

per cycle, carrying out 4 multiplications and up to 12 additions at 120 MHz

using 9% of the resources in a VIRTEX II PRO xc2vp100-6 FPGA device.

We further presented pre-processing of different formats in order to convert

the CRS and HiSM formats to an equivalent BBCS compression format,

without incurring significant area and time overhead. In all of the above

representations we can extract the information of the last nonzero element of

a row, and analyzing the data, we introduced an allocating algorithm which

distributes efficiently the incoming data into parallel support hardware. A total

of 11 units can be integrated in the same FPGA chip, achieving a performance

of 21 GOPS. A 40% of hardware reduction is achieved using the reconfigura-

tion capabilities of FPGA devices when operated as a scaled and modified unit.



Chapter 5

Arithmetic Unit for Universal

Addition

V
arious applications, e.g. commercial and financial electronic trans-

actions [79], internet [80] and industrial control [81] require precise

arithmetic for different data representation formats. Binary arithmetic

is not capable of expressing exactly fractional numbers like, 0.2, and therefore,

Binary Decimal Arithmetic emerges as a possible solution [33] to avoid binary

approximations [82, 83]. When performing decimal operations on traditional

binary based hardware, excessive delays are introduced due to the software em-

ulations, conversions and corrections, typically 100 to 1000 times slower [84].

Therefore, flexible hardware solutions for both decimal and binary processing

are considered in this chapter. We assume universal units similar to those pre-

sented in [42] that are capable of performing various related operations sharing

the same hardware. More specifically, the main contributions of this chapter

are:

• Twelve related operations were collapsed into a single Universal Adder

(UA) hardware unit using Universal-Notationi. The proposed structure

uses the effective addition/subtraction approach similar to [54] for both,

binary and BCD notations.

• High hardware utilization: approximately 40% of the hardware re-

sources implementing the 12 different operations are reused. This makes

iIn the context of this chapter, we assume operands and results to be in unsigned, sign-

magnitude or complement (two’s complement for binary and ten’s complement for decimal)

notations.

71
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the unit a good candidate for implementation on partially reconfigurable

platforms such as [16].

The remainder of this chapter is organized as follows. Section 5.1 outlines the

background and presents the related work. Section 5.2 exhibits with details the

Reconfigurable Universal Adder design. Section 5.3 presents the experimental

results and introduces the analysis in terms of used area and delay. Finally,

Section 5.4 concludes the Chapter.

5.1 Background

First, we note that the mathematical notations, used in this chapter deviate

from the one introduced for Chapters 2, 3 and 4. The reason are that we do

not consider matrix operations in this chapter and that the referenced related

work was originally presented in different notation. Shortly in this chapter we

consider only one dimensional vectors and individual bits, therefore we use

appropriate notations for concise representations.

Decimal digits are usually converted to binary representation as follows: the

8421 BCD code uses only the first ten combinations of a 4-bit binary code to

represent each decimal digit. The remaining encodings (1010 to 1111) corre-

sponding to decimal (10 to 15) are left unused when decimal computing is con-

sidered. Assuming addition of two decimal numbers N1 and N2 their SUM

can exceed 10012 (SUM > 9). In such a case, correcting addition using 01102

(6) is required, so the complete operation becomes SUM = N1+N2+01102.

Please note that in case of subtraction N2 can be the complement representa-

tion of the original operand. In other words, decimal subtraction introduces

additional processing. Recall that a complement (CN ) of an n-bit number N

is computed by: CN = rn − N ; where r is the radix of the number (r = 2
for binary, and r = 10 for decimal). Thus, the ten’s complement of an x-

digit number N , is expressed by CNN = 10x − N . When we consider only

a single digit D (as in the case with BCD), the computation is simplified to

CND = 10 − D. Nevertheless, BCD encoding do not include a code for 10
and for this reason a nine’s complement representation is used. In this case the

computation becomes: CND = 10 − D = 9 − D + 1. Figure 5.1 depicts the

steps involved in a BCD subtraction operation including nine’s complement

and the correcting addition with 6.
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Decimal Subtraction Ten’s Complement BCD addition

Nine’s complement

1111

Figure 5.1: Decimal subtraction

Some helpful techniques used to compute a nine’s complement of a digit

are [85]:

Pre-complement In this approach the subtrahend is one-complemented, a

10102 value is added for correction, and finally the generated carries are

discarded.

Post-complement In this case, a binary 01102 value is added to the subtrahend

operand, the result is one-complemented and the generated carries are

used.

5.1.1 Related Work

Many researchers addressed the problem of decimal arithmetic in the past.

Early solutions proposed customized decimal adders, like Schmookler et

al. [86] and Adiletta et al. [87]. Combined Binary and BCD adders were

designed by Levine et al. [88] and Anderson [89], while true decimal

sign-magnitude adder/substracter was presented by Grupe [90]. The latter

used 3-binary-adders along with additional logic, achieving similar results

as presented in this chapter. An area efficient sign-magnitude adder was

developed by Hwang [1]. In his approach two additional conversions are

introduced before and after the binary addition. This is somehow similar to

other proposals, e.g. [90]. The novelty in Hwang’s proposal comes with the

separation of the binary and the decimal results, using a multiplexer to select

the correct output as depicted in Figure 5.2.

Flora [91] presents an adder that process concurrently two different results,

one assuming the presence of an input carry and the other assuming no carry

in available. This is following the principle of carry select adders [48], an

approach actually used in several state of the art units. To cope with the area

overhead, another compact design employing a single adder was introduced by

Fischer et al. [2] it is depicted in Figure 5.3. This unit uses the control signals
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Figure 5.2: Hwang’s proposal [1]

F1 and F2 to encode (“edit”) the incoming operands; signal F3 is used to

control the encoding of the binary adder output in order to achieve the desired

functionality. Nevertheless, the authors do not provide the automatic mecha-

nism to identify the possible scenarios for using the appropriate F1, F2 and

F3 values. Furthermore, the encoder proposed in this work at the input and

output of the binary adder unit does not contemplate the case when subtrahend

is greater than the minuend. The critical path is determined by the binary adder

and by the two encoders.

Invert the operand when a 

sign is detected

Binary Adder
Substract a 6 

when necesary

A 6 is added when both N2 

and N1 are positive.

N1

N2

AGS

F1    F2 

INPUT STAGE OUTPUT STAGE

F3

Figure 5.3: Fischer’s proposal [2]

During the last decade various binary and BCD adder/subtracter units for the

IBM S/390, G4, G5 and G6 microprocessors [92] have been developed. Fol-

lowing this line, the eServer z900 processor [93] includes a combined bi-

nary/decimal arithmetic unit working with binary-coded decimal numbers in

sign-magnitude representation. The z900 unit was designed to operate in a
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single cycle, nevertheless a correction of the results is required in some of the

cases [94]. For example, when an effective subtraction operation is performed,

they need to calculate the complement value of the result (for binary and deci-

mal results), hence increasing the latency. The approach used to construct this

decimal unit is based on the work presented in [95], which is shown in Fig-

ure 5.4. In this approach, the latency of other approaches is reduced because

of the carry select organization [48] used to accelerate the computing. Two

adder structures compute in parallel the addition/subtraction operation. Pre-

Sum-0 assumes a Carry-in = ‘0’; while Pre-Sum-1 assumes a Carry-in = ‘1’.

A final multiplexer base on the true computing of the Digit Carry Network (see

Figure 5.4) chooses the appropriate SUM computed value. Recently, a similar

approach was presented by Haller et al. [96]. In this work, the carry chain of

the Digit Carry Network is optimized resulting in a slight delay improvement

with an increased area of the unit.

DecSubDecAdd

CY0 CY1

Partial 

Sum 0

PRE-SUM-1PRE-SUM-0

MUX

MUX MUX

MUX

Partial 

Sum 1

Figure 5.4: Haller’s proposal (z900)

The following Table 5.1, summarizes the fundamental characteristics of the

adders discussed above. The subset of the proposals aiming at signed arith-

metic do not produce the correct result and need and additional complement

operation in the cases when the subtrahend is greater than the minuend, this

means that those support hardware will require an additional cycle to produce

the correct result. As will be shown in the text to follow our approach does not

have this disadvantage, requiring only one cycle to produce the correct result

(see subsection 5.2.2 for an example).
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Table 5.1: Adders - data representation

BCD Binary

Adder Addition Subtraction Addition Subtraction

Schmookler [86] U - - -

Addileta [87] U - - -

Levine [88] U - U -

Anderson [89] U - U -

Grupe [90] S S S S

Hwang [1] S ten’s S two’s

Flora [91] S ten’s S two’s

Fischer [2] S ten’s S two’s

z900 [94] S ten’s S two’s

Haller2006 [96] S ten’s S two’s

U: unsigned; S: sign-magnitude. Two’s and ten’s: for complement representation.

5.2 Reconfigurable Universal Adder

The main goal of our work was to create an adder capable of carrying out

decimal operations using effective addition/subtraction scheme, overcoming

the limitations of the adders presented in the related work section. To achieve

this we used the S/370 sign-magnitude binary adder presented in [54] as a

base. We extend its functionality to perform decimal addition/subtraction

operations along with the original binary ones. Next, we briefly introduce the

original binary adder and focus on our extensions. In the next subsection we

will discuss the specific decimal functionalities of our design.

Let us assume N1 and N2 being two n-bit sign-magnitude numbers, such

that N1 = [N1n−1N1n−2...N10] and N2 = [N2n−1N2n−2...N20], with N1n−1 and

N2n−1 used as sign bits of binary or BCD representations. We propose to mod-

ify the sign bits to cope with the cases of unsigned and complement numbers

as will be explained later. The two modified sign bits are computed as follows:

N1S = N1n−1 · Type (5.1)

N2S = N2n−1 · Type (5.2)

where Type = 0 signal, masks both sign bits N1n−1 and N2n−1 in the case of

unsigned and complement representations.
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Effective Addtiion/Subtraction Operation: Assuming absolute values ii

such as in the S/370 sign-magnitude binary adder, equation (5.3) is used to

determine the exact operation, e.g. effective addition either subtraction. The

logic one value of the signal Effective Addition (EAdd) indicates an effective

addition operation, logic zero indicates that an effective subtraction is carried

out.

EAdd = (N1S · N2S · Add)|(N1S · N2S · Add)|

(N1S · N2S · Add)|(N1S · N2S · Add)

= (N1S ⊕ N2S ⊕ Add)

(5.3)

where input Add indicates the desired operation (Add=0:add, Add=1:subtract).

Here in this chapter “|” is used to denote logical OR operation and “+” for

addition.

Notice that, when Type = 0, EAdd become equal to Add. This is essential

for the correct processing of the unsigned and complement (ten’s and two’s )

operations. In addition, we should use in some cases the N1n−1 and N2n−1

values for the addition (SUM ). How, those values participate into the above

operation for all possible cases are stated in Table 5.2.

Table 5.2: Adder setting up considerations

Representation EAdd SUM Type

Signed-Magnitude N1n−1,N2n−1 N1n−1 = N2n−1 = 0 1

Unsigned. N1n−1 = N2n−1 = 0 N1n−1 = N2n−1 = 0 0

Complement (Ten’s & Two’s) N1n−1 = N2n−1 = 0 N1n−1,N2n−1 0

The binary sign-magnitude addition is performed using the absolute values of

the input addends. Then the following equation (5.4) establishes this operation:

∑

= |N1| + |N2|∗ (5.4)

where |N2|∗ is equal to |N2| for effective addition and |N2|∗ equals to |N2| in

case of effective substractioniii. In order to generate a correct sign-magnitude

iiAbsolute values assume only the magnitude of a signed magnitude number.
iiiEAdd signal is used to control the complement operation of N2.
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result, an additional correction step is used. The final magnitude result be-

comes:

|SUM | =
∑

k

⊕△ ∀ 0 < k < n − 2 (5.5)

where ⊕ is the exclusive OR operator and the △ is:

△ = Co · EAdd (5.6)

with carry output (Co) equal to:

Co = Gn−2
0 [|N1|, |N2|∗]

= G0|(P0 · G1|...(P0 · P1... · Pi−1 · Gi

|...|(P0 · P1... · Pi−3 · Gn−2))

(5.7)

where Gi and Pi are the generate and propagate signals of the single bit adders.

Finally, the sign bit of the result is updated as shown in equation 5.8 (see [54]

for details):

SUMn−1 = [N1n−1 ⊕ (Co · EAdd)] · (SUM ≡ 0) (5.8)

with SUM ≡ 0 represents SUM equal to zero.

All of the different cases of the original adder are presented in the table shown

in Figure 5.5.

N1(n-1...0)

Add

  N1(n-1) N2(n-1) Add   EAdd      Result Operation

        0 0             0    1           + (|N1| + |N2|)

        0  0             1     0           + (|N1| - |N2|)

        0 1             0    0           + (|N1| + |N2|)

        0  1             1     1           + (|N1| - |N2|)

        1 0             0   0           -  (|N1| + |N2|)

        1  0             1     1         -  (|N1| - |N2|)

        1 1             0    1          -  (|N1| + |N2|)

        1 1             1    0           -  (|N1| - |N2|)

SUM

N2(n-1...0)

Type

Bin

Figure 5.5: Sign magnitude adder

For decimal operation we reuse the EAdd and Add signals and introduce

the two additional control signals (Bin and Type). Bin = 1 causes a binary

operation, otherwise a BCD operation is performed. The Type signal has the

functionality as previously described.
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5.2.1 Decimal Arithmetic Additions

In this section we describe in more details the specific additions to the original

binary adder needed for decimal addition/subtraction operations. As already

indicated in the subsection 5.1.1, related work, previous proposals use ±6 cor-

rection terms for the input operands and the result of the addition. Furthermore,

when the subtrahend is greater than the minuend the result of the addition is

in its complement representation and an extra cycle for result correction is re-

quired [2, 95, 96]. In our proposal the Co signal stated in equation (5.7) is

used to detect the case when N2 > N1 and decimal subtraction operations

is performed. Its value in combination with the Decimal Carry signals deter-

mine the specific correction of the result, e.g. the additional ten’s complement

operation. A simple example of such a case is presented in Figure 5.6, which

depicts all operations involved in a subtraction operation (when N2 > N1).

Decimal Subtraction Ten’s Complement BCD addition

 Complement

Ten’s Complement

Correct result

Irregular

representation of 

a sign-magnitude 

adder result

Complement

operation

required

Figure 5.6: Decimal subtraction: N2 > N1

In the proposed adder depicted in Figure 5.7, the nine’s complement compu-

tation for the subtrahend is performed using a “DigitWise-6” (DW) hardwired

logic, as used in many previous designs [95]. The DW value ND = N−610 is

obtained with the following equations that modify each bit of the BCD nibble

as follows:

ND(3) = N2(3) · N2(2)|N2(3) · N2(1)|N2(3) · N2(2) · N2(1)

ND(2) = N2(2) ⊕ N2(1)

ND(1) = N2(1)

ND(0) = N2(0)
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The digit carry logic (DC) [94] signals for decimal operations are obtained as

follows:

DC = X | Y · CI (5.10)
where

X = G3 | P3 · P2 | P3 · P1 | G2 · P1

Y = P3 | G3 | P1 · G1

CI = G1 | P1 · Cin

All necessary correction cases for decimal data arithmetic, proposed in this

work, are summarized in Table 5.3. Our coder is slightly more complex

than previous proposals, it contemplates several correction terms and enables

efficient addition-subtraction for our universal adder. Note, that in the

post-complement operation case, two necessary correction operations are

sometimes required, both using 01102 value (one on the subtrahend value

and one on the correction of addition result). In our proposal, in contrast to

all previous proposal, for example a single addition with the correction term

11002 is used selectively. The selective utilization of correction terms allows

effective addition/subtraction operations.

Table 5.3: Decimal digit correction terms

DC DC

Operation N1 > N2 N2 ≥ N1 N1 > N2 N2 ≥ N1

Addition 01102 01102 00002 00002

Subtraction 01102 11002 00002 01102

Please note that when a binary operation is performed Bin = 1 the decimal

correction term is not needed. A value of 00002 is used for any binary

operation. The universal adder is set up with the aforementioned logic, a

one-dimensional (3:2)counter array, a carry-propagate-adder and a set of XOR

gates. The final organization is depicted in Figure 5.7.

Note that the input N2∗ for computing the digit carry logic is equal to N2+10
when processing decimal subtraction otherwise is equal to N2. The multi-

plexer signal control for decimal subtraction or any addition (DS) is computed

by:

DS = Add · Bin (5.12)

The final complement operation is controlled by equation (5.13) which is a
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Figure 5.7: Universal adder micro-architecture [3]

modified version of equation (5.6):

△ = (Co · EAdd)|(Co · Add · Bin) (5.13)

The rationale behind the design of the universal adder is based on the follow-

ing:

• EAdd signal controls one’s complement operation of the subtrahend in

binary and decimal operations.

• The △ logic (see equation (5.13)) corrects the final result in binary and

decimal operations when necessary.

• We need a (3:2)counter row to selectively add the necessary correction

terms (correction coder) as indicated by Table 5.3.

• The hardware reuse is fundamental when a partial reconfigurable hard-

ware unit is designed for reconfigurable processor scenarios.

When our design is mapped on partially reconfigurable hardware platforms,

the modules shown in dark in Figure 5.7, such as: the carry-propagate-adder,

the EAdd logic, the two XOR logic blocks (at the input and output of the unit)

and the Co logic; can be reused in both modes. These “permanent” blocks can

be configured at the beginning when the processor is set up. In order to provide

the BCD functionality the remaining (shown as not colored in Figure 5.7)
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modules can be configured on demand. Such dynamic partial reconfiguration

will diminish the penalty due to reconfiguration latencies. Our estimation [97]

indicates that the “permanent” blocks account for approximately 40 % of the

total hardware resources implementing the operations when targeting Xilinx

Virtex4 devices.

Finally, the fundamental decimal addition and subtraction operations of our

proposal can be summarized with the following equationsiv :

Decimal Addition

Sum = N1 + N2 + 01102 ∀ DC = 1

Sum = N1 + N2 + 00002 ∀ DC = 0

Decimal Subtraction

Sum = N1 + DW (N2) + 01102 ∀ DC = 1 ∧ Co = 0

Sum = N1 + DW (N2) + 00002 ∀ DC = 0 ∧ Co = 0

Sum = N1 + DW (N2) + 11002 ∀ DC = 1 ∧ Co = 1

Sum = N1 + DW (N2) + 01102 ∀ DC = 0 ∧ Co = 1

5.2.2 Decimal Subtraction Example

Figure 5.8 shows the decimal subtraction of N1 = 4510 = “0100 0101”BCD

and N2 = 7810 = “0111 1000”BCD.

 1

 1

Ten’s

 Complement

Magnitude 

correction

Correct

result

N1

N2

Figure 5.8: Decimal subtraction: double addition scheme

ivPlease note that the decimal Sum value presented in those equations requires the one com-

plemented operation as was stated in equation (5.5). Where the ∆ control signal (5.13) is used

to obtain the final SUM result
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The example depicted in Figure 5.8, for a subtrahend greater than the

minuend (78 > 45), evidences the necessary additional ten’s complement

operation. Previous proposals (see background section), do not operate with

post-complement operation. Those solutions provide an incorrect 6710 value

instead of the 3310 final result. On the other hand, Figure 5.9 presents an

example of the computing algorithm carried out by our arithmetic accelerator.

In this example we have: N2 > N1 and the digit carry (DC) equal to one.

Therefore, a correction term for each digit is required according to Table 5.3.

Additionally, ∆ = 0 points out that the result does not require the one’s

complement operation correction. Thus, the result is simplified to add three

numbers. Our solution uses a structure of a (3:2)counter and a final carry

propagation unit (see for implementation details Figure 5.7).

Ten’s

 Complement with

Digitwise logic

 1

Correct

result

Case

N2>N1

DC = 1

 = 0

N1

N2

Triple

additon

Figure 5.9: Decimal subtraction: collapse approach

5.3 Experimental Results Analysis

The proposed Universal Adder was implemented using VHDL, synthesized,

functionally tested, and evaluated using the ISE 8.1i Xilinx design tools [57]

targeting 4vfx60ff672-12 VIRTEX 4 FPGA device. Furthermore, the designs

proposed by Fischer [2], Hwang [1], Busaba [94] and Haller [96] were also

implemented and synthesized using the same methodology. Table 5.4, sum-

marizes the latency and hardware utilization results for all of the considered

designs.
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Table 5.4: Latency&area - Adder comparison

Latency (ns) Resources used

32-bit wide units Logic Wire Total Slices LUTs

Our proposal 7.3 4.7 12.1 256 495

Fischer [2] 5.5 4.8 10.3 123 233

Hwang [1] 5.9 4.6 10.5 82 158

Busaba [94] 5.3 5.6 10.9 242 466

Haller [96] 5.5 4.5 10.0 305 584

Please note that all of the units proposed before require an additional cycle to

produce the correct result in cases when N2 > N1 for the BCD subtraction

operations (see Figure 5.6). To deal with this problem additional hardware

unit or software fix is required. In the Fischer proposal the output stage can

possible be modified for effective addition/subtraction, however, the custom

made “editing logic”, is expected to become very complex. In addition, none

of the above proposals presented how they will detect the N2 > N1 (BCD)

situation. Our design does not require such additional effort or resources with

some increase in latency and area.

In terms of latency the “best” design is the one proposed by Haller. Compared

to it, our proposal is 21% slower, but uses 15% to 16% less hardware resources

(LUTs and Slices). When considering area, Hwang’s proposal ranks best, but

have the deficiency as described above. In general, our design is between 11%

and 21% slower than the others. Assuming a design with a latency of 10ns, e.g.

Haller, (worse case for our design) and a detection of N2 > N1 (BCD) “for

free”, the average execution time is going to be similar to ours (12ns) when

20% of the operations require the compensation cycle as introduced earlier.

When absolute performance is considered, our design achieves 82.6 MOPS

(1/12ns). Please note that this will be significantly improved when a pipelined

version of the design is considered. The latency of the carry-propagate-adder

is expected to determine the operating frequency in such a case.

5.4 Conclusions

This chapter provides the details for a novel adder/subtracter arithmetic unit

that combines Binary and Binary Code Decimal (BCD) operations in a single

structure. The unit is able to perform effective addition-subtraction operations

on unsigned, sign-magnitude, and various complement representations. Our
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proposal can be implemented in ASIC as a run time configurable unit as well

as in reconfigurable technology as a run-time reconfigurable engine. Under

the assumption that significant part of the hardware in the proposed structure

is shared by the different operations reconfigurable platforms with partial

reconfiguration become an interesting target. The proposed unit and several

widely used adder organizations were synthesized for 4vfx60ff672-12 Xilinx

Virtex 4 FPGA for comparison. Our design achieves a throughput of 82.6

MOPS with similar area x time (AxT) product when compared to the other

proposals, using only 2% of the available resources of the targeted FPGA.





Chapter 6

Address Generator for complex

operation Arithmetic Units

N
owadays, performance gains in computing systems are achieved by us-

ing techniques such us pipelining, optimized memory hierarchies [98],

customized functional units [99], instruction level parallelism support

(e.g. VLIW, Superscalar) and thread level parallelism [100] to name a few.

These time and space parallel techniques require the design of optimized ad-

dress generation units [101–104] capable to deal with higher issue and exe-

cution rates, larger number of memory references, and demanding memory-

bandwidth requirements [105]. Traditionally, high-bandwidth main memory

hierarchies are based on parallel or interleaved access of parallel memories.

Interleaved memories are constructed using several modules or banks. Such

structures allow distinct banks access in a pipelined manner [106]. In this

chapter we propose an address generation unit (AGEN) for efficient utiliza-

tion of n-way-interleaved access to a parallel main memory containing vector

data, e.g. for operate with arithmetic units that supports complex operations

and kernels like SAD (sum of absolute differences) and MVM ( matrix-vector

multiply). More specifically, the main contributions of this chapter are:

• An AGEN design capable of generating 8 x 32-bit address in a single

cycle. In addition, arbitrary memory sequences are supported using only

one instruction.

• An organization that uses optimized Boolean equations to generate the

8 offsets instead of an additional adder’s stage.

• An FPGA implementation of the proposed design able to fetch 1.33 Giga

87



88

CHAPTER 6. ADDRESS GENERATOR FOR COMPLEX OPERATION

ARITHMETIC UNITS

operands per second from an 8-way-interleaved memory system using

only 3% of the targeted device.

We note, that in this chapter we use number representation notations different

from Chapters 2, 3 and 4. The reasons are the same as explained in Chapter 5,

section 5.1.1.

The remainder of this chapter is organized as follows. Section 6.1 outlines

the necessary background on parallel and interleaved-memory systems. Sec-

tion 6.2 we considered a vector architecture, the memory interleaving mech-

anism and the design of the AGEN Unit. In Section 6.3, we discuss the ex-

perimental results in terms of used area and latency. Finally, in Section 6.4

conclusions and future work are presented.

6.1 Background

The use of multiple memory banks to provide sufficient memory bandwidth is

a common design approach when high memory performance is required [107].

The fixed addressing distance between two consecutive elements to be ac-

cessed is called a stride. The stride describes the relationship between the

operands and their addressing structure. A parallel memory, organized in sev-

eral banks, which store elements in a strode manner and which employs a

multiplexed access is called interleaved memory [108, 109].

Given that an n-bit address memory field can be divided into 1) memory-unit-

number and 2) address in memory unit (memory-address), two main address-

ing techniques arise from this basic address division as depicted on Figure 6.1.

Memory Unit Number Address in a memory unit

u v

(a)  High Interleaved address mapping (b)  Low Interleaved address mapping 

Address in a memory unit Memory Unit Number

uv

Figure 6.1: Interleaved memory formats.

(a) High interleaved addressing mapping utilizes the low address bits v

as memory-address in the unit, while the higher bits u represent the

memory-unit-number. This technique is used by the traditional scalar

processors (GPP) with multiple memory pages.

(b) Low interleaved memory mapping use the low address bits u to point

out the memory-unit-number, while the higher memory bits v are the

memory-address.
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Figure 6.2 (a) presents a time multiplexed memory (Interleaved Memory) and

Figure 6.2 (b) a space-multiplexed memory (Parallel Memory). In a inter-

leaved memory, (consider a1,a2,a3 in Figure 6.2(a)), each memory module

returns one word per cycle. In parallel memories, it is possible to present dif-

ferent address to different memory modules, as suggested in Figure 6.2(b), so

that a parallel access of multiple words can be done simultaneously. Both the

parallel access and the pipelined access are forms of parallelism employed in

a parallel memory organizations [108]. In this thesis we consider a parallel

memory organization similar to the one presented in Figure 6.2 (b), with ele-

ments distributed with odd stride.
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access a3
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Mem2

Mem3

databus1

databus3

Figure 6.2: Main accumulator circuitry

Low interleaved-address mapping, such as the memory system with 8 banks

and data structure with stride = 1 presented in Figure 6.3, has their data dis-

tributed in a round-robin like fashion among the memory banks. For example,

word 0 is stored in bank 0, word 1 is stored in bank 1. In general, word x is

located in bank x MOD 8. In this figure, one Major Cycle (memory latency) is



90

CHAPTER 6. ADDRESS GENERATOR FOR COMPLEX OPERATION

ARITHMETIC UNITS

subdivided in 8 Minor Cycles. The hybrid accessing presented in this figure,

allows the retrieving of 8 consecutive elements in one Major Cycle and 7 addi-

tional Minor Cycles. This is due to the fact that the eight consecutive elements

from the memory banks are retrieved in parallel. Those read values are stored

in intermediate data registers from which they are issued to the functional units

in a pipelined manner in this model (using 7 additional Minor Cycles). With

this memory architecture the retrieving of x single-word elements will take

Major Cycle + (x − 1) Minor Cycles in the best case scenario i.

Read of 
Word 24

Word  0 Word  8 Word  16 Word  24 Word  32 Word  40 Word  48  Bank 0

Word  1 Word  9 Word  17 Word  25 Word  33 Word  41 Word  49  Bank 1

Word  2 Word  10 Word  18 Word  26 Word  34 Word  42 Word  50 Bank 2

Word  3 Word  11 Word  19 Word  27 Word  35 Word  43 Word  51  Bank 3

Word  4 Word  12 Word  20 Word  28 Word  36 Word  44 Word  52 Bank 4

Word  5 Word  13 Word  21 Word  29 Word  37 Word  45 Word  53  Bank 5

Word  6 Word  14 Word  22 Word  30 Word  38 Word  46 Word  54 Bank 6

Word  7 Word  15 Word  23 Word  31 Word  39 Word  47 Word  55 Bank 7

R1

R2

R3

R5

R6

R4

R8

R7

R9

R10

R11

R12

R13

R16 R24

R14

R15

R17

R18

R0

Minor Cycle 

Major Cycle

Time

At this time 8 data values are read 
concurrently and stored in R0...R7.
Further this values are issued in a 
pipeline manner in Minor Cycles

Figure 6.3: Interleaved memory pipelined access to memory

6.2 AGEN Unit Design

We consider a vector co-processor consisting of a group of reconfigurable

functional units [6, 110] coupled to a core processor. Figure 6.4 presents

iDepending in the latency of the organization e.g. switch, the Major Cycle can be divided

into a limited number of (x − 1)Minor Cycles
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this organization. An arbiter is used to distribute the instructions between the

vector-coprocessor unit and the GPP following the paradigm proposed in [16].

Please note that many current platforms implement similar approaches, e.g.

the Fast Simplex Link interface and the Auxiliary Processor Unit (APU) con-

troller for MicroBlaze and PowerPC IP cores [111]. For the parallel memory

block of Figure 6.4, we consider a similar design approach presented in Fig-

ure 6.2.

N - way
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(GPP)
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Unit
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Figure 6.4: Block diagram of the reconfigurable custom computing unit [4]

The memory banks presented in Figure 6.4 are built using dual ported mem-

ories, e.g. BRAMs [112] in case of FPGA implementation, shared by both

processors, the GPP and the vector. One port of the BRAM is used by the

GPP processor as a linear array memory organization with high interleaved

address mapping. The second port is used by the vector-coprocessor unit. The

memory access from the vector-coprocessor side requires dedicated AGEN

unit (different from the one embedded into the core processor) that generates

the addresses for the 8-way low interleaved memory organization in the correct

sequence order. The vector data is distributed in an interleaved-way, scattered

by the stride values, that requires 8 different addresses for each memory ac-
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cess. The AGEN unit is configured to work with single or multiple groups

(with the same stride) of streamed data using a single instruction. The AGEN

special instruction configures the base addresses, the stride and the length of

the particular streaming data format. The memory accesses can be performed

in parallel with the execution phase of a previous iteration using the decoupled

approach as presented in [99].

6.2.1 Memory-Interleaving Mechanism

In this section the mechanism to retrieve n data elements in parallel is pre-

sented. Figure 6.5, shows eight different stride cases, with odd strides ≤ 15
for eight memory banks. For example, the stride shown in case (b), is three.

One can see, that in all of the cases the data is uniformly distributed in the

memory banks. This fact suggests the feasibility of an AGEN capable to gen-

erate the effective addresses of n data elements every major cycle. This can be

formally stated as follows:

n data elements stored in n memory banks can be retrieved in a

single major cycle if the stride is an odd integer and n is a power

of two.

Otherwise stated this can be extended as follows:

n data elements stored in n memory banks can be retrieved in a

single major cycle if gcd(n,Stride)=1.

The notation gcd(a, b) is used for the greatest common divisor. Two integers

a, b are relatively prime if they share no common positive factors (divisors)

except of 1, e.g gcd(a, b) = 1.

Extension to the general case: Let’s consider n banks of memory each hold-

ing m memory cells. The m× n memory array can be represented as a matrix

[m × n] where each column corresponds to a memory bank. In addition, the

cell i of the memory bank j corresponds to the matrix element with indexes

(i, j). We denote this matrix as A and consider n = 2h and m for its dimen-

sions, with h, m ∈ N. In addition, the stride of the data structures stored on

the memory is an integer Str = 2q + 1, q ∈ N.

From now on, the data stored in the memory banks will be considered as matrix

A elements. Let the n consecutive data elements placed in different memory
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Figure 6.5: An 8-way interleaved memory banks with odd strides ≤ 15.

banks be denoted by:

a0, ..., an−1. (6.1)

Remark 1. Every element aα, with α = 0, ..., n−1, is identified in the matrix

by its row-index i, with i = 0, 1, ..., m − 1, and its column-index j, with

j = 0, 1, ..., n − 1. This means that there exists a one-to-one relation among

aα and the indexes pair (iα, jα). Additionally, the pair (iα, jα) can be used to

represent aα as a number in base n, obtainable as juxtaposition of iα as most

significant digit and jα as least significant digit. The two indexes can also be

used in a base 10 representation. Therefore, we have the following chain of

equivalent representations for aα:

aα ↔ (iα, jα) ↔ (iαjα)|n ↔ (niα + jα)|10. (6.2)

As an example, Table 6.1 shows the chain of representations as defined in

equation (6.2) for a case where n = 8 and Str = 3.

Remark 2. Without loss of generality, we can assume that the first element a0

stored in the matrix remains at position (i0, j0) = (0, 0).

Lemma 1. The number of rows necessary to hold n elements with stride Str =
2q + 1, q ∈ N is Str.
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Table 6.1: Correspondence aα ↔ (iα, jα) ↔ aα|n ↔ aα|10 for n = 8 and Str = 3.

Element aα Row-Index iα Column-Index jα aα|8 aα|10

a0 0 0 00 0

a1 0 3 03 3

a2 0 6 06 6

a3 1 1 11 9

a4 1 4 14 12

a5 1 7 17 15

a6 2 2 22 18

a7 2 5 25 21

Proof. The number of cells (♯cell) necessary to store n elements with stride Str

is ♯cell = n + (Str − 1) n = n(2q + 1). Therefore, the number of rows is

♯cell mod n = n(Str) mod n = Str. (6.3)

�

Remark 2 and Lemma 1 imply that the necessary rows to store the n elements

with stride Str are:

{0, 1, ..., Str − 1} (6.4)

The n data aα can be defined recursively. If a0 = (i0, j0) the elements

a2, ..., an−1 can be recursively defined as follows:

aα = aα−1 + Str. (6.5)

Theorem 1. Let n be the number of elements aα, with α = 0..n − 1, stored

in a matrix A, m × n, with n = 2h. Let the stride be the integer Str ∈ N. If

(iα, jα) and (iβ , jβ) are the couples of indexes identifying aα and aβ in the

matrix and gcd(n, Str) = 1, we have:

jα 6= jβ ∀α, β ∈ [0, ..., n − 1], α 6= β. (6.6)

Proof. Without loss of generality, by Remark 2, we can assume (i0, j0) =
(0, 0). By contradiction let jα = jβ . We have two possible cases: (1) iα = iβ
and (2) iα 6= iβ .

The first case is not possible: more precisely, if iα = iβ will lead to aα = aβ

since jα = jβ (see Remark 1).
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In the second case: iα 6= iβ . Firstly, by equation (6.4), it follows:

iβ − iα ∈ [0, Str − 1]. (6.7)

Without loss of generality we can assume β > α. By (6.5) we have:

aβ = aβ−1 + Str = aβ−2 + 2Str = ... = aα + xStr, (6.8)

with x ∈ N and x < n; it is straightforward to show that x = β − α. By

using the representations in base 10 of aα and aβ (see (6.2)), the equation (6.8)

becomes:

niβ + jβ = niα + jα + xStr, (6.9)

taking into account the assumption jα = jβ we can rewrite (6.9) as

n(iβ − iα) = x Str. (6.10)

Since gcd(n, Str) = 1 and n divides the product x Str, it follows that n is a

divisor of x. This implies that: x = r n, with r ∈ N. Therefore x > n which

contradicts the original hypothesis. As a consequence, it must be that jα 6= jβ ,

for all α, β ∈ [0, ..., n − 1].
�

Remark 3. The previous theorem can be reformulated saying that if n

data elements are stored in n memory banks with a fixed stride Str and the

gcd(n, Str) = 1, each data element is stored in a different memory bank.

Corollary 1. By Theorem 1 it follows that the data are stored in different

memory banks if n = 2h and Str is an odd integer and viceversa if n is an odd

integer and Str = 2h.

Example: Let’s consider the case (b) presented in Figure 6.5. In this example,

n = 8, the Str= 3. This is also the case considered in Table 6.1. Column

3 of Table 6.1, shows that each element of this data structure belongs to a

different column and therefore to a different memory bank. This follows by

Theorem 1. If there exist two elements aα, aβ with the same column index

then there exists x < 8 such that: n(iβ − iα) = x(2q + 1) (q = 1 in this case).

Considering that n = 8 in our example, n(iβ − iα) can be either 8 or 16. The

difference cannot be 0 since in that case iα = iβ and therefore aα = aβ . As a

consequence, we have two cases 8 = 3x or 16 = 3x and both equations don’t

have an integer solution for x.
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6.2.2 The AGEN Design

The effective address computation is performance-critical (see e.g. [113]).

The AGEN unit described in this section generates eight addresses for fetching

data elements simultaneously from an 8-way interleaved memory system at

high speed. The AGEN is designed to work with multi-operand units [6, 110]

and uses a special-purpose-instruction such as the ones presented in [114]. In

Figure 6.6 an example of such instruction is presented. The multiple base

addresses in this instruction are necessary for cases with multiple indices such

as SAD and MVM operations.

0 8 12 16 20 24 3128

Figure 6.6: Compound instruction

The 4-bit instruction fields depicted in Figure 6.6, define the registers con-

taining the addresses and/or the length and the stride parameters of the data

structure to be accessed. More precisely they are:

• Basei(i = 1, 2, 3). These registers contain the physical memory ad-

dress that point to the first elements of an data arrays to read or write

in the interleaved memory organization. For example, the minuend and

subtrahend in the sum of absolute differences (SAD) instruction or mul-

tiplicand, multiplier and addendum in multiply-accumulate (MAC) op-

erations.

• Length. This register holds the number of n-tuples (cycles) needed to

gather y-elements from the memory. For example, when length value is

10 and n = 8, 80 elements will be retrieved in 10 memory accesses.

• Stride. This register holds the distance between two consecutive data el-

ements in an n-way interleaved memory. In our case the possible strides

are odd numbers in the range between 1 and 15. Thus, strides are ex-

pressed as 2q + 1, with 0 ≤ q ≤ 7. In our design, the eight possible

stride values are encoded using three bits of the available four in the

compound instruction.
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• Index. The address stored in this register has two uses:

– The register contains the vertical distance between two consecutive

groups of n elements. For example, Figure 6.5 (a) presents the

index (also referred as vertical stride) that is equal to 9.

– Sometimes the AGEN can be used to retrieve a single data word.

In this case, the register value is used as an unsigned offset address

in a Base + offset scheme of addressing.

Equation (6.11) describes the effective address (EA) computation. EA is ob-

tained by the addition of the base-stride (BS) value, the index (IX) value, and

the memory-bank offsets. These offsets are represented by Ai(0...3) addresses,

necessary offset for generating the 8 addresses in parallel (see Figure 6.7(c) and

Table 6.2). Figure 6.7(e) depicts the 8×EA generators for the targeted 8-way

interleaved memory system.

EAi = BS + Ai(0...3) + IX ∀ 0 ≤ i ≤ 7 ∧ RES ≥ 0 (6.11)

where RES ≥ 0 suggest that there are still elements to be processed and the

counter of elements depicted on Figure 6.7 (c) does not reach the zero value.
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Figure 6.7: Address generation unit: (a) Accumulator for BS computing, (b)

Accumulator for loop control, (c) Hardwired encoder, (d) Index accumulator,

(e) Final addition effective address computing

The first addendum term (BS) of (6.11) is computed using the following

relation: BS = Base + k Stride. During the first cycle, BS is equal to the

base address, therefore a 0 value is used for the second term. Thereafter, the

stride offset is added for each k iteration. Note that the stride value is equal

to the offset between two consecutive data elements in the same column as

was presented in Section 6.2.1 (see also Figure 6.5). As mentioned earlier,
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Figure 6.7(b) depicts the subtractor used for counting the number of memory

accesses. In each clock cycle, e.g., equivalent to 8 iterations of an unrolled

loop, the subtractor value is decremented by one until it reaches zero. A

negative value of the subtractor result (underflow) asserts the “Int” flag,

indicating the end of address generation process. Figure 6.7(c) represents the

logic block for computing the offset-value Ai(0...3), which will be discussed

in the address transformation subsection in more details. Finally, Figure 6.7(d)

shows the IX computation.

The accumulator structure presented in Figure 6.7 (a) is composed by two

stages partially (4-bits only) shown in Figure 6.8. The first stage consists of

an (4:2)counter which receives the SUM and the CARRY signals of the previ-

ously computed value. The other two inputs (shown left on the figure) receive

the mux-es outcomes used to select the appropriate operands (base and stride

values) as explained above. The second stage consist of a (2:1) adder that pro-

duces the BS values. This pipelining allows a low latency in the generation of

the addresses.

Figure 6.8: Main accumulator circuitry

Address transformation: The stride values supported by our implementation

are encoded using 3 bits represented by S2S1S0. The pattern range 0002..1112

encodes the 2q + 1 stride values with 0 ≤ q ≤ 7, encoding 8 different

odd strides. A hardwired logic is used to transform the encoded stride

values into the corresponding A0(0...3),.., A7(0...3) address offsets using a

memory-bank-wise operation. A “memory-bank-wise” address is created

based on the stride value. For example, consider Figure 6.5 (c) that presents
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the case for stride = 5. In this case, concerning banks 1 and 4 offset values of

3 and 2 are required. These correct memory-bank-wise values are generated

by our hardwired logic. Please note that our approach supports all possible

odd stride values in the range between 1 and 15. The exact transformations

are presented as a set of equations in Table 6.2 for the 8 necessary offsets for

a parallel access.

Table 6.2: Hardwired encoder - Set up table of equations

Bank A0 A1 A2 A3

0 0 0 0 0

1 S2 · S1 · S0 + S2 · S1 · S0+ S2 · S1 S2 · S0 + S1 · S2 S2 · S1

S2 · S1 · S0 + S2 · S1 · S0

2 S1 S2 · S1 · S0+ S2 · S1 · S0 S2 · S0

S2 · S0 + S2 · S1

3 S2 S2 · S0 S2 · S1 S2 · S1

4 S0 S1 S2 0

5 S2 S2 · S0 S2 · S1 · S0+ S2 · S1 · S0

S2 · S0 S2 · S1 · S0

6 S1 S2 · S1 + S2 · S0+ S2 · S1 · S0 S2S1S0

S2 · S1 · S0

7 S2 · S1 · S0 + S2 · S1 · S0+ S2 · S1 S2 · S1 + S2 · S0 0

S2 · S1 · S0

e.g. the address bit A2 for bank 1 will be: A2 = S2 · S0 + S1 · S2.

This value (offset) is added to the current Base address value for obtain EA

6.3 Experimental Results Analysis

The proposed address generation unit was described using VHDL, synthesized

and functionally validated using ISE 7.1i Xilinx environment [115]. The

target device used was VIRTEX-II PRO xc2vp30-7ff1696 FPGA. Table 6.3

summarizes the performance results in terms of delay time and hardware

utilization. The proposed pipelined organization has a bottleneck stage that

requires 6 ns (166.6 MHz) for processing the addresses. We also present the

latencies of the other embedded major sub-units used in our proposal.
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Table 6.3: The address generation unit and embedded arithmetic units

Time delay (ns) Hardware used

Unit Logic Delay Wire Delay Total Delay Slices LUTs

Address Generation Unit 4.5 1.4 6.0 673 1072

Hardwired encoder (Digitwise) ‡ 0.3 - 0.3 9 16

(4:2)Counter ‡ 0.5 0.5 1.0 72 126

(3:2)Counter ‡ 0.3 - 0.3 37 64

32-bit CPA (2:1) adder ‡ 2.2 0.7 2.9 54 99

‡: Embedded circuitry into AGEN unit. Those are presented without I/O buffers delays.

The 6 ns of latency presented in Table 6.3 for the Address Generation

Unit, corresponds to the latency of the 32-bit CPA adder employed to build

the second stage of the main accumulator circuit. This bottleneck can be

improved using a deeper pipeline unit when it is considered the construction

of the CPA (see [116] for details). A pipelined CPA will improve the overall

performance of the proposed unit. The last is important for technologies with

lower memory latency like the Virtex 4 and Virtex 5 devices [117] that can

require fastest AGENs that operate on higher frequencies than the 166 MHz

provide by the current solution. The AGEN unit proposed here uses 3 stage

pipeline. The first two pipeline stages correspond to the accumulator for the

BS computation (Figure 6.7(a)) and the third one to the (3:2)counter array

and the final stage (2:1) adder. The latter constitutes the critical path for our

implementation.

In summary, the proposed AGEN unit reaches an operation frequency of 166

MHz. Otherwise stated, our proposal is capable to generate 1.33 Giga ad-

dresses of 32-bits (totaling 43.5 Gbps) from an 8-way interleaved memory.

Concerning the silicon area used by the proposed AGEN, the total unit uses

only 3 % and 4 % of the targeted device in terms of slices and LUTs respec-

tively.

6.4 Conclusions

A detailed description of an efficient vector address generation circuitry for

retrieving several operands from an n-bank interleaved memory system in

a single machine cycle was presented. The proposal is based on a modified

version of the low-order-interleaved memory approach. The theoretical
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foundation of the proposed approach that guarantees the trivial indexing

structure was also presented. Moreover, a new AGEN unit capable to work

with dedicated multi-operand instruction that describes inner loops was

introduced. An analysis of the latency of the proposed unit indicates that it is

capable to generate 8 × 32 bit addresses every 6 ns. In addition, our design

uses only 3 % of the hardware resources of the targeted FPGA device.





Chapter 7

Comparative Evaluations

I
n this chapter, we evaluate the four designs of arithmetic accelerators pre-

sented in the previous chapters, namely “Arithmetic Unit for collapsed

SAD and Multiplication operations (AUSM)”, “AUSM Extended”, “Fixed

Point Dense and Sparse Matrix-Vector Multiply Arithmetic Unit” and “Arith-

metic unit for Universal Addition”. We consider FPGA technology for our

evaluations. This chapter is organized as follows: in Section 7.1, the silicon

area utilized and the critical paths (latency) of the proposed arithmetic accel-

erators are compared to the most relevant related works. In Section 7.2, we

discuss the results of integrating a complete system consisting of the SAD ac-

celerator as a coprocessor and a Microblaze processor as a GPP. Finally, the

chapter is concluded in Section 7.4.

7.1 Arithmetic Accelerators

The results obtained from the synthesis of our arithmetic accelerators on Xilinx

Virtex II PRO technology as well as the obtained simulation data are compared

with related works. More specifically, we have considered area utilization and

latency.

7.1.1 The SAD Accelerator

Assuming full search scheme in video encoding applications, the number of

all candidate blocks are expressed by the following equation:

q = (2p + 1)2 (7.1)

103
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where the search is limited to a maximum displacement p, and q represents the

number of candidate blocks [43]. A motion estimation technique like the sum

of absolute differences that operates on frames of N×N pels will require N2

subtractions, magnitude operations and additions of absolute values of each

candidate block. The area of search is (2p + N)2, thus, for a block of N2

pels, a block search will require retrieving a number of words denoted by the

following equation:

(2p + N)2 + N2 (7.2)

The Common Intermediate Format (CIF) defines the resolution of a frame for

video-conferences which is 352x288 in PAL or 352x240 in NTSC. This format

is considered in our work as a base parameter to measure the throughput of an

accelerator. The processing of 30 frames per second (fps) for a CIF PAL frame

with p = 8 using full search and block matching algorithm (BMA) will re-

quire 2.6 Giga operations per second (GOPS). In addition, a bandwidth of 243

Mbps between the memory and the accelerator will be required for an 8-bit

pel representation. Those large numbers of computational operations were ful-

filled with different related acceleration works that principally include systolic

arrays structures, contrary to our approach with multi-operational arithmetic

units. In the following subsection, a group of important related works are ex-

amined.

Comparison to Related Works

An accelerator constructed with an array of 16 PEs that computes the differ-

ence and absolute value, augmented with a tree of adders for reducing the

partial results were presented in [118]. This organization implemented over

an APEX EP20K200EQC240-1 FPGA running at 120 MHz, computes 29296

(16x16) blocks per second equivalent to processing a CIF in 13.5 ms.

An improvement to this performance is achieved in the proposal presented

in [119], designed for working over portable devices. This solution employs

65 % of the VIRTEX II XC2V3000-4 device for setting up 10 Motion Estima-

tion Units (MEUs) and is capable to process one CIF video frame in 8.712 ms

using a clock frequency of 93 MHz.

A systolic array architecture that uses a group of PEs to compute the absolute

value, while their summation is computed using the online arithmetic adder is

proposed in [56]. This proposal requires 489 slices for set up a customized so-

lution for a 4×4 macro-block over a Virtex II PRO FPGA, achieving a through-

put of 26.56 millions of SAD computations per second and up to 249 CIF

frames per second.
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Another solution that uses reconfigurable technologies was presented in [55].

This organization contains 16 PEs; each PE is composed by one subtracter, one

adder/subtracter and two registers R1 and R2. Register R1 is used to store the

partial computed value (into an accumulator structure), and register R2 is used

to store the final computing value every fourth cycle. This sequential comput-

ing requires 16 cycles to calculate a 4×4 macro-block and is able to process

up to 1479 CIF video frames per second using 14500 slices and 28.500 LUTs

when operating at 150 MHz. The processing of the data over the subtracter unit

and a regular accumulator (with local feedback) in a sequential way has been

proposed in several works; those proposals achieve a similar performances

than the aforementioned ones, see e.g. [120, 121].

On the other hand, our proposal has an organization that calculates several

SAD values concurrently. The arithmetic accelerator we have proposed in

Chapter 2 collapses an equivalent of 8 SAD units, computing concurrently the

absolute values of the 8 differences (half 4x4 macroblock) and at the same time

the 7 concurrent operands additions in 25 ns using a parallel memory of 256

bits. For our experiments, we consider a Virtex II PRO-6 device, allowing a to-

tal throughput of 320 mega SAD operations per second. Table 7.1 presents the

latency for processing a CIF in ms, the # CIFs per second that can be processed

and the hardware cost in slices used by the examined related work and in our

proposal (see Chapter 2 and 3). We use the data reported in [55, 56, 118, 119],

focusing on the SAD units embedded in those proposals. We have considered

in this estimation that those units have the sufficient bandwidth to receive the

data.

Table 7.1: Area and latency used to process one CIF

Proposal Units Frame processing Cost CIF (PAL) Frequency

time (ms) (Slices) per second MHz

Sayed [119] § 10 Motion estimation 8.7 14336 114 93

PE units

Amer [55] § 16 parallel PE 0.676 14500 1479 150

serial organization

Olivares [56] Online arithmetic 3.81 480 263 197

systolic array

Wei [118] ξ One dimensional 13.5 1640 74 120

Systolic array

Ours Collapses of multiple 0.317 1861 394 x 8 = 3156 40

additions
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In Table 7.1 “ξ” indicates than an Altera APEX EP20K200EQC240-1

translation [122] was made for a comparison with other proposal implemented

over Xilinx FPGAs; and “§” denotes that the number of the silicon area used

includes: the accelerator, the address generation unit, the memory elements

and multiplexers used to route the data.

The cost in slices of our proposal presented in the above table considers the

total cost of the vector coprocessor for the SAD unit in order to make a fair

comparison (see section 7.2 for details). The data in Table 7.1 suggest that our

design is 2.13 faster when compared with [55], a proposal that uses 16 PEs. On

the other hand, our proposal consumes more hardware, 3.78 times compared

with [56] and 1.14 times compared with [118]; nevertheless, our proposal

achieves considerable speed-ups of 12 and 42 respectively. Our design outper-

forms the considered works at the cost of relatively small hardware penalty,

using 8x32 bits wide parallel memory.

7.1.2 The Dense and Sparse Matrix-Vector Multiply Unit

In this section, we evaluate our dense and sparse matrix-vector multiplication

unit presented in Chapter 4. We compare our design to some related solutions

which use massive parallel SIMD organizations.

Dense Matrix Multiplication

A comparison of some important implementations over reconfigurable tech-

nologies is presented in [123]. We use this analysis to differentiate our propos-

als from the related work. Table 7.2 presents the hardware used by different

organizations, expressed in CLB, and the latency required for processing a 4×4

matrix multiplication. Contrary to other approaches that employ systolic struc-

tures, our proposal is based on the collapsing [39,40] of several multiplication

operations and a group of multiple-addition hardware. Those arithmetic re-

sources were arranged in an array of counters, maintaining the CARRY-SUM

representation until the final addition. Thus, the total latency of the whole

arithmetic unit is reduced (see Chapter 4). Note, that other proposals require

the carry propagation at least two times, because they are based on the sequen-

tial concatenation of arithmetic units. Furthermore, some of those proposals

are based on the use of a sequential accumulator organization. In our case, we

collapse the operations (multiplication and multiple-additions) requiring only

one carry propagation in the final (2:1) adder.



7.1. ARITHMETIC ACCELERATORS 107

Table 7.2: Dense matrix multiplication comparison - Related work

Proposal Units Latency (ns) Cost (CLBs)

Mencer [123, 124] Bit serial Multipliers (Booth encoding) 570 477

Amira [123, 125] Pipelined MAC unit. The last stage has a 336 296

feedback path with a (4:2)counter for speed up

the multiple accumulation operation.

Jang [123] Linear Systolic Array, each PE has 150 390

a multiplier and adder to process with a

feedback the MAC operation.

Prasana [123, 126] Linear systolic array 150 420

with n processors with internal storage,

ALUs and multiplexers to route the data

Ours Collapsed multiply and multiple addition unit 149 1140

All the works are compared under the same technology, we approximate as stated in [123]. Our proposal

was re-targeted to a Virtex XCV1000 device for cost (CLBs) estimation purposes.

From Table 7.2, it is evident that our proposal is as fast as the best performing

related designs. Indeed, our unit requires more hardware resources, but this is

an extra cost we are paying for the added functionality for sparse matrices.

Sparse Matrix Multiplication

Linear arrays, rectangular arrays, hexagonal arrays and other structures with

different grade of connectivity between the PEs operating in a synchronous

way [127, 128] were proposed as a solution to speed up the sparse matrix-

vector multiplication. For example, Ogielski et al. [129] presents a study of the

matrix-vector computation on a rectangular processor. The idea to “Load bal-

ancing” (efficient assignment) of non-zero-elements (NZE) were proposed and

tested over MasPar MP-1216 built of 16,348 RISC processors (128x128 array)

which achieved a performance of 48 Mflops (Similar massive approaches are

analyzed in [130]). The referred above micro-organizations carry out the fol-

lowing actions for each row:

1. Fetch the required vector elements A(i,j);

2. Perform the local multiply operation Pi,j = Ai,jxbj

3. Add the partial products sequentially Ci =
∑

Ci,j
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4. Store the result.

The distribution of the NZE were studied in [76, 77, 131, 132] and several

algorithms were proposed. Zhuo and Prasanna’s FPGA solution [77] propose

also the sequential iteration over dot products, parallelizing each product and

sequentializing the addition. This approach follows a previous proposal of the

same author for dense matrix processing [123, 126].

In contrast to the approaches presented, our solution uses a simple hardware

unit for distributing dynamically the NZEs into the multiplication and the mul-

tiple addition units (see Chapter 4). Our approach does not incur any overhead

due to splitting the NZE of a particular row. We make that distribution dynam-

ically. Furthermore, we do not have any overhead due to the communication

between the PEs. The overhead, introduced by managing the irregular distrib-

ution of the NZE is low, e.g., about 1.8 ns (see Chapter 4). The latency values

presented on Table 7.2 are also hold for the sparse matrix multiplication.

7.1.3 The Binary and Decimal Adder

Decimal arithmetic applications [84] require the speed up of the BCD addi-

tion/subtraction operations. Early solutions proposed by the academia and in-

dustry include binary arithmetic units that support BCD manipulation with

slight modifications of the basic ALUs. The creation of “dedicated units”

[86, 87] was a step further into the research of units with better performance

when decimal arithmetic is considered. Units that collapse binary and BCD

functionalities were proposed in [33,84,133,134] introducing important hard-

ware reutilization for the support of several functionalities. Nevertheless, the

main drawback of those proposals is their inability for efficient processing with

effective addition/subtraction characteristics, the way our proposal does. Pre-

vious proposals require the use of an additional processing cycle to achieve

correct results when operating with signed-magnitude representations. Fig-

ure 7.1 presents the percentage of operations with subtrahend greater than the

minuend required to make our arithmetic accelerator better than the fastest

related work [96] (see Chapter 5). It has been observed that in cases when

the subtrahend is greater than the minuend in more than 20 % of the cases,

our proposal outperforms the referenced design (see the vertical dotted line in

Figure 7.1).
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Figure 7.1: Universal Adder - Speed up characteristics

7.2 System Integration of the SAD Unit

In this section, we integrate the SAD arithmetic accelerator into a system with

a Microblaze processor. In this way, we can evaluate the impact of our design

on the overall performance of the entire system. We have estimated the time

required for processing a SAD kernel, implemented as a vector coprocessor,

presented in Chapter 6. The achieved results are compared with the pure

software execution of the same SAD kernel over a soft-core IP (MicroBlaze).

Setup of the Prototyping System: A general purpose processor was im-

plemented on the Xilinx Virtex II Pro technology. More specifically, we

instantiated the Xilinx MicroBlaze, a 32-bits RISC reconfigurable soft-core

processor with the following configurations: MicroBlaze processor, UART, 2

Timers, GPIOs, USB, external bus controllers (memory) and the Fast Simplex

Link (FSL) channels. The targeted device was an xc2vp30-7ff1696 FPGA.

The synthesis report for this SoC gives the following numbers presented in

Table 7.3:

Table 7.3: Microblaze based SoC (@ 100 MHz)

.
Resource Type Used Available HW utilization

Slices 1277 13696 9 %

Slices FF 1501 27392 5 %

LUTS 1928 27392 7 %

BRAM 32 136 23 %
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A SAD kernel for motion estimation was coded in C, compiled and executed

on the Microblaze SoC architecture described above for an N=M=4 SAD

macro-block. Two macro-blocks, Block1-the reference frame and Block2-the

searched one, are used as inputs to compute this kernel. The SAD kernel

performs subtraction, then computes the absolute value, and finally accumu-

lates the previously obtained results as described in the following pseudo code.

1: int MotionEstimation() {
2: for (i = 0; i < N ; i + +)
3: for (j = 0; j < M ; j + +) {
4: if ((v = Block1[i][j] − Block2[i][j]) < 0) v = −v;
5: s+ = v;
6: }
7: return s;

8: }

The execution time was measured in processor cycles, using the internal timer.

We have found that Microblaze requires on average 20 cycles for processing a

pel. In particular, the considered SoC requires 3.6 µs for N=M=4.

The SAD Vector Co-Processor: We have implemented the vector-

coprocessor presented in Chapter 6 (see Figure 6.4), considering the SAD

arithmetic accelerator, presented in Chapter 2. The soft-core vector coproces-

sor was implemented with the help of Xilinx EKD 8.1i, synthesized and func-

tionally validated using Xilinx ISE 8.1i [135]. The target device was VIRTEX-

II PRO xc2vp30-7ff1696 FPGA. Table 7.4 summarizes the results in terms

of hardware utilization of the complete micro-architecture of the Vector Co-

processor.

Table 7.4: Vector coprocessor: SAD case

.
Resource Type Used Available HW utilization

Slices 1861 13696 13 %

Slices FF 1125 27392 4 %

LUTS 1248 27392 9 %

DRAM 64 136 47 %
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The Communication Interface: The communication link between the Mi-

croblaze and the SAD coprocessor is established with the FSL point-to-point

communication channel. Up to 8 channels are available in the nowadays tech-

nology [136]. The interfaces are used to transfer data in 2 clock cycles to and

from the processor register file to hardware running on the FPGA device. Fig-

ure 7.2 depicts the link between the Coprocessor and the GPP through this

dedicated channel. Each channel implements a uni-directional point to point

FIFO-based communication. FIFO depths can be as low as 1 and as deep as

8K. The FSL is based in a simple protocol that uses a CLK when the instan-

tiation of the channel is considered in a synchronous FIFO mode. Two reset

signals (synchronous and asynchronous) not shown in Figure 7.2 are available

for initialization purposes. A 32-bit data bus connects the master and the slave

to the shared FIFO memory. A control signal is used to synchronize the data

transfers. Separate write and read control signals provide the necessary syn-

chronization for the FIFO memory. Signals indicating a full FIFO are also

provided. A complete description of this communication link can be found

in [136].

MicroBlaze

(GPP)

FSL

Master

CPU

FSL

Slave

FSL

Slave

Vector

Coprocessor

Control

FSL

Master

Coprocessor

attached to 

the GPP 

FSL_M_CLK

FSL_M_Data

FSL_M_Control

FSL_M_Write

FSL_M_Full

FSL_S_CLK

FSL_S_Data

FSL_S_Control

FSL_S_Read

FSL_S_Exists

FSL_S_Full

Figure 7.2: GPP and vector coprocessor interface - Fast simplex link dedicated

channel

The master and slave of the FSL can work at different rates. In our case,

the GPP runs at 100 MHz and the SAD-coprocessor at 40 MHz. When the

GPP runs at 100 MHz, 60 ns will be necessary to initialize the register files

of the accelerator with the number of elements to process and initialize the

addresses for sources and results. The vector coprocessor requires 3 cycles to
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fetch, execute and store the result, thus considering a maximum delay of 25 ns

presented by the SAD unit, 100 ns will be required to process a macro-block

in the proposed arithmetic hardware accelerator. The total amount of time

necessary to complete the SAD processing for N=M=4 will be 160 ns (speed

up: 23 times).

Comparison: The comparison results between the pure software execution

and the execution on a SAD hardware enabled system is presented in Table 7.5.

Our arithmetic accelerator is able to process in 25 ns 8 pels, which normalized

to the Microblaze cycles, is equivalent to 3.2 pels per cycle (speed up: 64

times). The processing of several macro-blocks only will require a single ini-

tialization stage, hiding the initial cycles for AGEN set up.

Table 7.5: Software - hardware comparison

.SW = MicroBlaze HW=MicroBlaze + HW accelerator

Performance 20 cycles per pel 3.2 pels per cycle

% slices used (area) 9 % 13%

Latency 3.6 µs 160 ns

Speed-up 1 23 - 64

The parallel memory with interleaved data distribution organization, the

AGEN unit, and the arithmetic accelerator that collapses 8 absolute value op-

erations and 8 additions allow a speed up of 64 times. Figure 7.3 illustrates

the computation considered by the general approach in (a) and by our own

approach in (b).

(1 pel) (1 pel)

(8 pels) (8 pels)

Figure 7.3: SAD processing: (a) Regular approach. (b) Our approach with unit

collapsing
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A Pipelined Implementation: The arithmetic accelerator for SAD process-

ing proposed in this research has basically three computational steps: 1) Cout

computing 2) Partial product reduction ((3:2)counters adder tree) and 3) Fi-

nal addition. A pipelined version of the arithmetic accelerator proposed in

Chapters 2 and 3 can be implemented. The final adder is the bottleneck in

this new pipelined structure. In the targeted FPGA technologies, this adder

has a 6 ns cycle, which corresponds to an operating frequency of 166.6 MHz.

This frequency requirement can be still fulfilled by the proposed AGEN and

implemented over the same technology (see Chapter 6), the AGEN generate

addresses every 6 ns. Therefore, comparing the 20 cycles per pel required for

SAD processing over Microblaze and the possible 13.3 pels per cycle required

by the pipelined version of the arithmetic accelerator (running at 166.6 MHZ),

a speed-up of up to 266 can be achieved.

7.3 Hardware Reutilization

In this section we evaluate the degree of utilization of common hardware by

the different designs that we have proposed. The proposed arithmetic units

present important degree of reutilization to set-up the multiple operational

arithmetic accelerators.

The collapsed units presented in Chapters 2 and 3 are described in Figure 7.4(a)

and Figure 7.4(b) schematically.

,   IN1 x IN2

IN1  IN2

| Ai – Bi |

 A1  B2  A2  B8

,   IN1 x IN2| Ai – Bi |,   IN3 x IN4| Ai – Bi |

IN1  IN2 A1  B2  A2 B8 IN3  IN4 A1  B2  A2 B8

Figure 7.4: Arithmetic soft-cores accelerators: (a) AUSM [5], (b) AUSM ex-

tension [6].

Table 7.6 summarizes the amount of hardware reused to construct the various

functionalities. These two highly collapsed arithmetic units evidence that it
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is possible to share hardware to support different functionalities in a common

and single multifunction unit. For example, multiply sub unit have used

sections 1, 2, 3, 4, 5, 6, 9 and 11 to build this operation (see Figure 7.4(b)).

Table 7.6: Hardware reuse - AUSM extended

.

Operation Sections utilized of the whole array Reuse of whole array %

Integer Multiply † 1-6, 9, 11 80

Fractional Multiply† 1, 3-8, 9, 11 80

Half 4x4 SAD † 1-4,9, 10, 11 50

Half 4x4 SAD † 5-8,9, 10, 11 50

Integer MAC 1-6, 9, 10, 11 95

† : The units operate with unsigned, signed magnitude and two’s complement representation.

The MAC unit operates only with two’s complement representation

Furthermore, the arithmetic accelerators presented in Chapters 4 and 5, has

been constructed using the same paradigm. Figure 7.5(a) depicts schemati-

cally the accelerator presented in Chapter 4 in which the sub-units embedded

in this accelerator have the same characteristics as the proposed in Chapters 2

and 3. The reuse of hardware for both functionalities, dense and sparse,

reaches the 60 % of whole unit. Regarding the schematic of the universal

adder depicted in Figure 7.5(b), the twelve operations i collapsed in this

arithmetic accelerator share almost 40% of the total hardware resources.

Figure 7.5: Arithmetic accelerators: a) Dense Sparse Matrix Vector Multiply

Unit b) Universal Adder

iUniversal addition performs effective addition/subtraction operations on unsigned, sign-

magnitude, and various complement representations for binary and BCD representations
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A summary of the hardware used in each one of the arithmetic accelerators

is presented in Table 7.7. We can see that important blocks of hardware are

common for the different arithmetic soft-core accelerators. In addition, Cout

logic and muxes are used in all considered designs.

Table 7.7: Common hardware blocks - Arithmetic soft-core accelerators

.
Operations [5] AUSM [6] AUSM [110] Dense/Sparse [3] Universal binary

extended Matrix-Vector Unit & BCD Adder

2:1 CPA 11 11 11 (4 times) 4

Counter Array 1,2,3,4,5,6 1,2,3,4,5,6,7,8,11 1,2,3,4,5,6,7,8,11 11

From Table 7.7, it can be concluded that some unrelated applications, that

require hardware accelerators can share basic blocks such as: array of

counters, logic for Cout computing for arithmetic comparisons, multiplexers

for routing data and counters. This suggests that there are potential for further

inter-application hardware reuse. Adaptable arithmetic accelerators can be

instantiated (constructed) on demand. The functions can be configured with

multiplexers as suggested in the collapsed units presented in this work. Fur-

thermore, using the run-time reconfiguration (RTR) approach [41, 137–139],

the basic units (e.g. multiplier, SAD, BCD adder, etc), which are collapsed

into the arithmetic accelerators, can be instantiated “alone” for performing

one of the polymorphous behaviors embedded into their design. With this

approach, the latency for a particular functionality can be reduced substantially

(see, e.g., subsection 4.2.3).

The idea to have a common and basic hardware, such as an Counter Array

from which different functionalities can be adapted; (e.g., multiplier, SAD and

multiple addition accelerators) was the intrinsic idea behind the proposed arith-

metic accelerators. With this approach, instead of reconfiguring the entire new

functionality, only the differences can be reconfigured; thus diminishing the

reconfiguration latency. For example, in Chapter 2, we have reported our ex-

perimental results following this approach. Using the technique for two partial

reconfiguration flows [61], we found that once the multiplier unit is instanti-

ated, we only need 50 % of the configuration stream data to obtain the SAD

unit. Thus, with the use of common blocks, it is possible to diminish the set up

time of the functionalities between a multiplier and an 8-input SAD operation.

We have to point out that no pre-placement constraints have been used in this
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experiment, we rely on the best effort of the compiler. Improved results can

be obtained if low level placement tools [140] are used to make partial recon-

figuration, assuring that the logic blocks selected are reused to set up the new

functionality.

7.3.1 Architectural Adaptability

In Appendix A, we have presented a short survey on some popular reconfig-

urable architectures. The outcome of that architectural review assessed that

adaptable processors present in their data-path units (acceleration units) the

following common characteristics:

1. Large interconnection networks for connect the PE arrays and large la-

tency for data communication.

2. Data-path units with dedicated and fixed functional units. The rearrange-

ments are at the arithmetic operators levels (coarse grained units) with-

out any merged execution in their designs (poor reuse of hardware).

3. Unused portions of the data-path when a particular kernel is supported.

Some PE are not used in a particular operations.

4. Poor adaptability when customized functionalities, different to the

coarse grain arithmetic operators are executed in those data-paths.

Table 7.8 summarizes our findings of the surveyed adaptable processors.

Contrary to the surveyed approaches, the collapsed approach used in the arith-

metic accelerators proposed in this research work allows: substantial reuse of

hardware, low latencies in the communication networks, and highly customiz-

able, yet easily adaptable functional units. We envision the construction of

arithmetic accelerators considering the following:

1. Common and basic logic blocks should be designed to support the func-

tionality of several operand addition related operations. Media applica-

tions require operations that deal with multiple data representations like

unsigned, sign-magnitude and complement representations.

2. The common blocks can be configured in advance or even created as

hard IP, e.g., a see of counters. Therefore, the hardware differences
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Table 7.8: Comparison of adaptable processor features

Adaptable Data-path Poor utilization of FU Poor FU

Processor flexibility the FU available interconnection adaptability

VSP 5 - 52 bits No (few elements) Crossbar Fix FU

PRISM 16 bits Created on-demand Shared bus -

some C routines

RAW 8 bits Prototype 4x4 Large network Fix GPPs

PipeRench 3-bits Yes (array PEs) Large Pipeline Network Flexible

FU

Garp 2-bits Yes (array PEs) Large resources (2-bit buses) Flexible FU

MorphoSys 16 bits Yes (array PEs) Array of 8x8 Programable

ALU

Matrix 8-bits Yes (array PEs) Collection of 8 bit buses Fix ALU

RaPiDs 16 bits Yes (linear array PEs) Configurable Flexible multiple

large network resources

Adres 32 bits Yes (array PEs) Configurable network Programable FU

MOLEN on demand on demand - -

needed for performing a particular operation will be reconfigured par-

tially based on the hardware differences between the common basic ar-

ray and the new needed functionalities, instead of programming totally

the entire desired operation as stated in [16].

3. Large acceleration units can be constructed based on various basic logic

blocks that can adapt slightly their functionality to cover the large appli-

cation requirements. These large acceleration units should be designed

to work with different representations and formats, covering with this

approach more than a simple application domain.

4. Adaptable fabrics, such as nowadays FPGA devices, should be used to

support flexible solutions for the design of the new application specified

ISAs for adaptable processor scenarios.
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7.4 Conclusions

In this chapter, we presented a comparison of our stand-alone arithmetic units

with related works. The occupied silicon area and the unit latency were used

as comparisons criteria. We also presented the results of mapping a complete

micro-architecture comprising a Microblaze GPP and a SAD coprocessor onto

Xilinx Virtex II Pro technology. We have compared the performance of the

system augmented with our SAD accelerator with pure software execution of

the same kernel. Experimental results indicated speed-up of 64 times. We

estimate that this acceleration can potentially reach 266 times speedup with a

deeply pipelined version unit of the SAD accelerator. We also evaluated the

degree of utilization of the shared hardware in our units. Finally, we provide an

architectural investigation and comparison of our approach to existing related

work. Comparison results suggest that our proposal allows better adaptability,

avoid into the solutions large interconnection networks and at the same time

presents the necessary customization to compete with the state of the art when

latency is considered.



Chapter 8

General Conclusions

W
e have considered performance efficient hardware designs of key

complex arithmetic operations for general purpose and embedded

systems. Our main approach was to collapse several operations into

one complex unit exploiting functional commonalities. We have considered

reconfigurable hardware arithmetic units that perform specific operations

like Multiply (integer and fractional), MAC, SAD, matrix dense/sparse

multiply/add and universal addition, including BCD operations. The high data

throughput requirements of those arithmetic accelerators have been met by a

proposed interleaved memory organization with an address generation unit

(AGEN). The AGEN delivers high-bandwidth address generation, allowing

fast data retrieval. We have considered the Virtex II Pro technology as a

prototyping platform for the proposed designs.

This chapter is organized in three sections. Section 8.1 summarizes the main

conclusions we have obtained from the presented research efforts. In Sec-

tion 8.2, we highlight the main contributions of this dissertation. In Section 8.3

we present a summary of the advantages of the arithmetic accelerators de-

signed with the collapsed hardware approach. Finally, in Section 8.4, we pro-

pose some open research directions motivated by short discussions.

8.1 Summary

In Chapter 2, we introduced the design of an adaptable IP that collapses

some multi-operand addition operations into a single array. Particularly, we

119
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consider multiply and Sum of Absolute Differences (SAD) operations. The

proposed array is capable of performing the aforementioned operations for

unsigned, signed magnitude, and two’s complement notations. The array

was designed around a (3:2)counter array that possess three main operational

fields. An 66.6 % of the (3:2)counter array is shared by the implemented

operations providing an opportunity to reduce reconfiguration times. The

synthesis result for an FPGA device, of the new structure was compared

against other multiplier organizations. The obtained results for a Virtex

II Pro-6 FPGA technology, indicate that the proposed unit is capable of

performing a 16 bit multiplication in 23.9 ns. An 8 pair input SAD can

be computed in 29.8 ns. Even though the proposed structure incorporates

more operations, the extra delay required over conventional structures is very

small. It is in the order of 1% compared to a regular Baugh&Wooley multiplier.

In Chapter 3, the array presented in Chapter 2 is extended with more function-

alities while the original ones are preserved. The AUSM extended collapses

eight multi-operand addition related operations into a single and common

(3:2)counter array. We consider for this unit multiplication in integer and frac-

tional representations, the Sum of Absolute Differences (SAD) in unsigned,

signed-magnitude and two’s complement notation. Furthermore, the unit also

incorporates a Multiply-Accumulation unit (MAC) for two’s complement

notation. The proposed multiple operation unit was constructed around 10

element arrays using counter reduction techniques. It is estimated that 6/8

of the basic (3:2)counter array structure are shared by the operations. The

obtained results of the presented unit indicates that is capable of processing

a 4×4 SAD macro-block in 36.3 ns. It takes 30.4 ns to process the other

operations using a VIRTEX II PRO xc2vp100-7 FPGA device.

In Chapter 4, we presented a reconfigurable hardware accelerator for the

processing of fixed-point-matrix-vector-multiply/add operations. The arith-

metic soft-core accelerator unit is capable to work on dense and sparse

matrices with several popular formats namely CRS, BBCS and HiSM. The

resulting prototype hardware unit accommodates 4 dense or sparse matrix

inputs. Due to its parallel design it achieves 4 multiplications and up to 12

additions at 120 MHz when implemented on an xc2vp100-6 FPGA device,

which corresponds to a throughput of 1.9 GOPS for both the dense and sparse

matrices.
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Chapter 5 introduces an adder/subtracter unit that combines Binary and

Binary Coded Decimal (BCD) operations. The proposed unit uses effective

addition/subtraction operations on unsigned, sign-magnitude, and two’s/ten’s

complement representations. Our design overcomes the limitations of previ-

ously reported approaches that produce some of the results in complement

representation when operating on sign-magnitude numbers. When reconfig-

urable technology is considered, our estimation indicates that 40 % of the

hardware resources are shared between the different operations. This makes

the proposed unit highly suitable for reconfigurable platforms with partial

reconfiguration support. The proposed design, was compared with some

classical adder organizations after synthesis targeting 4vfx60ff672-12 Xilinx

Virtex 4 FPGA. Our design achieves a throughput of 82.6 MOPS with almost

equivalent area-time product when compared to other approaches.

In Chapter 6, we describe an efficient data fetch circuitry for retrieving several

operands from an 8-bank interleaved memory system in a single machine

cycle. The proposed address generation (AGEN) unit operates with a modified

version of the low-order-interleaved memory access approach. Our design

supports data structures with arbitrary lengths and different (odd) strides.

The experimental results shown that the AGEN unit is capable of producing

8 x 32-bit addresses every 6 ns for different stride cases when implemented

on VIRTEX-II PRO xc2vp30-7ff1696 FPGA devices using trivial hardware

resources.

In Chapter 7, we compared our stand-alone designs with recent related works.

Furthermore, we present the results of a complete system integrating the SAD

unit as a coprocessor of a Microblaze GPP and present the performance analy-

sis against soft-core and hardcore IP processors.

8.2 Contributions

The main contributions of this dissertation are described in the followings.

• Our major contributions in speeding up media applications through the

proposed arithmetic soft-core accelerators are:

– We have proposed and implemented an Arithmetic Unit for col-

lapsing SAD and Multiplication operations (AUSM). Eight multi-

operand addition related operations were collapsed into a sin-
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gle and common (3:2)counter array. We proposed a single unit

which integrated the multiply operation for integer and fractional

representations, the Sum of Absolute Differences (SAD) and the

Multiply-Accumulation (MAC) operations. Our evaluations indi-

cate that the proposed SAD unit is 2.3 times faster than related

acceleration units. The multiply operation, executed in our unit

operates in universal notation and suggest similar latency to Baugh

& Wooley Multiply unit implemented over the same technology.

– We have proposed and implemented the Adaptable Fixed Point

Dense and Sparse Matrix-Vector Multiply/Add Unit. This arith-

metic accelerator is capable to achieve 4 multiplications and up

to 12 additions of dense or sparse matrices in a concurrent manner.

We designed an algorithm which allocates dynamically the NZE in

a collapsed multiply and multiple-addition hardware. The achieved

result for these arithmetic accelerator unit indicate that our re-

configurable proposal is competitive to related highly customized

hardware accelerators. Although, we did not achieve speed ups

compared with the fast dense matrix multiplier units (we have the

same performance for sparse matrices), reusing the same compu-

tational resources.

– We have proposed and implemented an Adaptable Universal Adder

that supports 12 operations. The proposed unit uses effective addi-

tion/subtraction operations on unsigned, sign-magnitude, and var-

ious complement representations. Our design overcomes the lim-

itations of previously reported approaches that produce some of

the results in complement representation when operating on sign-

magnitude numbers. Thus, previous solutions will require at least

one cycle more to produce the correct result (assuming zero latency

in detection of the case). The latency of our multi-operation unit

is 21 % slower compared with the fastest BCD adder considered.

Nevertheless, when the occurrence of operations with the subtra-

hend greater than the minuend is greater than 20 %, the Adaptable

Universal Adder is at least two times faster than the fastest related

proposal.

• We integrated our units into a complete reconfigurable system :

– We have proposed an address generation (AGEN) for interleaved

memory organization with high parallel computational charac-
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teristics. Our design allowed the generation of 8 - 32-bit ad-

dresses every 6 ns for different stride cases. When implemented

on VIRTEX-II PRO xc2vp30-7ff1696 FPGA device, using trivial

hardware resources. This approach reduces the number of cycles

required for data transfers between the memory and the arithmetic

accelerators providing high bandwidth utilization and short hard-

ware critical paths.

– We have proposed and implemented a vector coprocessor that is

composed by an efficient data fetch circuitry for retrieving several

operands from a n-bank interleaved memory system in a single

machine cycle.

– We integrated our units into a complete reconfigurable system. We

have evaluated our proposal for the SAD case. The proposed or-

ganization and architecture to deal with the unrolled SAD kernel

was evaluated. We have achieved an accelerations of 64 times

compared with pure software execution on the MicroBlaze RISC

processor over the same technology a VIRTEX-II PRO xc2vp30-

7ff1696 FPGA device.

Overall, we have proposed arithmetic soft-core accelerators with universal

characteristic able to perform efficiently several operations on the same hard-

ware. In our work, we consider commonly used number notations such as

unsigned, sign magnitude, two’s/ten’s complement representations.

8.3 Advantages of the Collapsed Arithmetic Hardware

Our analysis and experiments suggest that collapsing several arithmetic oper-

ations into one complex arithmetic unit can be beneficial in designing perfor-

mance efficient hardware. We identify the following advantages of the consid-

ered function collapsing design approach:

• Efficient hardware utilization: High levels of common hardware reuti-

lization among the functions considered allows higher computational

densities, e.g., smaller portions of silicon can support larger number of

arithmetic operations.

• Improved performance: Collapsing multiple operations into a single

unit, potentially allows faster data processing due to reduced communi-
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cation cost among the different modules compared to traditional multi-

module design approaches.

• Applicability for adaptable hardware technologies: Considering con-

temporary partial reconfigurable hardware, the proposed designs can be

easily implemented in run time reconfigurable systems. Providing ca-

pabilities to configure the basic functionality first and then to configure

a particular functionality in short time, allows to our designs to attain

higher overall performance and higher energy efficiency, especially in

designs with severely constrained reconfigurable hardware resources.

8.4 Proposed Research Directions

We suggest the following directions to further extend the proposed research.

• Although no experiments for energy evaluation were carried out, the

considered collapsing approach is potentially energy efficient. A single

unit of high degree of hardware utilization among the supported arith-

metic units suggest less power dissipation compared to a collection of

autonomous arithmetic units, consuming more energy both for commu-

nication and for processing. This aspect should be carefully investigated.

• Addition and multiplication are fundamental operations in current em-

bedded processor data-paths. An interesting research direction could

consider the creation of new adaptable technologies, for example new

FPGAs with a set of (3:2)counters as hard IP blocks, in the same way

that were introduced MUXs, XORs and regular gates like AND and OR

in current FPGA devices. The possibility to rearranges the interconnec-

tion in a counter array through MUXs has been demonstrated in this

research work. This approach allowed the implementation of several

several functionalities reusing the same hardware resources. An array

of counters with adaptable characteristics can be the starting point in

the creation of new and fully customizable arithmetic accelerators with

improved performance.

• An exhaustive investigation should be carried out for the creation of

an interleaved memory system and AGEN capable to operate with any

stride. Thus more investigation should be carried out in order to solve

this problem.
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• Considering the achieved results in the arithmetic accelerators in this

dissertation, a tool for the automatic generation of arithmetic accelera-

tors can be considered as a investigation field. The tool should consider

the collapsing approach, combining basic hardware elements, such as

counter arrays for supporting several functionalities with different kind

of representations. Perhaps some kind of expert systems can help to

achieve this goal.

• In this dissertation, we have explored fixed point arithmetic only. An

interesting future research direction would be consider the floating

point arithmetic operations for collapsing into universal arithmetic units.

Floating point sparse matrix multiplication is one promising research di-

rection.





Appendix A

Reconfigurable architectures

survey

I
n this appendix, we provide an overview of some popular

adaptable processors proposed by the academia and indus-

try.

This survey compares the main approaches used to design the adaptable

processors, analyzing their advantages and disadvantages to respect to the

complexity and potential performance of their reconfigurable processing units.

A.0.1 A General-Purpose Programmable Video Signal Processor

(VSP)

The creation of an architecture tailored for video signal processing with hard

deadline was introduced at the end of the 80s by Philips [7, 141]. The VSP

real-time video signal processing was constructed around a group of pipelined

processing elements (PE) that communicate with the rest of the system using a

crossbar switch. The PE denominated in this proposal “Arithmetic and Logic

Elements (ALE)” can be configured to perform operations like Booth multiply,

addition, subtraction, comparison and unsigned multiply. The loosely coupled

architecture proposed is configured dynamically, achieving some functional-

ities that are being limited by the concatenation of operations offered by the

fixed ALE. We can view the data-path of this proposal as hard adaptable arith-

metic accelerator with medium to coarse grained elements. The ALEs can

have widths from 10 to 52 bits. The architecture of this configurable ALE is

127
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presented in Figure A.1:

SHA SHB SHC

ALU

A B C

KA KB KC

Y

I

ALE

Figure A.1: Contents of the ALE [7]

An ALE consist of three barrel shifter (SHA, SHB and SHC) and a ALU.

The inputs A, B and C are connected to the crossbar switch, so that two data

operands and one operator instruction (input C) can be fed to the PE. Also

a control memory can feed data constants (KA, KB and KC) or instructions

directly to the ALE.

A.0.2 Processor Reconfiguration through Instruction-Set Meta-

morphosis (PRISM)

PRISM [142] is based on the Motorola 68010 processor (core processor) which

was augmented with an FPGA board containing four Xilinx 3090 devices in

a loosely coupled organization. A shared 16 bit bus is used for the communi-

cation between the 68010 processor and FPGA devices. The compiler maps

dedicated kernels into the reconfigurable devices on a C-function level basis.

The main drawback of this work is the latency between processor and FPGA

accelerator communication (large interconnection delay). The second proto-

type, PRISM-II [8], brought the host processor and FPGAs closer together as

can be see in Figure A.2. The AMD Am29050 is directly connected to three

Xilinx 4010’s, improving the communication latency and increasing signifi-

cantly the number of I/O pins resources.
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Figure A.2: PRISM II Hardware Platform [8]

A.0.3 Reconfigurable Architecture Workstation (RAW)

RAW [9] was constructed with 16 identical PEs arranged in a programmable

tiled organization, where the tiles are connected to its nearest neighbors by the

dynamic and static networks (see programmable router in Figure A.3). Each

tile has compute resources such as a processor that runs a MIPS ISA style

processor with 32 KB SRAM data memory, and a 32 KB SRAM instruction

memory [143]. The tiled architecture requires 6 hops for a data value to

travel between two non neighboring corners. This type of communication

overhead intrinsic of the network on chip approaches [144, 145], is used for

hiding the wire delay problem [146, 147] of multiprocessor systems. The

RAW coarse grained architecture resembles a multiprocessor system and their

adaptability is limited by the number of tiles. Another drawback of RAW is

their large configuration time for the interconnect switches (several instruc-

tions per switch [9]). This architecture seems adequate for the exploration of

the high performance computation (due to their huge granularity in their PEs).

A.0.4 PipeRench

The PipeRench [10] proposal exploits the idea to reconfigure the pipeline on

demand (per-application basis). A large logical design (accelerator), is divided

and mapped in simpler pieces of hardware, each one in a single stage. The set

of pipelined stages (see Figure A.4(a)) denominated “Stripes” are composed by

PEs which contain an ALU and two barrel shifters. The ALU consists of a 3-

bit LUTs, carry chain support circuitry, zero-detection logic. The connectivity
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Figure A.3: RAW architecture [9]

of each PE is achieved trough a global I/O bus and through the interconnect

network. The PEs can retrieve data from register and from another PEs outputs

that can be located in the same or another stripe. Figure A.4(b) depicts the

architecture of an PE element. This loosely coupled organization attaches the

reconfigurable fabric and the host processor through a PCI bus.
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Figure A.4: PipeRench architecture [10]

A.0.5 Garp: a MIPS Processor with a Reconfigurable Coproces-

sor

This reconfigurable architecture combines a reconfigurable hardware with a

standard MIPS processor on the same die in a closely coupling organiza-
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tion [11] (see Figure A.5(a)). The reconfigurable array on Garp is composed

by entities called blocks, represented by squares in Figure A.5(b). The first

block from left to right is intended for controlling tasks, while the rest of the

blocks in each row are logic blocks that operate in values of 2 bits. Garp as

DISC [148] divides the array in rows for implementing a multi-bit operation

across a row. Thus, having 23 logic blocks per row, there is sufficient space

en each row for an operation of 32 bits plus the necessary blocks to check

overflows, etc. e.g. in Figure A.5(b)) the second row is used to map a 32 bit

comparator.

lsbmsb

Memory

Data
cache

Instruction
 cache

Standard 
processor

Reconfigurable
Array

1 control

 block for

 each row
3 extra logic

 blocks 16 logic blocks (32 bits) / Aligned with processor data word
4 extra logic 

 blocks 

23 logic  blocks per row 

32-bit word alignment on memory bus 

18-bit

adder

32-bit

coparator

32-bit logical 

operation

Figure A.5: Garp architecture [11]

Vertical and horizontal wires within the array of logic blocks are used to move

data between the blocks. The network wires are grouped in pairs to move two

bits. The wire network have several connection patterns optimized for differ-

ent applications; e.g. horizontal short wires for multi-bit shifts, or (short/long)

vertical wires are used to connect arithmetic units.

A.0.6 MorphoSys: a Coarse Grain Reconfigurable Architecture

MorphoSys [12] is an adaptable architecture that combines a TinyRisc general

purpose 32-bit RISC processor with a Reconfigurable Cell (RCs) array. Both

resources shares a high bandwidth memory interface (DMA controller) as is

depicted in Figure A.6 (a). The organization is closely coupled and the recon-

figurable array (RC array) acts like a coprocessor.

In the 8x8 RC array, each cell has an ALU/MAC unit and a register file as

depicted in Figure A.6 (b). The 8x8 RC array functionality and their intercon-

nection network are configured through the loading of context words which are

are stored in a context memory in two blocks (one for rows and the other one
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Figure A.6: MorphoSys architecture [12]

for columns). Each block has eight sets of sixteen contexts. The data is pro-

vided by two 16-bit input MUXs that select the data operands from different

options, presented as MUX A and MUX B in Figure A.6 (b).

A.0.7 Matrix: a Coarse grain Reconfigurable Architecture

Matrix [13] is a coarse grained adaptable computing array. The array was

constructed around a set of 8-bit functional units that are used to set up differ-

ent and adaptable data-paths. Each functional unit consist of a small proces-

sor with instruction memory, registers, configuration memory and a control

logic. Figure A.7 (a) presents the Basic Functional Unit (BFU) which contains

256x8-bit memory that can also be instantiated as a dual port 128x8-bit mem-

ory (register file mode), allowing two reads and one write on each cycle. The

8-bit ALU supports different sets of arithmetic operations and logic functions

like NAND, XOR, shift and ADD; when the input is inverted the set augments

to AND, OR, and subtraction. The ALU includes also an 8x8 multiply-add-add

operation.
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Figure A.7: Matrix architecture [13]

The MATRIX network is constructed hierarchically, based on a collection of

8-bit buses which connect the BFUs. Figure A.7 (b) presents the connection

established with the nearest neighbors that requires a single cycle to move

data. Also, the MATRIX network is composed by four bypass connections and

a global line that connect every row and column. Those connections usually

introduce one additional pipeline stage between the producer and the consumer

(two different BFUs) for data re-timing purposes.

A.0.8 Architecture Design of Reconfigurable Pipelined Data-

paths (RaPiDs)

RaPiDs [14] is a coarse grained field programmable architecture used to con-

struct deep computational pipelines. The authors identify their architecture

as a superscalar architecture with hundreds of functional units without cache,

many register files and a crossbar interconnect as depicted in Figure A.8. This

block diagram presents four main components: data-path, a control-path, an

instruction generator and a stream manager. The data-path contains hundreds

of functional units including e.g. multi-output Booth-encoded multiplier with

a configurable shifter. As mentioned earlier these resources are arranged in a

linear array, which can be rearranged to become a linear pipeline. Functional

units such as ALUs, multipliers, shifters, and memories are the basic elements

of the data-paths. All data-paths as well as the memories are 16 bits wide and

those independent units can be chained to perform wider integer operations.
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Figure A.8: RaPid architecture [14]

A.0.9 ADRES

The Architecture for Dynamically Reconfigurable Embedded Systems

(ADRES), tightly couples a very-long instruction word (VLIW) processor and

a coarse grained array called reconfigurable cell (RC), depicted in Figure A.9

(a). The VLIW processor uses a group of FU connected to one multi-port

register file. The reconfigurable matrix and the VLIW core share the register

files and the FU described above. The three basic elements of the coarse grain

adaptable array are: functional units (FUs), storages resources such as register

files and memory blocks, and routing resources that include wires, muxes and

busses. Each reconfigurable cell has a FU, a register file (RF) and a config-

uration memory to establish the functionality of the FU (see Figure A.9 (b)).

Basically, the computational and storage resources, are connected in a spe-

cific topology by the routing resources to form a customized ADRES array.

The ADRES architecture is a flexible template that can be freely specified by

an XML-based architecture specification language as an arbitrary combination

of those RC elements. Furthermore, the ADRES compiler denominated Dy-

namically Reconfigurable Embedded System Compiler (DRESC) framework

assures that applications written in C can be easily mapped onto VLIW and

array mode [15, 149]. The reconfigurable matrix is capable to execute word

(32 bits) or sub-word level operations.
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A.0.10 MOLEN: a customizable adaptable architecture

The MOLEN ρµ-coded processor introduced in [150] and with its organiza-

tion, ISA and programming paradigm described in [16], merges a GPP and

an adaptable coprocessor in a closely coupled organization, Figure A.10 de-

pict the MOLEN machine organization. The Reconfigurable Unit (adaptable

processor) consists of a Custom Computing Unit (CCU) and a ρµ-code unit.

This adaptable processor uses the micro code technique introduced in [151],

where the ρµ-code is used for carrying out the configuration process of the aug-

mented CCU, as well for the emulation of the execution of the core processing

unit and the control over the execution of the CCUs.

Instruction

Fetch

Data

Fetch

ARBITER
Memory

Aux

Xregs

FILE

Register File
Core

Processor

(GPP)

Adaptable Processor

µ-code

unit
CCU

Figure A.10: MOLEN machine organization [16]

The ARBITER [152] (see FigureA.10) partially decodes the fetched instruc-

tion, determining where will be issued for execution; it has two alternatives the

GPP and the CCU. The envisioned support of operations by MOLEN is divided

into two phases: set and execute. In set phase the CCU is configured and in ex-

ecute phase the execution of the operations are performed. There are basically

three distinctive πISA (Polymorphic ISA): the minimal, the preferred and the

complete πISA. The minimal πISA provide the working scenario with 4 basic

instructions, set, execute and move instructions for interchanging of data be-

tween GPP and the XREGs (movfx and movtx). The preferred πISAincludes

pre-fetch instructions (set pre-fetch and execute pre-fetch) for hide the latency

reconfiguration, and the complete πISA introduces the break instruction for

synchronization the execution of parallel instructions.
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Samenvatting

I
n deze dissertatie behandelen we het ontwerp van multi-functionele

rekenkundige units, gebruik makend van de meest gebruikte fixed-point

cijferrepresentatie. Deze zijn : unsigned, sing-magnitude, fractionele, tien

en twee complement notaties. Onze voornaamste doelstelling is om meerdere

complexe rekenkundige operaties te kunnen samenbrengen in één enkele, uni-

versele rekenkundige unit waarbij getracht wordt zoveel mogelijk hardware

te hergebruiken. Meer specifiek proberen we een rekenkundige eenheid te

maken voor de ’som van absolute verschillen’ (SAD) en vermenigvuldig-

ings operaties (AUSM). Deze eenheid omvat meerdere operaties gebaseerd op

multi-operand optellingen, zoals SAD, universele notatie vermenigvuldiging,

multiply-accumulate (MAC) en fractionele vermenigvuldiging. Ons AUSM

ontwerp hergebruikt op aantoonbare wijze tot 75 % van de aanwezige hard-

ware waarbij de prestaties vergelijkbaar zijn met de snelste, stand-alone on-

twerpen die de individuele operaties ondersteunen. Een andere complexe,

rekenkundige operatie die wordt bekeken is de matrix vermenigvuldiging. Hi-

erbij hebben we fixed-point matrix vermenigvuldiging eenheden voor dense

en sparse matrices in één eenheid ondergebracht. De implementatie op de

Xilinx Virtex II Pro geeft prestaties weer tot 21GOPS op een xc2vp100-6

FPGA. In deze thesis stellen we ook een rekenkundige eenheid voor universele

optelling voor die zowel optelling als aftrekking van getallen in binaire en

Bincary Coded Decimal (BCD) voorstelling mogelijk maakt. Het hardware

hergebruik voor deze eenheid bedroeg 40 % en de prestaties lagen hoger dan

82MOPS. Alle beschouwde eenheden vereisen massaal parallelle geheugens

die voldoende data throughput moeten garanderen. Daartoe stellen we eve-

neens een hoog performante adres generator (AGEN) voor die gestoeld is op

lage orde, interleaved geheugen. Onze experimenten tonen aan dat de AGEN

elke 6 ns een 8 x 32 bit adres kan genereren. Samenvattend, in deze dissertatie

hebben we een ontwerp voorgesteld dat toelaat om rekenkundige eenheden met

elkaar te laten samenvallen waarbij zowel hoge rekenprestaties als een efficiënt

gebruik van hardware voor de beschouwde functies, worden gegarandeerd.
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