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Sparse Matrix Vector Processing
Formats

Pyrros Theofanis Stathis

Abstract
In this dissertation we have identified vector processing shortcomings related
to the efficient storing and processing of sparse matrices. To alleviate existent
problems we propose two storage formats denoted as Block Based Compres-
sion Storage (BBCS) format and Hierarchical Sparse Matrix (HiSM) storage.
Furthermore we propose vector architectural instruction set extensions and mi-
croarchitecture mechanisms to speed up frequently used sparse matrix opera-
tions using the proposed formats. Finally we identified the lack of benchmarks
that cover both format and sparse matrix operations. We introduced a bench-
mark that covers both. To evaluate our proposal we developed a simulator
based on SimpleScalar, extended so that it incorporates our proposed changes
and established the following. Regarding storage space our proposed formats
require 72% to 78% of the storage space needed for Compressed Row Storage
(CRS) or the Jagged Diagonal (JD) storage, both commonly used sparse matrix
storage formats. Regarding Sparse Matrix Vector Multiplication (SMVM) both
BBCS and HiSM achieve a considerable performance speedup when compared
to CRS and JD. More in particular, when performing the SMVM using the
HiSM format and the newly proposed instructions we can achieve a speedup
of 5.3 and 4.07 versus CRS and JD respectively. Additionally, the operation of
element insertion using HiSM can be sped up by a factor of 2-400 depending
on the sparsity of the matrix. Furthermore, we show that we can increase the
performance of the transposition operation by a factor of 17.7 when compared
to CRS.
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Chapter 1

Introduction

A large portion of scientific applications, for which expensive supercomputers
are often bought, involve sparse matrices. Sparse matrices are a special fla-
vor of matrices characterized by the proportionally small amount of non-zero
elements they contain. Despite the fast pace of developments and innovation
in computer architecture, performing sparse matrix operations on any type of
computer today is still routinely expected to be an inefficient process that uti-
lizes about 10-20% of peak performance [73] (See also Tables 1.1 and 1.2).
The reason is that despite the regularity of operations involved, the sparsity
patterns (i.e. distribution of non-zeros) within the matrix induce a data access
irregularity that can be highly detrimental for the performance. In literature
we can find numerous methods and schemes that attempt to increase the ef-
ficiency of sparse matrix operations. However, most efforts are focused on
the software approach of the problem and only few have approached the issue
from the hardware efficiency and performance point of view.

In this thesis we consider sparse matrices from the architectural and hard-
ware design points of view. Our main focus is to provide hardware mechanisms
that will improve sparse matrix computations. We present an approach that
consists of an architectural extension to a vector processor and a sparse ma-
trix storage format which were co-designed to alleviate the problems arising
in sparse matrix computations. In this chapter we provide general informa-
tion regarding the topic we investigate, the kinds of challenges we address and
the organization of the discussion. More specifically in this chapter we dis-
cuss motivation, background information and open problems. The discussion
is organized as follows: In Section 1.1 we will give some background infor-
mation regarding vector processors, why we have chosen the vector processor
paradigm for our proposal and discuss the shortcomings of vector processors.

1



2 CHAPTER 1. INTRODUCTION

Processor Year MHz Peak SMVM Tuned Source
Mop/s Mop/s Mop/s

Intel i860 1987 5 23 5 8 [55]
DEC 21164 1994 500 1000 43 90 [37]
MIPS R8000 1994 76 300 - 39 [6]
HP PA-7200 1994 120 240 13 22 [77]
DEC Alpha 21164 1995 500 1000 43 58 [32]
Sun Ultra 1 1995 143 286 17 22 [66]
IBM PowerPC 604e 9/1995 190 190 20 25 [38]
IBM Power2 1996 66 266 40 100 [66]
MIPS R10000 1996 250 500 45 90 [65]
HP PA-8200 1996 240 480 6 8 [44]
IBM Power2 1997 160 640 56 140 [32]
IBM Power3 1997 375 1500 164 240 [74]
Intel Pentium II 9/1997 266 266 11 11 [10]
Sun Ultra 2i 1998 333 666 36 73 [74]
MIPS R12000 1998 300 600 94 109 [46]
DEC Alpha 21264a 1999 667 1334 160 254 [46]
Intel Pentium 4 2000 1500 3000 327 425 [74]
Hitachi SR-8000 2001 250 1000 45 145 [47]
IBM Power4 2001 1300 5200 595 805 [74]
Intel Itanium 2001 800 3200 120 345 [74]
Sun Ultra 3 2002 900 1800 53 108 [74]
Intel Itanium 2 2002 900 3600 295 1200 [74]

Table 1.1: Sparse Matrix Vector Multiplication (SMVM) performance on var-
ious scalar microprocessors [73]

Processor Year MHz Peak SMVM Tuned Source
Mflop/s Mflop/s Mflop/s

Cray Y-MP 1988 - 333 127 127 [6]
Cray EL 1989 - 133 33 33 [6]
Cray C90 1992 240 960 120 234 [9]
Fujitsu VPP500 1994 100 1600 267 267 [6]
Cray SV1 1996 500 2000 125 125 [44]
NEC SX-4 1996 125 2000 600 675 [44]
Fujitsu VPP5000 1999 303 9600 1405 1881 [47]
NEC SX-5 2000 250 8000 1100 1200 [44]
Hitachi SR-8000 2001 250 1000 68 174 [47]
Japan Earth Simulator 2002 500 8000 1750 2375 [47]
NEC SX-6 2002 500 8000 620 620 [49]
UCB VIRAM 2003 200 1600 91 511 [49]

Table 1.2: Sparse Matrix Vector Multiplication (SMVM) performance on var-
ious vector processors [73]

Section 1.2 discusses related work on sparse matrices and associated opera-
tions and we give a problem definition dealt with in this dissertation. Finally,
in Section 1.3 we outline the structure of this document.
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1.1 Vector Processors

Our approach to tackle the problem of low efficiency on sparse matrix oper-
ations is based on extending vector processor architectures and memory for-
mats. In the remainder of this section we will give a brief overview of vector
architectures, some recent developments in vector architectures and give some
reasons why we have chosen to pursue a vector processing approach for our
proposed solution.

The main characterizing property of Vector Architectures is that they pro-
vide vector instructions to process arrays of data rather than processing one
element at a time [33, 42]. This reduces the instruction control overhead and
introduces a framework for optimizing the processor for array processing. Vec-
tor Processors (VPs) were introduced in the 70s with the appearance of the
CDC Star-100 [34] and Texas Instruments Advanced Scientific Computer [76].
Both were memory-to-memory architectures, i.e., the vector instructions oper-
ated directly on the arrays in memory and streamed the result back to memory.
The assumption behind such an approach was that the low locality of data
would not create any need for caches or any form of intermediate storage. Ad-
ditionally, the large data sets, often encountered in scientific computing, would
amortize the array processing startup delays. Indeed, these machines could de-
liver a very high throughput when processing large dense arrays. However,
poor scalar performance resulted in too much time spent on the non-vectorized
part of the application.1 Moreover, the long memory latencies tended to dom-
inate the execution time since few applications are only processing very large
arrays of data. Additionally the need to store intermediate results of more
complex vector operations in memory further decreased flexibility and perfor-
mance. Vector processors really gained acknowledgment by the introduction
of CRAY-1 [54]. Cray-1 was the first register-to-register vector architecture,
i.e., all vector instructions act on fast, limited size vector registers. The Vector
Register (VR) file consists of a number of registers that can store arrays (vec-
tors) of elements, typically 8-32 VRs of 32-256 elements. The introduction of
VRs increased the flexibility of the processor and significantly reduced mem-
ory latency. Learning from the mistakes of the creators of the earliest vector
machines, much attention was put on the performance of the scalar2 process-

1This clearly demonstrates the generalization of Amdahl’s law [1] that states that if a portion
0 < p < 1 of the total execution time T of a program can be executed n times faster, then the
total execution time becomes Tnew = T ((1 − p) + p

n
, i.e., unless p is high the speedup will

have a small effect on the total speedup.
2A vector is a linearly ordered collection of data items. A scalar, in contrast, is a single

item. The term scalar is also used here to mean nonvector [12]. Thus scalar section of the
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ing section in CRAY-1. Subsequent vector architectures were largely based on
this vector architecture paradigm. From this point on we will consider only
register-to-register vector architectures.

In a register-to-register architecture the arrays are first loaded in the reg-
isters before they are operated upon. As was mentioned the VRs contain typ-
ically 32-256 each. This is called the section size (denoted s throughout this
document) or maximum vector length. When an array which is to be processed
is longer than the section size, then the array is sectioned in vectors of size s
and each section is processed separately. The workings of a typical vector pro-
cessor can be best illustrated by the use of an example. Consider we have allo-
cated three arrays in memory, A[], B[] and C[], each having length 500 ele-
ments, and we want to perform the following operation: C[i] = A[i]+A×B[i]
The vector code to achieve this is as follows (The example code that displayed
here is similar to the vector code example in [12]):

(1) LA @A, R1
(2) LA @B, R2
(3) LA @C, R3
(4) ADDI R5, 500
(5) LP: SSVL R5
(6) LDV R1, VR1
(7) LDV R2, VR2
(8) MULVS VR1, VR1, R3
(9) ADDV VR3, VR2, VR1
(10) STV R3, VR3
(11) BNE R5, LP:

The first four instructions initialize the memory pointers in the registers. In-
struction (5) Sets the vector length. In case the starting value of R5 is larger
than the section size s the vector length becomes equal to s and R5 is set to
the previous value minus s. when after some iteration the value of R5 be-
comes smaller than s the vector length is set to R5 and R5 is set to zero. In the
loop the instructions (6)-(7) perform the vector loads into the vector registers
and instructions (8)-(9) perform the actual operations on the vectors. Subse-
quently, instruction (10) stores the result back to memory. Finally, instruction
(11) repeats the loop until all 500 elements are processed.

Since their appearance, vector processors have traditionally been chosen
for large scientific applications (supercomputing) due to their ability to pro-
cess large amounts of data, both because they support vector operations but

vector processor is the section that does deal with vectors.
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also because of the high memory bandwidth that many of the models offer.
Since their introduction, the peak performance of vector processors has been
steadily increasing from 160Mflop/s for CRAY-1 to 8Gflop/s for NEC SX-6.
However, by the end of the 90s the area of supercomputing has seen a shift of
the supercomputing field favorite architectures from vector processors toward
parallel multiprocessors such as the CRAY T3D [41] which use of-the-shelf
microprocessors. The main reason for this, we believe, is that vector processors
today do not offer the flexibility for efficient execution of complex functions or
operations on vectors.3 Instead they are limited only to simple operations on
large homogeneous data sets that can be accessed in a regular fashion. At the
same time, microprocessors amortize the lack of a reduced instruction control
overhead and fast vector pipelines by offering flexibility through out-of-order
execution, caches, register renaming etc., which allow them to execute more
complex functions which cannot be vectorized for current vector architectures.
Here we have to note that a number of techniques to make vector processing
flexible already exist. Such techniques are chaining, gather/scatter instructions
and conditional execution (See also Chapter 3). However, these techniques
haven’t changed since the introduction of CRAY-1. Having observed that, we
believe that in order to make vector processing more efficient we should make
the processing of vectors within the processor more flexible. A number of
other research efforts are pointing in that direction:

Espasa attributes the decline of vector processors as an architecture of
choice for scientific applications to (a) the high price/performance of modern
microprocessors which make use of (b) new techniques such as out of order ex-
ecution, caches and instruction level parallelism while (c) the vector architec-
ture paradigm has not seen many innovations since its introduction [27]. Sub-
sequently, a number of well researched and currently used techniques, which
are traditionally developed for superscalar processors, were successfully ap-
plied to vector processing. Such applied techniques include out-of-order exe-
cution [29], decoupling [28] and multithreading [30].

In [2], the author presents a single chip vector microprocessor with recon-
figurable pipelines [4]. Additionally a vector flag processing model which
enables speculative vectorization of “while” loops is described. Both aim
to increase the flexibility of vector operations. Furthermore, in a related

3By flexibility we mean the ability of a vector processor to process arrays of data effectively
with vector instructions when more complex operations are involved, instead of having to re-
sort to scalar instructions because the complexity cannot be handled (efficiently) with vector
instructions. Hence, we define flexibility to be the amount of operations on arrays that can be
vectorized and this vectorization is yielding better performance than executing the same opera-
tion using scalar code given equivalent resources.
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project [43], a vector processor is presented which is embedded in a DRAM
memory to take advantage of the increased bandwidth such a configuration can
offer. The advantages of vector computing could overcome the slower process-
ing speed that can be attained by the integration of DRAM and logic on one
chip.

In [15–19, 39] the authors describe a complex streamed instruction set
where complex (in this case media related) vector instructions can act on long
arrays of data which are streamed from and to memory. This is in essence
a memory-to-memory architecture where the long media arrays amortize the
startup latency costs. Furthermore, the implementation of pipelines that can
perform complex operations ensure no additional latency for intermediate re-
sults that might need to be stored. We observe, especially by the last afore-
mentioned approach, that we can alleviate the vector processing shortcomings,
even of the memory-to-memory architectures if we can provide long vectors,
or at least long enough to be able to hide the memory latency, and provide with
instructions (and vector functional units, or pipelines) that support more com-
plex instructions than those available now. This observation will form the basis
of our approach for tackling the shortcomings of sparse matrix operations on
vector processors.

1.2 Related Work and Problem Definition

Sparse matrices are (usually large) matrices that contain a relatively small
amount of non-zero elements as opposed to dense matrices that can be con-
sidered to have non-zero elements on every position of the matrix. Since only
a few zero elements in a matrix does not make it a sparse matrix, we need a
more clear definition of a sparse matrix. We define a matrix as sparse when it
is advantageous performance-wise to store and operate on the matrix in a way
that takes in account only the non zero elements rather than all elements as is
for dense matrices. Sparse matrices are involved in a wide variety of scientific
applications such as Structural Engineering, Fluid Flow Modeling, Economic
Modeling, Chemical Engineering etc. More specifically they arise from fields
such as Finite Element Methods [36] and Partial Differential Equations. A ex-
ample of a Sparse Matrix is depicted in Figure 1.1. Typically (see Figure 1.1),
sparse matrices contain a low percentage of non-zeros which are fairly evenly
distributed along the two dimensions, and usually very few non-zero elements
per row.

As we mentioned it is advantageous to treat a sparse matrix taking into ac-
count the large amount of zeros it contains. The most common way to achieve
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Figure 1.1: Example of Sparse Matrix. Name: dwt-2680, Dimensions:
2680 × 2680, 25026 non-zero elements, 9.3 non-zero elements
per row, Source:[23]

this is to device special sparse matrix storage formats [7] whose main common
characteristic is that the non-zero elements are explicitly stored whereas the ze-
ros are implied and not stored.4 Doing so (a) decreases the storage space and
the bandwidth requirements for storing and accessing the matrix respectively
and (b) allows avoiding the trivial operations on zero elements. However, this
approach induces a higher complexity of the storage format when compared to
the dense case. Consequently, such mechanisms may have a negative impact
on performance (relative to the peak performance of a processor). Moreover,
the functionality offered by current processor architectures does not dictate a
straightforward way of constructing an efficient sparse matrix storage format.
The result is that there are many formats to choose from [26, 59] (See also
Chapter 2 for more information on formats). A number of these formats are
general type formats, like the Compressed Row Storage (CRS) format, which
make no assumption of the structure of distribution of non-zeros. Others are

4The separation of zeros and non-zero storage is not always strict. In some cases (See
also Section 2.1.3, a storage format may store some zeros explicitly in order to maintain the
regularity of the non-zero storage structure
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optimized for specific types of matrices that mostly arise from a particular
field. An example is Block Compressed Row Storage which is efficient for
block matrices that typically arise from the discretization of partial differential
equations. A number of storage formats, such as for instance the Jagged Diag-
onal (JD) Storage [56] (See Section 2.1.2), are designed for specific operations
and/or specific architectures (in the JD case, designed for sparse matrix vector
multiplication in vector processors).

We note that previously introduced storage schemes leave open several
questions regarding performance and storage efficiencies. Current storage for-
mats, described in Chapter 2 are either too specific for their application area
and types of matrices (non-general) or suffer from several drawbacks, dis-
cussed in detail in Chapter 2, including the following:

• Short vectors: This problem is particularly evident in CRS but it is a
more general phenomenon that is directly related to the fact that most
sparse matrices only have a small number of non-zero elements in each
row or column. By “small” we mean that when we construct a vector us-
ing the non-zero elements in a row and operate on it, the overhead cost is
significant. The JD storage format successfully deals with this problem
when the matrix has sufficiently large dimensions since we obtain vector
of length on the order of the dimension of the matrix. However it does
not deal with the other problems (see next bullets), moreover it is spe-
cially designed for sparse matrix vector multiplication and not efficient
in other operations.

• Indexed Accesses: This problem is particular to JD and CRS, both gen-
eral storage formats. The problem related to the fact that since no as-
sumption is made of the sparsity pattern, the positional information of
each non-zero element (e.g. the column position in CRS and JD) is
stored explicitly. This results in indexed memory accesses whenever we
need to access other elements using this positional information. This
problem is mainly addressed by non-general storage formats such as
BCRS and CDS that partly store data with implicit positional informa-
tion.

• Positional Information Storage Overhead: This problem is related to
the previously described problem. However, the focus here is on the
overhead of storing the positional information. Formats like CRS and
JD store the column position for each element (the row position is im-
plied by the index we use to access the row) which requires a full word
extra storage for each non-zero element. However, as we’ll show later
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in Sections 2.2.1 and 2.3, it is possible to device a format in such a way
that the positional information storage is decreased without losing the
general applicability of the format.

In this dissertation we will provide a framework consisting of new sparse
matrix storage formats, organizational extensions and new instructions for vec-
tor processors that aim to alleviate the aforementioned problems that arise
when using existing sparse matrix storage formats.

1.3 Framework

This section discusses the organization of the remainder of this dissertation
which consists of the following chapters:

• In Chapter 2 we discuss a number of the most popular sparse matrix
storage formats currently used in related applications. The emphasis
lies on the general type formats, the Compressed Row Storage (CRS)
and Jagged Diagonal (JD) Storage, formats that make no assumption
of the sparsity structure of the matrix, since this type is also our target
group. We proceed by indicating a number of shortcomings of the ex-
isting formats, such as the forming of short vectors, induced indexed
memory accesses, and positional information overhead. Subsequently,
we propose two new formats, the Block Based Compression Storage
(BBCS) and the Hierarchical Sparse Matrix storage format (HiSM). We
describe how BBCS and HiSM can alleviate the aforementioned short-
comings and offer a potentially increased performance. In the remainder
of the chapter we provide with a quantitative comparison of the proposed
formats with CRS and JD. Compared are the Storage Space and Vector
Filling achieved by the formats.

• In Chapter 3 we propose a number of architectural extensions based on
the vector processing paradigm that aim to provide support for the effi-
cient execution of sparse matrix operations using the sparse matrix stor-
age formats presented in Chapter 2. The proposal consists of a number
of new functional units and vector instructions which can process data
presented in the BBCS and HiSM format. The chapter starts by pro-
viding the general framework on which the extension is based. Subse-
quently, the BBCS and HiSM extensions are described. First, the vector
load/store instructions that provide access to data stored in BBCS and
HiSM formats and instructions to process the data, such as the MIPA
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instruction that can perform the sparse matrix multiplication of a ma-
trix block with a dense vector. We continue by presenting a number of
functional units, such as the MIPA unit, that are designed to execute the
aforementioned instructions.

• In Chapter 4 we present a set of benchmark algorithms and matrices,
called the Delft Sparse Architecture Benchmark (D-SAB) Suite for eval-
uating the performance of novel architectures and methods when op-
erating on sparse matrices. The focus is on providing a benchmark
suite which is flexible and easy to port on (novel) systems, yet complete
enough to expose the main difficulties which are encountered when deal-
ing with sparse matrices. The chapter starts by describing the previous
art in the field and we proceed with description of D-SAB that consists
of 2 main parts: (a) a set of ten algorithms which are divided in five
value related operations and five position related operations and (b) a set
of representative matrices, carefully selected from a large existing sparse
matrix collection, which capture the large diversity of sparsity patterns,
sizes and statistical properties.

• In Chapter 5 we provide with some experimental results that show the
performance gain that may be achieved when we utilize our proposed
formats on an architecture extended with the architectural augmentations
presented in Chapter 3. First we describe the simulation environment, a
scalar processor simulator that has been extended to support basic vector
processor functionality as well as the architectural augmentations which
were described in Chapter 3. We show that by using the newly pro-
posed formats in conjunction with an augmented architecture we can
obtain significant performance gain over existing formats like CRS and
JD with similar resources. More specifically, we show that for the op-
eration of sparse matrix vector multiplication using the HiSM scheme
we can obtain a speedup 5.3 and 4.07 when compared to CRS and JD
respectively. Furthermore, we show a varying speedup of the element
insertion operation of 2 to 400 times when compared to CRS. For the
operation of matrix transposition we show an average speedup of 17.7
when compared with the CRS scheme.

• Chapter 6 presents the conclusions of the present thesis and outlines
the main contributions of the conducted research. Finally, a number of
directions for future work are described.



Chapter 2

Sparse Matrix Storage Formats

The need to device special sparse matrix storage formats arises from the exis-
tence of a substantial number of zero elements and the triviality of operation
with zero elements. As the percentage of non-zero elements in a matrix de-
creases there is a turning point where it is no longer efficient to operate on
them since most operations are trivial operations with zeros. It then becomes
more efficient to pay an additional cost for handling a more complicated stor-
age scheme in order to avoid the trivial operations with zeros. It is this turning
point that defines a matrix as sparse. Note that in this paragraph we use the
term “efficient operation” in a more general sense, including the storage space
and bandwidth benefits that such special storage formats offer. The main com-
mon property of all sparse matrix storage formats is that they try to minimize
the amount of zeros stored and at the same time provide an efficient way of
accessing and operate on non-zero elements. It should be noted that combin-
ing the elimination of zeros with efficient operation is not a trivial task since,
in contrast to dense matrices, current memory organizations and processor ar-
chitectures don’t dictate a straightforward way of doing zero elimination and
efficient operations. Our proposed sparse matrix storage formats, discussed in
this chapter are an integral part of our proposal for increasing the performance
of sparse matrix operations on vector processors.

This Chapter is organized as follows: In the first Section we will discuss
previous art, comprising of the most important and widely used sparse matrix
formats where we will focus mainly on the General matrix formats, i.e., matri-
ces that are not specifically tied to a particular type of application, since we are
targeting general matrices in this thesis. The following Sections, 2.2.1 and 2.3,
will consist of our proposed formats, the BBCS and HiSM formats respec-
tively. The following Section, Section 2.4 discusses a number of quantitative
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analysis of the existing and proposed formats and in Section 2.5 we give some
conclusions.

2.1 Previous Art

In this section we describe the most commonly used sparse matrix storage
formats as they are described in the literature [7, 26, 59]. We will mainly focus
on two general formats, the Compressed Row Storage (CRS) in Section 2.1.1
and Jagged Diagonal (JD) in Section 2.1.2. As mentioned earlier, General Type
Matrices are matrices that are not related to any particular type of application
and therefore do not assume any particularities in the sparsity pattern that may
be exploited in order to be more efficient when storing or operating on them.
Other, non general or not so widely used formats will be briefly discussed in
Section 2.1.3.

2.1.1 The Compressed Row Storage

The Compressed Row Storage (CRS) format for spares matrices is perhaps
the most widely used format when no assumption is made about the sparsity
structure of the matrix. Assuming we have an M ×N sparse matrix A = [aij ],
containing NZ non-zero elements, the CRS format is constructed as follows:

• First a 1-dimensional vector AN is constructed that contains all the
values of the non-zero elements aij of matrix A, taken in a row-wise
fashion from the matrix. Thus, AN = [vk] where k = 1 . . . NZ,
vk = aij where aij is the kth element of A for which holds aij 6= 0
and i = 1 . . . N, j = 1 . . . M .

• Secondly, a 1-dimensional vector AJ = [ck] of length equal to the length
of AN is constructed that contains the original column positions of the
corresponding elements in AN. Thus, ck = j where k = 1 . . . NZ, j
is the column position of the kth element of matrix A for which holds
aij 6= 0 aij 6= 0 and i = 1 . . . N, j = 1 . . . M .

• Last, a vector AI = [rl] of length M + 1 (l = 1 . . . (M + 1)) is con-
structed. rl−1 − rl denotes the length of row l of matrix A and r1 = 1.
Each element in vector AI is therefore a pointer to the first non-zero
element of each row in vectors AN and AJ.

In Figure 2.1 is depicted an example on how an 8× 8 matrix containing 14
non-zero elements can be stored in the CRS format.
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Figure 2.1: Compressed Row Storage Format

The main advantage of using this format is that it is rather intuitive and
straightforward, and most toolkits support this format on most sparse matrix
operations. However, since it is a general type matrix it does not take account
of sparse matrix pattern particularities that can arise from specific types of
applications, it does have several disadvantages:

• When accessing a matrix stored in CRS format one row at a time, we
are constructing short vectors. This is related to the fact that most sparse
matrices have only a small number of elements per row, irrespective of
their size. This makes the overhead cost of starting a vector operation a
significant part of the cost of operating on the matrix.
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• When a non-zero element of the matrix is accessed, for many operations,
such for instance a Sparse Matrix Vector Multiplication, this implies an
indexed access in order to access a related element.

• For each single element we need to store its column position. This is
directly related to the fact that no a priori assumption is made of the
distribution of the non-zero elements within the matrix and any element
can have an arbitrary position within the matrix. In contrast, some non-
general formats do assume a certain distribution pattern and use this
information and in doing so reduce the amount of positional information
as we will see in Section 2.1.3.

Next to CRS, there exists a similar format, the Compressed Column Stor-
age (CCS) (also called the Harwell-Boeing Sparse Matrix), which is con-
structed in exactly the same way as CRS but with the roles of rows and columns
interchanged. This means that the sparse matrix is scanned column-wise to
create AN, AI contains the corresponding row positions of the elements in AN
and AJ contains the pointers to the first non-zero elements in each column. The
main reason for using this format instead of CRS is that some programming
languages, particularly FORTRAN, traditionally stores matrices column-wise
rather that row-wise. Because of the similarities of these two formats we only
focus on CRS on the remainder of this work.

2.1.2 The Jagged Diagonal Format

The Jagged Diagonal (JD) Format is a format that is specially tailored for
sparse matrix vector multiplications. This operation often occupies the largest
amount of computational time in sparse matrix applications (mainly due to it-
erative method solvers). This makes it an important operation that needs to be
executed efficiently. The major problem that JD tackles is that of short vectors
and is therefore particularly suited for vector processors and more generally
SIMD machines. To store an N × M sparse matrix A = [aij ] with NZ non-
zero elements in Jagged Diagonal format we proceed as follows:

• Step 1: All the non-zero elements are shifted left maintaining the order
within each row, leaving the zeros to the right. This gives us a new
matrix, which we will refer to as As with columns of decreasing number
of non-zero elements per column. The number of non-empty columns
will be equal to the number of non-zeros in the row with the maximum
number of non-zeros. We will call this number NC . At the same time
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we construct a new table, Acp that contains the original column positions
of the corresponding elements in As.

• Step 2: The rows of As and Acp are permuted in such a way that we
obtain a decreasing number of non-zero elements per row and we store
the permutation order in a permutation vector (Perm).

• Step 3: The resulting 2 sets of NC vectors are then used to form two
long vectors of length NZ starting from the longest column and end-
ing with the smallest. The first vector, the Value (V al) vector, contains
the values of the non-zero elements and the second, the Column po-
sitions vector (CP ), contains the corresponding column positions. A
third vector, the index (Ind) vector contains pointers to the beginning
of the columns within V and C . The V al, CP , Ind and Perm together
comprise the Jagged diagonal Storage.

In Figure 2.2 we depict the procedure of obtaining the JD storage by means of
an example of an 8×8 sparse matrix. The main advantage that JD offers is that
enables the operation on long vectors. The vectors operated upon will gener-
ally have the size in the order of N (the number of rows of the matrix). Hereby
the problem of overhead cost of starting a vector operation is eliminated and
this makes this method ideal for use in vector processors. However the prob-
lem of indexed memory accesses still remains due to the explicit positional
information.

2.1.3 Other formats

In this subsection we describe two additional formats commonly used for
sparse matrix storage. We first describe the Block Compressed Row Storage
and the Compressed Diagonal Storage.

The Block Compressed Row Storage (BCRS): The BCRS format is non-
general sparse matrix format which is used when the sparsity pattern of a
sparse matrix is such that it comprises of dense sub-blocks whose density
we can exploit by storing and treating the sub-blocks as small dense matri-
ces (which might contain some zeros). These types of matrices usually are
obtained with applications relating to the discretization of partial differential
equations in which there are several degrees of freedom associated with a grid
point [7].

This format is in essence an extension of the CRS format with the dif-
ference that the elements in AN vector are not the non-zero elements of the
original matrix, as they are in the CRS format, but pointers to non-zero blocks
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Figure 2.2: Jagged Diagonal Storage Format

which are stored row-wise in another array (Block array (BA)) that contains all
the non-zero dense sub-blocks. This format can offer significant cost savings
when the sub-blocks are large since we eliminate the need to explicitly store
the positional information for each non-zero element. Furthermore, we can ef-
ficiently operate on the sub- blocks as we normally operate on dense matrices.
However, apart from being non-general the BCRS has still a number of disad-
vantages: (a) the size of the dense sub-blocks often has to be precalculated in
order to choose its optimal value and this induces an additional overhead for
creating the matrix stored in this way, (b) the blocks tend to have low dimen-
sions and this makes even the dense operations less efficient since the short
rows of the dense sub-blocks result in short vector and thus high vector startup
overhead.

In Figure 2.2 we depict the procedure of obtaining the JD storage by means
of an example of an 8× 8 sparse matrix. Figure 2.3 depicts the construction of
the BCRS storage for an 8 × 8 sparse matrix where the block size is 2.
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11 12 0 0 0 0
21 22 23 0 0 0
0 32 33 34 0 0
0 0 0 44 0 0
0 0 0 54 55 56
0 0 0 0 65 66



 ⇒
[

0 12 23 34 0 56
11 22 33 44 55 66
21 32 0 54 65 0

]

Figure 2.4: Compressed Diagonal Format Example

The Compressed Diagonal Storage (CDS): Another non-general sparse
matrix storage format that makes use of the particular sparsity pattern, in this
case relating to finite element or finite difference discretization on a tensor
product grid, is the CDS format. This format is used when the matrix is
banded, that is, the non-zeros elements are within a diagonal band. In this
case we are able to store only the diagonals in a regular form.

In Figure 2.4 we depict an example of how we can store only the three main
diagonals of a banded matrix using the CDS method. Note that the expense
of storing a few extra zeros is balanced by the regular, and thus more efficient,
way that we can access and operate on the regularly stored diagonals. The CDS
can give a considerable performance benefit if the matrix is banded. However,
this format is highly unsuitable for general matrices since if we have a few
rows that exceed the diagonal band, this will result in storing a large number
of zero values.

2.2 Our Proposed Formats

In this section we describe a number of sparse matrix storage formats which
emerged during our quest to find a format that alleviates the problems that
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existing ones have. The current storage formats which were described in the
previous section are either too specific for their application area and types of
matrices (non-general) or suffer from several drawbacks that were mentioned
earlier and are stated here for clarity:

• Short vectors: This problem is particularly evident in CRS but it is a
more general phenomenon that is directly related to the fact that most
sparse matrices only have a small number of non-zero elements in each
row or column. By “small” we mean that when we construct a vector us-
ing the non-zero elements in a row and operate on it, the overhead cost is
significant. The JD storage format successfully deals with this problem
when the matrix has sufficiently large dimensions since we obtain vector
of length on the order of the dimension of the matrix. However it does
not deal with the other problems (see next bullets), moreover it is spe-
cially designed for sparse matrix vector multiplication and not efficient
in other operations.

• Indexed Accesses: This problem is particular to JD and CRS, both gen-
eral storage formats. The problem related to the fact that since no as-
sumption is made of the sparsity pattern, the positional information of
each non-zero element (e.g. the column position in CRS and JD) is
stored explicitly. This results in indexed memory accesses whenever we
need to access other elements using this positional information. This
problem is mainly addressed by non-general storage formats such as
BCRS and CDS that partly store data with implicit positional informa-
tion.

• Positional Information Storage Overhead: This problem is related to the
previously described problem. However, the focus here is on the over-
head of storing the positional information. Formats like CRS and JD
store the column position for each element (the row position is implied
by the index we use to access the row) which requires a full word ex-
tra storage for each non-zero element. However, as we’ll show later in
Sections 2.2.1 and 2.3, it is possible to device a format in such a way
that the positional information storage is decreased without losing the
general applicability of the format.

In the following two sections we will describe two new formats and their
variations that can alleviate the aforementioned problems that occur in the ex-
isting formats. We have to add here that the existing formats were developed
having the existing architectures in mind. Our proposed formats are a result
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of a hardware/software co-design, meaning that the formats were developed
in parallel and work best if they are combined. However, this does not imply
that the proposed formats require the associated architecture. The details of
the architecture will be described in Chapter 3. Before proceeding to the ac-
tual description of the formats we will outline the main rationale that led us
to those specific designs. As was mentioned earlier our goal was to alleviate
the three main problems that were outlined above while trying to minimize the
amount of fundamental changes in the vector architecture in order to support
the format. We believe that the problems with operations on sparse matrices
arise mainly due to two reasons:

• The irregularities of the sparsity patterns in combination with the current
sparse matrix formats induce operations and memory accesses that are
structured (no continuous or predictable access pattern) and do not have
spacial locality. The result is that the working set of data cannot be kept
in the processor, especially when the matrices have large dimensions.

• Even if the sparsity patterns cannot be parametrized easily1, we have
observed that the non-zeros elements are not evenly distributed over the
matrix but are clustered.

We have based our proposed formats on these observations. The main idea
behind our proposed formats is to use the clustering property to create smaller,
manageable parts and operate on them separately rather than on the entire
sparse matrix at once. By “manageable” we mean that the dimensions of the
parts are such that the data can reside in processor memory (or registers). In our
proposed formats we achieve this by partitioning the matrix in blocks whose
dimensions are determined by the parameters of the processor. In the follow-
ing Sections we describe in detail the process that led us to the specific sparse
matrix storage formats and we provide a full description of the formats.

2.2.1 Blocked Based Compression Storage

The Blocked Based Compression Storage (BBCS) format is a result of study-
ing the sparse matrix dense vector multiplication (SMVM) behavior on vector
processors using existing formats. We have chosen this operation to assist us
in the design of the format since it is the most ubiquitous and mostly used op-
eration within the sparse matrix application field. Moreover it exhibits all the
problems associated with sparse matrix operations that were mentioned earlier.

1except in the case of non-general matrices where this fact is taken in to consideration in
constructing the storage format
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Before proceeding to the description of the BBCS format we will briefly
outline the problems that we encounter when we are performing the SMVM
using the existing formats on vector processors.

Problem Analysis: The sparse matrix vector multiplication concerns the
multiplication of a matrix by a dense vector. The definition of the multiplica-
tion of a matrix ~A = [ai,j ]i,j=0,1,...,n−1 by a vector~b = [bi]i=0,1,...,n−1 produc-
ing a vector ~c = [ci]i=0,1,...,n−1 is as follows:

~c = ~A~b, ci =
n−1
∑

k=0

ai,kbk, i = 0, 1, . . . , n − 1 (2.1)

Let now consider the execution of the multiplication in Equation (2.1) on a
vector architecture. More in particular we assume a register type of organiza-
tion, e.g., IMB/370 vector facility [12, 50], with the section size of s elements
per register. When executed on such a VP the inner loop, i.e, the computation
of ci =

∑n−1
k=0 ai,kbk, can be vectorized. Ideally, if the section size s is large

enough, i.e., s ≥ n, one loop could be replaced with just one inner product
instruction which multiplies the ~Ai vector, i.e., the ith row of the matrix ~A,
with the ~b vector and produces as result the ith element of the ~c vector. In
practice the section size is usually smaller than n and the ~Ai and ~b vectors
have to be split into segments of at most s element length to fit in vector reg-
isters. Consequently, the computation of ci will be achieved with a number of
vector instructions in the order of dn

s
e. Although the speedup due to vector-

ization obviously depends on the section size value, due to issues like lower
instruction fetch bandwidth, fast execution of loops, good use of the functional
units, VPs perform quite well when ~A is dense. When operating on sparse
matrices however VPs are not as effective because the lack of data regularity
in sparse formats leads to performance degradation. Consider for instance that
~A is sparse and stored in the Compressed Row Storage (CRS) as described in
Section 2.1.1 Under these assumptions the matrix-vector multiplication can be
computed as follows:

for i = 0 to M // M = Number of Rows
c[i] = 0
for k = AI[i] to AI[i+1]-1
c[i] = c[i] + AN[k] * b[AJ[k]]

end for
end for

In this case the vectorization of the inner loop is not straightforward any longer.
One matrix row is still considered at a time but now the Column Index set
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should be used for selecting the appropriate values of the ~b-vector. This means
that when loading a section of the ~b-vector first an index vector should be
loaded from Column Index and consequently a special Load Vector with
Index has to be used to load the ~b-vector section. To process this format each
row of non-zero values forms a vector and it is accessed by using the index
vector provided by the same format. As the probability that the number of
non-zero elements in a matrix row is smaller than the VP’s section size is rather
high many of the vector instructions manipulate short vectors. Consequently,
the processor resources are inefficiently used and the pipeline start-up times
dominate the execution time. This makes the vectorization poor and constitutes
a reason for VPs performance degradation. The other source for performance
degradation is related to the use of the indexed load/store instructions which,
in principle, can not be completed as efficient as a the standard load vector
instruction.

The occurrence of short length vectors relates to the fact that vectorization
is performed either on row or column direction but not on both. The number
of ~A matrix elements within a vector register can be increased if more than
one row (column) is loaded in a vector register at a time. Such vectorization
schemes however are not possible assuming the VPs state of the art as such an
approach introduces operation irregularity on the elements of the same vector
register so that it is not possible to apply the “Single Operation Multiple Data”
(SIMD) Principle.

When using the Jagged diagonal (JD) format for the SMVM we can elim-
inate the problem of short vectors. Consider a sparse matrix stored in the JD
format as described in Section 2.1.2. Then the code for SMVM is as follows
(for simplicity, we do not consider here the case where we need to permute the
rows, e.g. when all the rows have an equal number of non-zero elements):

for k = 0 to M // M = Number of Rows
c[k] = 0 // initialize result

end for
for i = 0 to NC-1 // NC = Number of Columns in V
for j = Ind[i] to Ind[i+1]
c[j] = c[j] + Val[j] *b [CP[j]]

end for
end for

Here we observe that if we vectorize the inner loop we will obtain larger vec-
tors since the number of elements in the columns contained in CP are in the
order of M (the number of rows in the original matrix), whereas the CRS pro-
vides vectors of size in the order of the average number of non-zero elements
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per row. However, it is evident from the code that JD also suffers from indexed
accesses in memory in order to access the elements of vector ~b. Moreover, both
JD and CRS suffer from the increased bandwidth requirements, imposed by the
need to make use of the column position value for each non-zero element of
the matrix.

With our proposed format, the Block Based Compression Format (BBCS),
we try to tackle the problems associated with SMVM by providing a format
that decreases the positional information overhead, alleviates the problem of
short vectors, and reduces the amount of indexed accesses required when per-
forming the SMVM. The storage formats can be utilized to its full potential
when combined with an architectural extension for vector processors which
will be briefly mentioned here and in full detail in Chapter 3

2.2.2 The Block Based Compression Storage (BBCS)

To obtain the BBCS format we proceed as follows: The n × n ~A matrix is
partitioned in dn

s
e Vertical Blocks (VBs) ~Am, m = 0, 1, . . . , dn

s
e − 1, of at

most s columns, where s is the VP section size. For each vertical block ~Am,
all the ai,j 6= 0, sm ≤ j < s(m + 1), i = 0, 1, . . . , n− 1, are stored row-wise
in increasing row number order. At most one block, the last block, can have
less than s columns in the case that n is not a multiple of s. An example of
such a partitioning is graphically depicted in Figure 2.5. In the discussion to
follow we will assume, for the simplicity of notations, that n is divisible by s
and all the vertical blocks span over s columns.

The rationale behind this partitioning is related to the fact that when com-
puting the ~A~b product the matrix elements aij are used only once in the com-
putation whereas the elements of ~b are used several times depending on the
amount of non-zero entries in the ~A matrix in the corresponding column, as it
can be observed in Equation (2.1). This implies that in order to increase perfor-
mance it is advisable to maintain the ~b values within the execution unit which
computes the sparse matrix-vector multiplication for reuse and only stream-in
the aij values. As to each vertical block ~Am corresponds an s element sec-
tion of the ~b-vector, ~bm = [bms, bms+1, . . . , bms+s−1] we can multiply each
~Am block with its corresponding ~bm section of the~b-vector without needing to

reload any ~b-vector element.
Each ~Am, m = 0, 1, . . . , n

s
−1, is stored in the main memory as a sequence

of 6-tuple entries. The fields of such a data entry are as follows:

1. Value: specifies the value of a non-zero ai,j matrix element if ZR = 0.
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Figure 2.5: Block Based Compressed Storage Format

Otherwise it denotes the number of subsequent block rows2 with no non-
zero matrix elements.

2. Column-Position (CP): specifies the matrix element column number
within the block. Thus for a matrix element ai,j within the vertical block
~Am it is computed as j mod m.

3. End-of-Row Flag (EOR): is 1 when the current data entry describes the
last non-zero element of the current block row and 0 otherwise.

4. Zero-Row Flag (ZR): is 1 when the current block row contains no non-
zero value and 0 otherwise. When this flag is set the V alue field denotes
the number of subsequent block rows that have no non-zero values.

5. End-of-Block flag (EOB): when 1 it indicates that the current matrix
element is the last non-zero one within the VB.

6. End-of-Matrix flag (EOM): is 1 only at the last entry of the last VB of
the matrix.

2By block row we mean all the elements of a matrix row that fall within the boundaries of
the current VB.



24 CHAPTER 2. SPARSE MATRIX STORAGE FORMATS

The entire ~A matrix is stored as a sequence of VBs and there is no need for an
explicit numbering of the VBs.

When compared with other sparse matrix representation formats, our pro-
posal requires a lower memory overhead and bandwidth since the index values
associated with each ai,j 6= 0 are restricted within the VB boundaries and can
be represented only with log s bits instead of a word which can address the full
address range. The flags can be explicitly 4-bit represented or 3-bit encoded
and, depending on the value of s, they may be packed with the CP field on the
same byte/word.

2.2.3 Block-wise Sparse Matrix Vector Multiplication Using the
Block Based Compression Storage Format

Having described the BBCS storage format we proceed to describe how the
SMVM is performed using the BBCS scheme. We assume a register vector
architecture with section size s and the data organization described in Chap-
ter 3. The second multiplication operand, the ~b-vector, is assumed to be dense
than no special data types or flags are required. The bk, k = 0, 1, . . . , n − 1,
values are sequentially stored and their position is implicit. The same ap-
plies for the result, i.e., the ~c-vector. The ~Ab product can be computed as
~c =

∑

n
s
−1

m=0
~Am × ~bm.

To vectorize each loop computing the ~Am × ~bm product and because
generally speaking ~Am can not fit in one vector register, we have to split
each ~Am into a number of subsequent VB-sections ~Am

i each of them con-
taining at most s elements. Under the assumption that each vertical block
~Am is split into #sm VB-sections ~Am

i the ~c-vector can be expressed as

~c =
∑

n
s
−1

m=0

∑#sm

i=0
~Am
i × ~bm. Consequently, ~c can be iteratively computed

within n
s

loops as ~cm = ~cm−1 +
∑#sm

i=0
~Am
i × ~bm, m = 0, 1, . . . , n

s
− 1, where

~cm specifies the intermediate value of the result vector ~c after iteration m is
completed and ~c−1 = ~0.

Assuming that ~Am
i = [Am

i,0, A
m
i,1, . . . , A

m
i,s−1] and ~bm = [bm

0 , bm
1 , . . . , bm

s−1]

a standard vector multiplication computes the ~Am
i × ~bm inner product as

being cm
i =

∑s−1
j=0 Am

i,jb
m
j which is the correct result only if ~Am

i contains
just one row. As one VB-section ~Am

i may span over ri ≥ 1 rows of
~Am the ~Am

i × ~bm product should be an ri element vector. In particular, if
~Am
i = [

~
Am,0

i ,
~

Am,1
i , . . . ,

~
Am,ri−1

i ], with ~
Am,j

i = [Am,j
i,0 , Am,j

i,1 , . . . , Am,j
i,#rj−1],

j = 0, 1, . . . , ri − 1, and #rj being the number of elements within the row j,
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~cm
i = ~Am

i × ~bm has to be computed as follows:

~cm
i = [cm

i,0, c
m
i,1, . . . , c

m
i,ri−1], cm

i,j =
~

Am,j
i × ~bm, j = 0, 1, . . . , ri − 1

(2.2)
Consequently, to compute ~cm

i , ri inner products, each of them involving #rj

elements, have to be evaluated. Moreover when executing the evaluation of
~

Am,j
i × ~bm inner product the “right” elements of ~bm have to be selected. There-

fore, cm
i,j is evaluated as follows:

cm
i,j =Am,j

i,0 · bm

CP (Am,j
i,0 )

+ Am,j
i,1 · bm

CP (Am,j
i,1 )

+ . . .

+ Am,j
i,#rj−1 · b

m

CP (Am,j
i,#rj−1

)
, j = 0, 1, . . . , ri − 1

(2.3)

As each cm
i,j contributes to the ~c vector element in the same row position as

~
Am,j

i and row position information is not explicitly memorized in the BBCS
format bookkeeping related to index computation has to be performed. More-
over as ~Am

i does not contain information about the row position of its first
entry, hence not enough information for the calculation of the correct inner
product positions is available, a Row Pointer Register (RPR) to memorize the
starting row position for ~Am

i is needed. The RPR register will be introduced
and described in more detail in Chapter 3. The RPR is reset every time the
processing of new ~Am is initiated and updated by the index computation pro-
cess.

To clarify the mechanism we present in Figure 2.6 an example. We assume
that the section size is 8, the VB-section contains the last 8 entries of ~A1, ~b1

contains the second 8-element section of~b, and that an intermediate ~c has been
already computed though we depict only the values of ~c that will be affected by
the current step. First the inner product calculation and the index calculation
are performed. For the inner product calculation only the a(i, j) elements with
ZR = 0 are considered. Initially they are multiplied with the corresponding
~b1 elements, the CP field is used to select them, and some partial products
are obtained. After that, all the partial products within the same row have
to be accumulated to form the inner products. As the EOR flags delimit the
accumulation boundaries they are used to configure the adders interconnection.
The index calculation proceeds with the RPR value and whenever a entry with
ZR = 1 is encountered RPR is increased with the number in the V alue field.
When an EOR flag is encountered the RPR is assigned as index to the current
inner product and then increased by one. Second the computed indexes are
used to select the ~c elements to whom the computed inner products should be
accumulated and the accumulation is performed.
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Figure 2.6: Sparse Matrix-Vector Multiplication Mechanism

To be able to execute the previously discussed block-wise SMVM we pro-
pose the extension of the VP instruction set with 2 new instructions: Multiple
Inner Product and Accumulate (MIPA) and LoaD Section (LDS). We will
give here a brief outline of the workings of the new instructions that are intro-
duced. However, for a more detailed description please refer to Chapter 3.

MIPA is meant to calculate the inner product ~Am
i × ~bm. Furthermore, it

also performs the accumulation of the ~cm
i elements to the ~c-vector values in the

corresponding locations. The instruction format is MIPA V R1,V R2,V R3.
The vector register V R1 contains ~Am

i , V R2 contains ~bm, and V R3 contains
initially those elements of the ~c-vector that correspond to the non-empty rows
of ~Am

i and after the instruction execution is completed the updated values of
them.

LDS is meant to load an ~Am
i VB-section from the main memory. The in-
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struction format is LDS @A,V R1,V R2. @A is the address of the first element
of the VB-section to be loaded. After an LDS instruction is completed V R1
contains all the non-zero elements of the VB-section starting at @A, V R2 con-
tains the indexes of the VB-section rows with non-zero elements (to be used
later on as an index vector to load and store a ~c section), and the Column Posi-
tion Register (CPR), a special vector register, is updated with the CP and flag
fields of the corresponding elements in V R1. To execute the LDS instruction
the VP Load Unit has to include a mechanism to analyze the BBCS flags in
order to compute the indexes and filter the entries with ZR = 1. In this way
V R1 always contains only nonzero matrix elements and no trivial calculations
will be performed.

Even though the previously discussed approach guarantees an efficient fill-
ing of the vector registers, it may suffer a performance degradation due to the
use of indexed vector load/store instructions as such operations, depending on
the implementation of the main memory and/or load unit, may create extra
overhead. The total amount of indexed accesses is reduced since where the JD
and CRS need to make as many indexed memory as the number of non-zeros
in the matrix whereas using the BBCS scheme we only need to access the in-
termediate result elements. This number is equal to the number of non-zeros
divided by the average number of non-zeros per VB-row which can vary from
1 to s, where s is the section size used to partition the matrix. However, the
use of indexed load/stores can be avoided altogether if instead of partitioning
the VBs in s-element VB-sections, they are divided in d n

ks
e ks-element hight

segments3 where k ≥ 1. To support this new division the BBCS has to include
an extra flag, the End of Segment (EOS) flag. This flag is 1 for the entries
which describe the last element of a segment. Under this new assumption
when a VB-section is loaded with the LDS instruction the loading stops after
s nonzero elements or when encountering the EOS, EOB, or EOM flag. By
restricting the VB-section’s row span within a VB segment we guarantee that
all the ~Am

i × bms will contribute only to elements within a specific ks-element
wide section of the vector ~c. Consequently, the ~c-vector can be manipulated
with standard load/store instructions. This idea will be further developed in the
Following Section where we describe the Hierarchical Sparse Matrix (HiSM)
storage format.

Concluding, we proposed sparse matrix organization to alleviate some of
the problems related to sparse matrix computation on vector processors, e.g.,
inefficient functional unit utilization due to short vector occurrence and in-

3All of them are s × ks segments except the ones on the right and/or bottom edge of the
matrix which might be truncated if the dimension of the matrix n is not divisible by s.
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creased memory overhead and bandwidth when performing sparse matrix vec-
tor multiplication on vector processors. First we introduced a Block Based
Compressed Storage (BBCS) sparse matrix representation format which re-
quires a memory overhead in the order of log s bits per nonzero matrix ele-
ment, where s is the vector processor section size. Additionally, we described
a Block-wise SMVM scheme to compute the product of an n × n sparse ma-
trix with a dense vector in n

s
vectorizable loops. To support the vectorization

of the Block-wise SMVM scheme two new vector instructions, Multiple Inner
Product and Accumulate (MIPA) and LoaD Section (LDS) were proposed
which will be fully described in Chapter 3

2.3 The Hierarchical Sparse Matrix Format

In this section we describe a Hierarchical Sparse Matrix (HiSM) storage format
designed to be a unified format for sparse matrix applications on vector pro-
cessors. The advantages that the format offers are low storage requirements,
a flexible structure for element manipulations and allowing for efficient oper-
ations. To take full advantage of the format an associated vector architecture
extension is proposed in Chapter 3.

The HiSM format is designed taking into consideration the advantages and
disadvantages that the BBCS format offers. The HiSM format has a more
intuitive organization, retains the advantages of BBCS and alleviates its disad-
vantages. The BBCS has two main disadvantages:

• Indexed loads/stores. Performing the SMVM using the BBCS format
reduces the amount of indexed memory accesses that need to be per-
formed. However, since indexed accesses can highly influence the per-
formance of sparse matrix operation we would prefer to fully alleviate
the need for indexed accesses. We have already indicated in the previ-
ous Section how we can achieve this. This Section will describe in detail
how this goal is reached.

• Flexibility. A problem related to sparse matrix formats is often the in-
flexibility of altering the contents of the matrix. This can occur in some
operations (i.e. Gaussian elimination) where new non-zero elements are
added to the matrix. With CRS, JD and BBCS, in order to maintain the
correct organization of the storage format when a new element is added,
a large part of the entire structure needs to be altered. This is usually
dealt with by allowing some elbow room when adding new elements in
order to avoid updating the structure for every new element. However,
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itcan be a costly and complicated operation and therefore we aim to de-
sign a format that can offer higher flexibility than existing formats.

With the HiSM format we aim to alleviate the aforementioned disadvantages.
This is mainly achieved in two ways: (a) we partition the matrix in such a way
that each partition block has a limited amount of rows and columns in order to
alleviate the indexed memory accesses and (b) we introduce a layered descrip-
tion of positional information in order to make the structure more flexible to
changes. The details will be described in the following Section.

2.3.1 Hierarchical Sparse Matrix Format Description

With the introduction of the HiSM format we aim to tackle all the difficulties
mentioned in the previous Section regarding an efficient sparse matrix format.
The structure of the format is in essence a combination of an adapted version
of the BBCS format, described in [68], and a hierarchical way of storing a
sparse matrix, discussed in [25].

To obtain the HiSM an M×N sparse matrix A is partitioned in dM
s
e×dN

s
e

square s × s sub-matrices where s is the section size4 of the targeted vector
architecture. Each of these s × s sub-matrices, which we will call s2-blocks,
is then stored separately in memory in the following way: All the non-zero
values as well as the positional information combined are stored in a row-wise
fashion in an array (s2-blockarray) in memory. In Figure 2.7 (bottom left)
we can observe how such a blockarray is formed containing both the position
and value data from the top left s2-block of an 64 × 64 sparse matrix. For
demonstration purposes we have chosen here a small section size of s = 8.
Note that the positional data consists of only the column and row position of
the non-zero elements within the sub-matrix. This means that when s < 256,
which is typical for vector architectures, we only need to store 8 bits for each
row and column position. This is significantly less than other sparse matrix
storage format schemes where at least a 32-bit entry has to be stored for each
non-zero element. For instance, in the Compressed Row Storage format we
need to store a 32-bit column position for each element and an extra vector
with length equal to the number of rows of the matrix.

The s2-blockarrays can contain up to s2 non-zero elements. These s2-
blockarrays that describe the non-empty s2-blocks form the lowest (zero) level
of the hierarchical structure of our format. As can be observed in Figure 2.7,
the non-empty s2-blocks form a similar sparsity pattern as the non-zero values

4The Section Size, also called maximum vector size, is the maximum number of elements
that can be processed by a vector architecture’s vector instruction [50].
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within an s2-block, Therefore, the next level of the hierarchy, level-1, is formed
in exactly the same way as level zero with the difference that the values of non-
zero elements are now pointers to the s2-blockarrays in memory that describe
non-empty s2-blocks. This new array which contains the pointers to the lower
level is stored in exactly the same fashion in memory (see Figure 2.7 (bottom
right). Notice that at level-1 the pointers are stored in a column-wise fashion.
This can be chosen freely and is not restricted by the format. Furthermore,
in Figure 2.7 we see that for level one an extra vector is stored in memory
which is of the same length as the s2-blockarray and contains the lengths of
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the level 0 s2-blockarrays. This is necessary in order to access the correct
number of elements at the level below since the number of elements can vary.
The next level, level-2, if there is one (in the example of Figure 2.7 there is
none), is formed in the same way as level-1 with the pointers pointing at the s2-
blockarrays of level-1. Further, as in any hierarchical structure the higher levels
are formed in the same way and we proceed until we have covered the entire
matrix in max(dlogs Me, dlogs Ne) levels. The sparse matrix is completely
stored when all the levels have been stored and the matrix can be referred to
in terms of the memory position of the start of the top level s2-blockarray and
its length. We can summarize the description of the Hierarchical sparse matrix
storage format as follows:

• The entire matrix is divided hierarchically into blocks of size s×s (called
s2-blocks) with the lowest level containing the actual value of the non-
zero elements and the higher levels containing pointers to the non-empty
s2-blocks of one level lower.

• The s2-blocks at all levels are represented as an array (called a s2-
blockarray whose entries are non-zero values (for level-0) or pointers to
non-empty lower level s2-blockarrays (for all higher levels) along with
their corresponding positional information within the block.

As we will discuss in Section 2.4 the HiSM format offers a storage re-
duction of about 27% versus the JD and CRS formats and is equivalent to the
reduction offered by the BBCS format. Furthermore, from the locality mea-
sure which we describe in Chapter 4 we have measured that each s2-blockarray
contains on average 2.18 × s non-zero elements thus providing access to long
arrays when operating on this format. Additionally, as is illustrated in the next
section, the format offers the opportunity to avoid indexed loads.

Finally, the hierarchical structure offers a flexible way to access and alter
parts and elements of the matrix without the need to scan the whole or a large
part of the matrix. The proposed format can be handled by conventional vector
processors. However, to take full advantage of the features of the HiSM format
we have incorporated a number of adaptations to the traditional vector archi-
tecture. These concern mainly the accessing of the format from the memory
and the operation on multiple rows that are contained in an s2-blockarray. To
access a s2-blockarray we have extended the architecture by the LoaD Blockar-
ray (LDB) instruction. LDB reads the value (or pointer) data and the positional
data by one stride-1 vector access from memory and stores the resulting data
in two vector registers as described in the next Section. Besides adding the
LDB instruction to vector instruction set we also need to enhance the func-
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tionality of the vector load/store unit of the vector processor. To enable the
operation on an s2-blockarray after the LDB has read the data into the pro-
cessor we provide the BMIPA instruction and an associated Pipelined Vector
Functional Unit. BMIPA enables the vector processor to perform a multipli-
cation of a section of the s2-blockarray residing and a dense vector of size s.
Both the s2-blockarray segment and the dense vector reside in regular vector
registers. We have shown in [67] how such a functional unit can be pipelined.
Specifically, the MIPA functional unit described in Chapter 3 supports the non
hierarchical BBCS sparse matrix storage format on which the HiSM format is
based. Consequently, some implementation details differ but the principles of
operation are identical.

2.4 A Comparison of Sparse Matrix Storage Formats

In this section we will provide a preliminary comparison of the presented for-
mats. We will focus on storage efficiency of the formats in Section 2.4.1 and
vector register filling in Section 2.4.2. The results presented here are indicative
of the various aspects that contribute to the overall efficiency of the sparse ma-
trix operations. However, for a performance comparison the reader can refer
to Chapter 5.

2.4.1 Format Storage Efficiency

In Section 2.2 we identified the issue of storing the additional positional in-
formation to be one of the causes of inefficient operation on sparse matrices.
We mentioned that we believe that this problem, mainly prevalent in general
sparse matrix storage formats such as CRS and JD, can be alleviated using
our proposed formats and described how the formats achieve this goal in Sec-
tions 2.2.1 and 2.3. The present section will provide quantitative analysis of
the storage amount needed for each of the described sparse matrix formats.

Minimizing the amount of storage needed for the positional information is
important since it simply reduces the amount of storage required, which can
be substantial for large matrices. Even more important though is the reduction
on the memory bandwidth requirements when we are processing a sparse ma-
trix. Most operations, with the exception of some unary operations such as the
multiplication of a matrix with a scalar5 , require the loading of the positional

5When multiplying a matrix with a scalar it suffices to multiply each nonzero element with
the scalar value and storing it to its original position without requiring any knowledge about its
position in the matrix
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Figure 2.8: Storage Space for Increasing Number of Non-zeros in Matrix

information in order to carry out the operation. The positional information is
usually used as indexing for operations on the non-zero elements and are not
operated on themselves. Consider, for instance, the example of the multiplica-
tion of a sparse row from a sparse matrix with a dense vector using the CRS
as described in Section 2.2.1. The non-zeros are loaded into the processor in
one vector register. Subsequently the column positions of those elements are
loaded in a second vector register. Those are then used as an index vector in or-
der to load the corresponding values from the dense vector. The multiplication
that will take place, and thus consuming the resources of the processor, in-
volves only the non-zeros and the values from the dense vector. Consequently,
we can conclude that reducing the amount of positional information reduces
the memory bandwidth allowing better resource utilization especially in mem-
ory bound operations.

In Figures 2.8 to 2.10 we depict the storage space needed for each of the
CRS, JD, BBCS and HiSM formats for various matrices. Depicted is the stor-
age space needed per matrix versus the matrix name. The numbers have been
normalized to the storage space needed for CRS due to the large scale dif-
ferences in the sizes of the matrices which were used. The matrix suite used
in this comparison is described in more detail in Chapter 4. Overall we can
observe that the BBCS format needs 74% and 78% of CRS and JD formats re-
spectively. The HiSM format achieves 72% and 76% when compared to CRS
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Figure 2.9: Storage Space for Increasing Matrix Locality

0

0,2

0,4

0,6

0,8

1

1,2

bc
ss

tm
20

sh
l__

__
0

wes
t20

21

ss
tm

od
el

ho
r__

13
1

fid
ap

03
7

e2
0r5

00
0

s1
rm

q4
m1

fid
ap

m37

ps
migr

_1

CRS
JD
BBCS
HiSM

Figure 2.10: Storage Space for Increasing Average Number of Non-zeros per
Row

and JD. The Matrix suit is divided in three sets according to important matrix
characteristics: (a) The total number of non-zeros (Figure 2.8, (b) The local-
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ity of non-zero distribution (Figure 2.9 and (c) the average non-zeros per row
in the matrix (Figure 2.10. Looking at Figure 2.9 we can observe that very
low locality, i.e. the non-zero elements are scattered almost randomly over the
matrix, is the only case where CRS and JD marginally outperform BBCS and
HiSM in storage space. The reason for this is as follows: In the case of the
BBCS format the non-clustered distribution of the non-zero elements results
in the use of relatively many entries with the NZ flag set. In the case of HiSM
a random-like distribution of non-zeros means that the s × s-blocks in level-1
will contain a relatively high number of non-zero s × s-blocks. However, we
have observed that matrices of very low spacial locality in the distribution of
non-zeros are very rare. Moreover, as we shall demonstrate in Chapter 5 the
other benefits of using the BBCS and HiSM still outweigh this drawback in
overall performance.

2.4.2 Vector Register Filling Efficiency

In this section we provide a comparison of the vector register filling that is
achieved using the various formats that were discussed previously. By Vector
Register Filling (VRF) we mean the average number of elements that a vector
register will contain while operating on a sparse matrix. A vector architecture
that makes use of vector registers will typically load the elements to be op-
erated upon in a vector register before execution. Given an overhead cost of
starting a new vector instruction we can conclude that the vector register filling
is an important aspect that can influence execution performance and therefore
we strive to maximize the vector register filling. Generally, this mainly de-
pends on the ability to load long arrays of data from memory. If the array
which resides in memory is larger than the vector register size (also called
the section size s) then the elements load in sections of s, in a process called
strip mining. The larger the array the higher the VRF will be. In the case of
sparse matrices, the organization of the format which is used to store the ma-
trix influences the filling of the vector registers, depending on the availability
of long chucks of data that can be accessed and operated on in a uniform man-
ner. Consider for instance the case of CRS. Here the largest continuous data
array that can be loaded into a vector register each time is equal to the number
of elements in a row. the result is that a low number of non-zero elements per
row will result in low vector register filling. In Figure 2.11 we depict how the
partitioning of the sparse matrix and the organization of the format influence
the formation of vectors of different lengths. The v value denotes the number
of vectors which are needed to access the entire matrix. Clearly, the BBCS
exhibits the longest vectors and CRS the lowest. However, Figure 2.11 is for
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illustration purposes and therefore we have conducted a quantification of the
VRF achieved for CRS, JD, BBCS and HiSM based on real matrices (for a
detailed description of the matrix suite please refer to Chapter 4. The results
are depicted in Figures 2.12 to 2.15. First, in Figure 2.12 we depict the aver-
age VRF over all the matrices for varying section size of the vector processor.
The vertical dimension denotes the vector filling achieved by each of the re-
spective sparse matrix formats. For reference purposes we also depict the ideal
(MAX) which is equal to the section size s. We can observe that unlike CRS,
JD, BBCS and HiSM are achieving a high VRF and, more importantly, the
VRF is scalable for increasing section sizes. JD achieves a high VRF as ex-



2.4. A COMPARISON OF SPARSE MATRIX STORAGE FORMATS 37

0

50

100

150

200

250

300

s = 8 s = 16 s = 32 s = 64 s = 128 s = 256

CRS
JD
BBCS
HiSM
MAX

Figure 2.12: Vector Register Filling for Increasing Section Size

pected. As we described earlier, JD is specially designed to increase the VRF
for sparse matrix vector multiplication by providing vectors as long as the ver-
tical dimension of the matrix. The HiSM format achieves a VRF similar to
JD and this is due to the fact that the matrix elements are mostly clustered,
which results in non-zero s × s-blocks that are sufficiently filled to provide
enough non-zero elements to fill the vector registers. The BBCS achieves an
even higher VRF simply because the blocks are larger and therefore contain a
larger number of non-zero elements. In this graph we can also demonstrate the
claim that CRS suffers from low VRF. For CRS, the achieved VRF is tightly
related to the average number or Non-Zero Elements Per Row (NZPR) and
this is clearly depicted in Figure 2.15 where we can observe the VRF rise for
increasing NZPR. Furthermore, in Figure 2.14 we can observe the dependence
of the HiSM VRF on the matrix locality. Low locality (higher “random” scat-
tering of the non-zero elements) causes the s× s-blocks to be generally poorly
filled and therefore decreasing the possibility to form long vectors. However,
as we mentioned earlier, these cases of very low spacial locality of non-zero
distribution are very rare and generally the non-zeros are mostly clustered in
such a degree that the s×s-blocks are adequately filled to achieve a high VRF.
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2.5 Conclusions

In this chapter we have introduced two new sparse matrix storage formats
which constitute part of our proposed mechanism for increasing sparse op-
erations performance on vector processors. First we described the existing
sparse matrix storage formats with emphasis on Compressed Row Storage
(CRS) and Jagged Diagonal (JD), both being general type and widely used
formats. We have outlined their advantages and disadvantages. Subsequently,
we have described our first proposed format, the Block Based Compression
Storage (BBCS) that arose from our study of the sparse matrix vector multi-
plication and discussed the expected advantages over existing schemes. Fol-
lowing that, we presented our second proposed format, the Hierarchical Sparse
Matrix (HiSM) compression format, which offers a number of improvements
over BBCS in that it alleviates the use of Index loads altogether and has a more
flexible structure. We completed the storage format discussion by providing a
quantitative analysis of the existing and proposed formats. More in particu-
lar, we have compared the CRS, JD, BBCS and HiSM formats for required
storage space and Vector Register Filling (VRF). We have shown that BBCS
requires on average only 74% and 78% of the storage space needed for CRS
and JD respectively. The corresponding numbers for HiSM are 72% and 76%
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of the CRS and JD storage space respectively. Furthermore, we have shown
that the BBCS format achieves the highest VRF and that the HiSM exhibits
similar VRF as the JD format (which was designed for this purpose) despite
the partitioning of the matrix in small parts.

The proposed formats however, were co-designed having a hardware sup-
port in mind and therefore, in order to utilize the full potential of BBCS and
HiSM we need to use the vector architectural support. In the chapter to follow
we present and describe the architectural support needed to accommodate our
proposal.



Chapter 3

Vector Processor Extensions

In the previous chapter we described existing storage formats for sparse matri-
ces and introduced our proposed sparse matrix storage formats, Block Based
Compression Storage and Hierarchical Sparse Matrix Format, designed to alle-
viate a number of shortcomings of current solutions for efficiently performing
sparse matrix operations on vector processor. We have provided evidence sug-
gesting that our proposal has advantages in terms of storage space requirements
when compared to commonly used sparse vector formats. We mentioned that
in order to obtain the desired result we need to use these formats in conjunction
with a vector processing unit that offers architectural and hardware support for
the operation on these formats.

In this chapter we describe our approach for such a solution which consists
of an architectural and organizational extension to a Generic vector processor.
The remainder of this chapter is organized as follows: In the following section
we describe what we mean by generic vector architecture, the framework on
which we base our extension. Following, in Section 3.2.1 we describe our
proposed architectural extension for supporting the BBCS format consisting
of a set of new instructions, special registers and functional units. Similarly,
in Section 3.3 we discuss architectural extensions associated with the HiSM
format. Finally in Section 3.4 we draw a number of conclusions.

3.1 Basic Vector Architecture

In this section we describe the architecture and organization of a Generic Vec-
tor Processor (GVP). By describing the GVP we try to outline the basic func-
tionalities offered by most available vector processors today and in the past.
Designs that we have considered for the aforementioned basic functionalities

41



42 CHAPTER 3. VECTOR PROCESSOR EXTENSIONS

are processors such as the IBM system/370 Vector architecture [12, 50], the
CRAY series [54], the VLX [33] etc.

The main distinguishing property of vector processors (VPs) when com-
pared to scalar processors is the ability to operate on arrays (vectors) of data
by using a single instruction rather than only one element at a time.1. Depend-
ing on the length of the vector that can be operated on by a single instruction,
vector processors cab be divided in two main categories:

• Memory-to-Memory vector architectures. The very first vector archi-
tectures were of this type [20]. The vector instructions act on vectors
which can have an unlimited size and reside in memory. These types of
vector processors can have a very high theoretical peak performance.
However, fetching a vector from memory induces high startup times
which can be detrimental when the vectors are short or intermediate re-
sults need to be stored back in memory. For this reason this approach
has been abandoned in favor of register-to-register vector architectures.
Only recently we can observe a returned interest in memory-to-memory
architectures [39] where long vectors are processed using complex in-
structions eliminating the need to store intermediate results to memory.

• Register-to-Register vector architectures were introduced with the Cray-
1 [54] vector processor on which most subsequent vector processors
were based. In a register-to-register architecture the vector instructions
can only operate on limited sized vectors that reside in Vector Regis-
ters. Typically, a vector register will contain between 32 - 128 elements.
By using vector registers the startup times for a vector instruction are
reduced. Additionally, more flexibility is offered since intermediate re-
sults can be stored in vector registers and accessed fast. Furthermore,
the execution can be further increased by the use of chaining. For the
remainder of this thesis we will focus only on register-to-register vector
architectures.

In the next few sections we will discuss in more detail the architecture and the
internals of register-to-register vector processors.

3.1.1 Organization

In this section we describe the overall vector processor organization and some
design techniques to some detail.

1Note that many modern microprocessors offer a vector processing functionality in the form
of multimedia processing [31, 48, 51, 64]. However, the functionality is limited as it assumes
only dense matrix processing and will not be considered further in this thesis.
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Vector Registers: As we mentioned before, in a register-to-register vector ar-
chitecture all the vector operations have as operands the architecturally visible
Vector Registers (VR). Typically a vector processor will have a vector register
file consisting of 8 to 32 vector registers, each register containing 32-256 ele-
ments of 32 or 64 bits. The size of the VRs is usually called maximum vector
size or section size, which we will denote from now on as s. Since the size of
an array of data which we want to operate upon can be less than s, vector pro-
cessors usually employ a special register, the Vector Length Register (VLR),
that is used to denote the number of elements in the VRs that will be affected
by a vector instruction. When the size of the array we need to operate upon is
larger than s a technique called strip mining is usually applied. Strip mining
consists of sectioning the original array into sections equal to s and process
each section until the array is consumed. An example will be shown in Sec-
tion 3.1.2.
Vector Functional Units: In order to support the execution of vector instruc-
tions, VPs typically employ pipelined functional units (FUs). After issuing a
vector instruction the operands are fetched one by one (or two by two etc.)
from the VRs and fed to the FUs and the result is then stored back into a VR
(or a regular register). Bear in mind that the actual implementation of the FU is
an organizational issue which is architecturally hidden. As transistor resources
increase we see many VPs that offer Functional Unit Parallelism (FUP), which
means that the FU can process more than one operation per cycle. [35] The
VLR determines how many elements will be processed by the FU.
Load/Store Unit (LSU) The LSU is a special functional unit that handles the
vector memory accesses for instructions that fetch or store arrays to and from
the VRs. The number of elements that are stored or fetched is determined from
the VLR. Usually three types of accesses are supported by the LSU:

• Stride-1 accesses: The vector load instruction fetches contiguous ele-
ments from memory. In a vector store the elements of the vector are
stored in adjacent positions in memory.

• Stride-N accesses: The vector load instruction fetches elements that are
separated by N memory locations. Similarly, in a vector store adjacent
elements in the VR are stored in memory locations separated by N loca-
tions.

• Indexed Accesses: A VR serves as an index that contains the memory
locations of the elements to be fetched from memory and stored in the
target VR. Similarly the index VR is used as an index to store the ele-
ments of a second vector into the desired memory locations.
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The LSU serves as the interface with the main memory which is typically high
throughput and organized in banks.
Chaining: To increase the performance of vector operations most VP employ
a technique called chaining. Chaining is similar to result forwarding in Super-
scalar processors. In the case that the result of a vector operation is needed by
a subsequent operation, the result is forwarded to the corresponding FU and at
the same time stored in the register.

3.1.2 Vector Instructions

We consider as Vector Instructions (VIs), all the instructions additional to tra-
ditional scalar instructions that are related to the vector functionality of a vector
architecture. In this section we will not present the full vector instruction set
that comprise a vector ISA. Instead we will describe a number of representa-
tive instructions for each category and that will be used later in this thesis. The
VIs can be distinguished in the following main categories:

• Setting special registers: These instructions are not operating on vector
registers. However they effect the working of the remaining VIs.

– Set the VLR: The VLR affects all VIs that read or write data into or
from vector registers. This means that if the VLR is set to a value
L, all subsequent accesses to the vector registers will only affect
the first L elements of the register. In most Vector architectures the
VLR is visible to the programmer and can be accessed as a regu-
lar general purpose register. For example ADDI VLR, R0, 30
will set the VLR to 30. In the IBM System/370 vector architec-
ture however the VLR is architecturally hidden. In this case the
VLR can be set as follows: Consider we have the length of the
complete array that is to be processed stored in general purpose
register R1. The instruction SSVL R1 (Subtract and Set Vector
Length register) will set the VLR equal to min(R1,s) and update
the R1 = R1− VLR.

– Set the BV The bit vector (BV) can usually be viewed as a regular
general purpose register...

• Memory Access: These instructions are used to transfer arrays of data
from memory to the vector registers and vice versa. The memory ac-
cess VIs can be subdivided in categories according to their function as
described in Section 3.1.1:
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– LDV R1, VR1 Loads an array of VLR data elements into VR1
from consecutive addresses in memory starting from location R1.

– STV R1, VR1 Stores VLR elements from VR1 to consecutive
memory addresses starting from location R1.

– SLDV R1, VR1, R2 Loads an array of VLR data elements into
VR1 from locations in memory with a stride if R2 starting from
location R1.

– SSTV R1, VR1, R2 Stores VLR elements from VR1 to in
memory with stride R2 starting from address R1.

– LDVI VR1, VR2 Loads an array of VLR elements from memory
locations defined by the corresponding elements in VR2.

– STVI VR1, VR2 Stores VLR elements from VR1 to in memory
locations defined by the corresponding elements in VR2.

IBM System/370 vector architecture where the vector length is not vis-
ible to the programmer, the VIs LDV, STV, SLDV and SSTV automati-
cally increase the value of the register that contains the address pointer
R1 by the appropriate amount (VR1 = VR1 + VLR × STRIDE), in order
to point to the next section of data in the array in memory.

• Vector - Vector: These instructions have only Vector registers as
operands. Those include element by element addition, multiplication,
XOR etc. A few examples are listed below:

– ADDV VR1, VR2, VR3 Adds the VLR first elements of VR2
and VR3 element-wise and stores the resulting vector in VR1.

– MULV VR1, VR2, VR3 Multiplies the VLR first elements of
VR2 and VR3 element-wise and stores the resulting vector in VR1.

• Vector - Scalar These VIs involve a Vector register and a general purpose
register. Two examples are listed below:

– MULVS VR1, VR2, R1 Multiplies the elements of VR2 with
the scalar in R1. and stores the result in VR1.

– ACCV R1, VR1Accumulates the elements in VR1 and stores the
result in R1.

Examples
To illustrate the presented brief functionality overview of the GVP we

will give an example of vector code that performs the following operation:



46 CHAPTER 3. VECTOR PROCESSOR EXTENSIONS

C[1..1000] = A[1..1000] ∗ k + B[1..1000], where A, B and C are arrays of
length 1000 and k is a scalar value:

(1) LA @A, R1
(2) LA @B, R2
(3) LA @C, R3
(4) ADDI R4, k
(5) ADDI R5, 1000
(6) LP: SSVL R5
(7) LDV R1, VR1
(8) LDV R2, VR2
(9) MULVS VR1, VR1, R3
(10) ADDV VR3, VR2, VR1
(11) STV R3, VR3
(12) BNE R5, LP:

The first five instructions (1)-(5)load the starting addresses of the three arrays
into VRs 1-3, the scalar value and length of the arrays in general purpose reg-
isters VR4 and VR5 respectively. Instruction (5) sets the VLR to min(VLR,s)
where s is the section size of the VP. Also the value of R5 is updated to reflect
the length of the remaining portion of the arrays that will be processed at the
next repetition of the loop. Subsequently, instructions, (7) and (8) load the ar-
ray elements into the vector registers. The following two instructions perform
the actual multiplication with the scalar value and the vector addition. Instruc-
tion STV stores the result into memory to form array C. The last instruction
branches to repeat the loop LP: which is repeated until the remaining array
length (R5) becomes zero. Note that the instructions LDV and STV automati-
cally increase the value of R1,R2 and R3 by VLR address locations after each
execution to ensure that the next section of the array to be fetched from or
stored to memory will be from or to the subsequent section to that fetched or
stored in the previous loop.

3.2 Proposed Architectural Extension

In this section we will discuss a number of architectural and organizational
extensions to the GVP that we propose for supporting the BBCS and HiSM
formats that were presented in Chapter 2. The extensions consist of additional
Functional Units (FUs) and Vector Instructions (VIs). The new FUs are hard-
ware units that can process arrays of data that represent a sparse matrix and
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are stored in the aforementioned formats. Additionally, a number of new VIs
ensures that these functional units can be used as vector functional units and so
conform to the vector processing paradigm that was described in Section 3.1.
First, we will describe a number of extensions associated with the BBCS for-
mat in Section 3.2.1 and subsequently for the HiSM in Section 3.3.

3.2.1 Vector Architecture Extension For Block Based Compres-
sion Format

We describe here the extensions proposed in order to efficiently perform the
Sparse matrix Vector Multiplication using the BBCS format that we have pro-
posed in Chapter 2. The architectural extension consists of two new instruc-
tions, LDS (LoaD Section) and MIPA (Multiple Inner Product and Accumu-
late), a special vector register CPR that holds the positional information pro-
duced by the LDS instruction and to be used by MIPA instructions, and a scalar
register RPR that holds the current row position in the currently processed VB.
Furthermore two extra processor status flags that are updated by the LDS in-
struction, the EOM and EOB, have been added. Figure 3.1 depicts the main
extensions to the vector processor organization. The c-memory module will be
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described in Section 3.3.1
The LDS instruction format is LDS @a,VR1,VR2. It loads a sequence of

BBCS entries from the memory address @a into the destination vector registers
VR1 and VR2. From the stream of BBCS data entries the non-zero elements
are loaded in VR1 and the index positions of the rows that contain at least one
non-zero matrix element are loaded in VR2. VR2 can serve later as an index
vector to load ~c sections when performing SMVM. LDS will cease fetching
BBCS entries on one of the following two conditions: either the vector regis-
ter VR1 has already been loaded with s elements, which is the maximum it can
contain, or after loading a data entry with at least one of the flags that signal
the end of a VB (EOB or EOM flag) set. In the latter case the corresponding
EOB or EOM processor status flag are updated consequently. The CPR vec-
tor register is affected by LDS implicitly. After a LDS is completed the CPR
contains the CP fields corresponding to the non-zero matrix elements that are
loaded in VR1.

The MIPA instruction format is MIPA VR1,VR2,VR3. The VR1 vector
register is assumed to contain a sequence of non-zero matrix element values
from a VB section previously loaded via an LDS instruction. The CPR vector
register, that is used implicitly by MIPA, is also assumed to contain the column
position information updated by the same LDS instruction. VR2 is assumed
to contain the s element wide corresponding section of the ~b vector. Before
the execution VR3 contains the values of the ~c vector elements located at the
positions to be affected by the MIPA computation. These elements in VR3
are selected from the vector ~c and loaded with the index vector created by the
LDS instruction. Generally speaking VR1 may contain one or more sequences
of values that belong to the same matrix row. The end of such a sequence is
marked by a set EOR flag in the corresponding CPR entry. For each of these
sequences an inner product is computed with a vector formed by selecting
values from VR2 using the corresponding CP index values in the CPR register.
To better clarify the functioning manner of the MIPA instruction we present in
Figure 3.2 a visual representation of the MIPA operation. In the Figure it is
assumed that the last 6 non-zero elements of the second VB, ~A1, are loaded in
VR1, the corresponding ~b vector section in VR2, and the values of the vector ~c
to be affected by the MIPA computation in VR3.

The MIPA Functional Unit
As discussed in the previous section, in order to support the execution of

the SMVM on a vector processor using the BBCS format we have introduced
an architectural extension. Here we describe a possible implementation of a
functional unit dedicated to the execution of the MIPA instruction. The hard-
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Figure 3.2: The functioning of the MIPA instruction

ware unit is meant to be one of the pipelined functional units of a vector pro-
cessor as the one presented in Figure 3.1. A 3 stage pipelined implementation
of the MIPA functional unit is graphically depicted in Figure 3.3.

The operation scenario for the MIPA unit can be described as follows:
First, a number of elements in VR1 vector register as well as their correspond-
ing CPs from the CPR special vector register are stored in the A buffer. The
number of VR1 elements that can be processed in each cycle is determined by
the level of parallelism p within the implementation. In the implementation
example in Figure 3.3 p is 4. Then the CP entry fields in the A buffer are used
to select the “right” elements from the VR2 vector register. These two sets
of data, i.e., the V alues in the A buffer and the elements selected from VR2,



50 CHAPTER 3. VECTOR PROCESSOR EXTENSIONS

2 2 2 

X X X

2 2 2 

+ + +

MUX

b7b2 b5 b6 b8b1 b4b3

2 

X

2 

+ Control 3

P entries
per cycle

Stage 1

Array of

Stage 2

Value

Multipliers

Flags
Position
Column 

Accumulation

A-bufferVR2

Array of
2-1 Adders

Stage 3

6/2 8/2 10/2 Control 212/2

VR3

Control 1

Select up to
P elements
per cycle

Forward to
next cycle

Value

VR1

CPR

Figure 3.3: MIPA Dedicated Functional Unit

are then pairwise multiplied with an array of p multipliers2 in the first pipeline
stage. As a result of the multiplications p new product results are forwarded to
the next stage.

In the second stage the accumulation of the previously computed products
is performed. On the basis of the EOR flag of each non-zero element that
is contained in the CPR register, the Control 2 unit selects the results of the
previous stage to be accumulated to form the final result element(s) and to be
stored back in the vector register holding the partial ~c vector. In this accumula-
tion step the current values in VR3 are also included. This extra accumulation
happens only when the last non-zero element of a matrix row is encountered
which means that an end result should be produced. The bandwidth needed
from VR3 can vary from 0 to p elements/cycle. Note that when the element
that is computed in the rightmost column of the value accumulation array is
not the last element of its matrix row the accumulation cannot be completed

2Actually as they perform only a multiple-operand addition the multipliers do not contain
the final adder stage.
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in the current cycle and a partial accumulation result is forwarded to the next
cycle at the same stage. Finally, in the third pipeline stage final 2‖1 additions
are performed and results are stored back in VR3.

3.2.2 BBCS transpose Sparse Matrix Vector Multiplication

In this section we present the transposed SMVM using the BBCS format on
an AVA. To proceed we will first give a brief presentation of the direct SMVM
scheme. For further details on the multiplication using BBCS see [68].

As was mentioned in the previous section, the SMVM for the BBCS
scheme is supported by an architectural extension to a traditional vector archi-
tecture, which we refer to as an Augmented Vector Architecture (AVA). The
extension includes two new instructions, a vector Functional Unit and a spe-
cial vector register. The first instruction, LoaD Section (LDS), loads the matrix
elements stored in BBCS format into the processor and the second instruction,
Multiple Inner Product and Accumulate (MIPA), performs the multiplication
using the MIPA functional unit. More specifically, suppose we want to multi-
ply a sparse matrix A by a dense vector b. The matrix A is stored in the BBCS
format as a sequence of Vertical Blocks of width s where s is the section size
(or maximum vector register size). LDS loads a portion (up to s elements)
of the VB’s non-zero elements into a vector register VR1. At the same time
the corresponding column positions of each element are loaded in the special
vector register called the CPR (the Column Position Register). A Bit Vector
(BV) is also created containing ones at the positions where the corresponding
non-zero elements are the last in their rows. Finally, using the positional in-
formation implicitly contained in the BBCS format (EOB bits and ZR entries),
LDS creates an index vector that contains the non-empty row positions in the
Vertical block and therefore the positions of the vector elements that will result
from the multiplication. After the execution of the LDS instruction, the MIPA
instruction can be executed to calculate the inner products of the rows of the
VB with their corresponding values of vector b using the MIPA functional unit.
The data flow of the MIPA functional unit is depicted in Figure 3.4 (left). The
vector code to perform the multiplication of one VB with the corresponding
section of the b vector is as follows (some code details have been omitted for
simplicity):

Standard Matrix vector Multiplication Code
for BBCS

LV VR2, b ; load section of b in
; vector register VR2

l LDS A, VR1, VR4 ; non-zero elements
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Figure 3.4: Functional difference of MIPA and MIPAT

; are loaded in VR1 and
; index vector in VR4

LVI VR3, c(VR4) ; c elements in VR3 from
; address c, VR4 is index

MIPA VR3, VR1, VR2; multiple inner product
SVI VR3, c(VR4) ; store c elements VR2 to

; address c, VR4 is index
Repeat l: for entire VB

Note that the LDS instruction sets the column position in the special vector
register CPR. During execution of the MIPA instruction the CPR index values
are used to select the correct values from the b vector residing in vector register
VR2 as indicated in Figure 3.4 (left).

To implement the transpose SMVM we have to consider the fact the trans-
pose AT of a matrix A is essentially the same matrix with the rows and
columns exchanged. Therefore, for the transpose SMVM we can use the el-
ements of A stored in the same order as in the direct SMVM and change all
the row related accesses to column related accesses and vice versa. This tech-
nique needs to be performed both at the algorithm level and at the level of the
working of the MIPA functional unit. The algorithm to perform the transpose
SMVM becomes as follows:

Transpose Matrix Vector Multiplication Code
for BBCS

SUB VR3, VR3, VR3 ; initialize result
; VR3 = 0,0,0,...

l LDS A, VR1, VR4 ; non-zero elements
; are loaded in VR1 and
; index vector in VR4

LVI VR2, b(VR4) ; b elements in VR2 from
; address b, VR4 is index
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MIPAT VR3, VR1, VR2; multiple inner product
; transposed

Repeat l: for entire VB
SV VR3, c ; store result VR3

; starting from adress c

We observe that the access patterns involving vector b and c (the result)
have been almost exchanged. As indicated above the working of the MIPA
instruction has to be altered and therefore we have introduced a new instruc-
tion, MIPAT (MIPA Transposed), similar to MIPA to support the transposed
SMVM. Due to the exchange of rows and columns, MIPAT has a different be-
havior than MIPA as depicted in Figure 3.4. However, despite the functionality
difference, the MIPA and MIPAT can be executed using the same functional
unit (FU) if the data flow of the FU is slightly reconfigured depending on the
instruction which is executed. In Figure 3.4(right) the differing data flows re-
quired by the MIPA and MIPAT is depicted. Thus, we can implement support
for the transposed SMVM on the AVA using the same storage format by only
reconfiguring the data flow of the Functional unit of the AVA.

3.3 Architectural extensions for HiSM

We describe here a number of architectural extensions to the previously de-
scribed GVP that were designed to provide vector functionality that supports
sparse matrix operations using the HiSM Format. To support the SMVM using
the HiSM format three instructions are introduced.

• LDB R1, VR1, VR2 loads s elements of the S2-blockarray from mem-
ory, starting at position R1. The Non-zero elements (or pointers to
nonzero blocks) of the s2-block array are loaded in VR1. The position
information is loaded in VR2. Each element in VR2 will contain both
the row and column position within the s2-blockarray of the correspond-
ing non-zero element in VR1. After issuing, the contents of R1 will be
updated to contain the starting address position of the next section of the
s2-blockarray to be processed.

• MIPAB VR4, VR1, VR3 performs the Block Multiple Inner Product and
Accumulate operation. This operation consists of multiplying the non-
zero elements of the s2-block that reside in VR1 with the corresponding
elements in VR3 (which contains a section of the multiplicand vector)
and adding the results to the appropriate element in VR4 (which con-
tains the result vector of the operation). The positional information is



54 CHAPTER 3. VECTOR PROCESSOR EXTENSIONS

contained in VR2 which is not part of the operand list of the instruction
but is implied.

• STB R1, VR1, VR2 ss the reverse operation of LDB. The contents of
VR1 and VR2 are stored in memory using the HiSM format and starting
from memory position defined by R1. Again, after issue the value con-
tents of R1will be updated to contain the starting address position of the
next section of the s2-blockarray to be processed.

3.3.1 SMVM using HiSM

To illustrate the working of the presented instructions we present here an ex-
ample of how the SMVM for one s2-block can be performed. Thus we, assume
here that our matrix consists of only one s × s-block on level-0. In the gen-
eral case the SMVM using the HiSM is a bit more complicated and will be
discussed in more detail in Chapter 5. We assume that the s2-blockarray is
stored in memory position @A, the multiplicand vector in memory position @B
and the result vector will be stored in position @C. The length (or number of
non-zero elements) of the s2-blockarray is stored in R4. Also, we assume that
VR4 contains only zeros before execution:

(1) LA @A, R1
(2) LA @B, R2
(3) LA @C, R3
(4) LDV R2, VR3
(5) LP: SSVL R4
(6) LDB R1, VR1, VR2
(7) MIPAB VR4, VR1, VR3
(8) BNE R4, LP:
(9) STB R3, VR4

the first three instructions (1) - (3) load the starting addresses to the s2-block,
the multiplicand vector and the result vector respectively. The next instruction
loads the multiplicand vector into register VR3. Note that this instruction is
outside the loop since we only need to load the multiplicand vector once for
all the elements of the s2-blockarray. The four following instructions form the
main loop that multiplies the s2-block with the multiplicand vector. In each
iteration the VLR is set (5) and the elements of the block are loaded by LDB
(6). The actual multiplication of the section of the s2-block, stored in VR1 and
VR2, with the multiplicand vector, stored in VR3, is performed by MIPAB (7)
and the result is stored in VR4. VR4 is continuously updated in each iteration.
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After the last iteration the loop is exited and the final result (VR4) is stored into
memory.

The MIPAB Pipeline: This section describes the working of the MIPAB
functional unit. This is a variation of the MIPA unit which was described in
the previous section but altered to allow the processing of the arrays stored in
the HiSM format. As mentioned, the function to perform is the multiplication
of the s2-blockarray elements and the multiplicand vector to produce the re-
sult vector at the output. The unit can consume p s2-blockarray elements each
cycle where p is the parallelism of the unit. An instance of this unit with a
parallelism p of four is depicted in Figure 3.5. The unit can be divided into 3
main parts: (a) the value selection, (b) the multiplication and (c) the addition.
At the value selection the column information corresponding to each of the p
s2-blockarray elements is used to select the correct p values from the Multi-
plicand Vector (MR) . Note that the values from MR can be the same if the
values in the input buffer belong to the same column. Subsequently, the result-
ing pairs of values are multiplied resulting into p products. Note that on each
stage the row information of each of the partial results that propagate through
the pipeline, their row position information is preserved. Following the mul-
tiplication, the elements that have the same row position plus the RV value at
the same row position are added with each other to produce the final values at
the end of the pipeline. There is however one complication which occurs when
there are elements belonging to the same row but reside in different stages of
the pipeline. This happens for instance when more than p elements belong to
the same row. In this case the values resulting from the addition have to be
fed back in the pipeline to be added again. To facilitate this we have added a
buffer, called the Intermediate Buffer (IB), before the first stage of the addition
pipeline. The IB holds several sets of 2 entries: The value of the element and
its associated row position. An element is forwarded to the IB when another
element with the same row position is either in the addition pipeline or already
in the IB. In the second case the element is actually directly forwarded to the
first stage of the addition, bypassing the IB. Due to the addition of the IB, the
functionality of the first stage of the addition is slightly different than described
earlier: In addition to the products from the multiplication stages also the ele-
ments residing in the IB are used when grouping the elements according to the
row position for the addition. As can be observed in Figure 3.5, up to 7 values
can simultaneously enter the addition pipeline and possibly added together (if
on the same row). For this reason the addition occupies 3 pipeline stages.

Using this way of processing the data we can achieve a maximum through-
put of the elements through the pipeline. The use of the IB for feeding back
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the elements to the addition pipeline does not inhibit the continuous stream of
p elements per cycle that is produced at the multiplication part of the pipeline.
This implies that the elements at the output will not appear in the order that
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they enter the pipeline.
Timing Evaluation

In this section we will provide performance estimations of the proposed MI-
PAB mechanism. As we have discussed in the previous section, the processing
of the s2-blockarray elements depends on the distribution of the row elements
within the loaded section of the s2-blockarray that is processed by the MIPA
unit. To understand the behavior of the MIPAB unit it is best to consider the
two most extreme cases that can appear:

• All the elements in the loaded section of the s2-blockarray belong to
different rows. In this case the output of the MIPAB is a vector of length
equal to the input vector.

• All the elements in the loaded section of the s2-blockarray belong to the
same row. In this case the output of the MIPAB is a single value.

In the first case the elements will not have to be fed back in the pipeline and
therefore the number of cycles that the mechanism will need to complete the
operation will be d s

p
e + w where s is the section size of the vector processor,

p the parallelism of the functional unit and w the total number of stages of the
functional unit pipeline. In the second case we have to note that all elements
that pass through the pipeline have to be fed back to the addition pipeline to be
added to the remaining elements. The behavior of this pipeline is similar to a
regular vector accumulation unit. Therefore the number of cycles to complete
the accumulation is given by d s

p
e + w + 7. The seven extra cycles is the

feedback penalty when using 3 stages for the addition pipeline. All other row
configurations of the input vector will result in a completion time that lies
between d s

p
e + w and d s

p
e + w + 7.

The Transposition Mechanism: As mentioned previously, the proposed
Sparse matrix Transposition Mechanism (STM) can be implemented as a func-
tional unit of a vector processor. An instance of the mechanism for a section
size s = 8 is depicted in Figure 3.6. The main part of the unit consists of the
s×s-memory. The s×s-memory is used to store an s2-block of a hierarchically
stored matrix. The mechanism can transpose one s2-block at a time. First, the
s2-block is stored in the s × s-memory one section at a time. When the com-
plete s2-block is stored, the s2-block is then read from the s×s-memory in the
transpose fashion than storing. For example, if data was stored in a row-wise
fashion (entering the s × s memory in Figure 3.6 from the top), it is read in
a column-wise fashion, exiting the memory from from the left. We now illus-
trate the procedure in more detail, showing how the level-0 s2-block depicted
in Figure 2.7 is transposed. We assume that a part of an s2 block is stored in a



58 CHAPTER 3. VECTOR PROCESSOR EXTENSIONS

MUX

X
U
M

SxS Memory

Non-zero locator
Vector Register File

Buffer
I/O

I/O
Buffer

Rowwise

Columnwise

Column-buffer

Row-buffer

Column Position

Value

Non-zero
locator

Row Position

Storage cell
Non-zero
Indicator

Figure 3.6: The Sparse matrix Transposition Mechanism (STM)

vector register R. The contents of a register R are stored in the s × s-memory
via the column-wise I/O-buffer located at the top of the unit. The depth of this
buffer defines how many elements can maximally be stored per clock cycle
and is referred to as the s × s-memory buffer bandwidth B, which in the case
of Figure 3.6 is 4. At each cycle the I/O-buffer is filled with non-zero elements
of the same row along with their corresponding column positions. In the next
cycle, the column positions are used by the Non-zero Locator unit to scatter the
non-zero values to correct positions in the row-buffer. The non-zero indicator
at the corresponding cells of the buffer are then set accordingly to indicate a
non-zero or a zero value. This process is repeated until all the non-zeroes in
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the current row are stored in the row buffer. Thereafter, the entire row buffer is
copied into the s×s-memory using the row position information (not shown in
Figure 3.6). Then, the elements of all the following rows is stored in the s × s
memory in the same way. Now, the transposition of the s2-block can be ob-
tained by reversing the order used for storing, at the column-wise section of the
STM. Column by column, the s2-block is moved into column-buffer. There,
using the Non-zero-Locator, the non-zero values and their row positions are
copied into I/O-buffer (maximally B at a time) and then stored into a register
in the register file.

The implementation of the non-zero locator is not trivial and we, therefore,
describe it below in further detail. Non-zero locator is graphically depicted in
Figure 3.7. The function of this circuit is to extract from a string of input bits
(the non-zero indicators) the position of the first B 1’s. When there are more
than B non-zero elements the located non-zeros are set to zero (not depicted
in Figure 3.7) and the process is repeated in order to locate the following B
non-zero elements. When there are less than B non-zero elements one or more
of the “0”-counters will produce an overflow. This overflow indicates to the
control logic that a new row or column needs to be fetched from the s × s-
memory.

As we have mentioned, the Transpose Mechanism can only transpose an
s2-block. However, because of the similar structure of the HiSM at all hier-
archy levels we can apply the same transposition mechanism on all levels in
order to achieve the transposition of the entire matrix, Figure 3.8 graphically
illustrates this principle. In the following we show the validity of this approach
more formally. Consider an element aij at position (i, j) of the matrix A which
has to be transposed. We can write the position coordinates as a combination
of the coordinates at each hierarchy level: i = i0 + i1s + i2s

2 + . . . + iqs
q

where ik is the row position of aij at level k, s–the section size (dimension of
the s2-block), and q = max(dlogs Me, dlogs Ne) is the number of hierarchy
levels. For example, for the element a10,10 of the matrix depicted in the left
part of Figure 3.8, the i-coordinates are as follows: i = 10, i0 = 2, and i1 = 1.
Similarly, for the column coordinates we have j = j0 +j1s+j2s

2 + . . .+iqs
q.

We remark that ik, jk are exactly the position coordinates stored in the s2

blocks in HiSM format. Let ĩ and j̃ denote the the new coordinates of the
element aij after transposition, and ĩk and j̃k be the coordinates at hierarchy
level k after transposition. Since we transform the element positions within
the s2-blocks at each level, the new coordinates at each level will become
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ĩ0 = j0, ĩ1 = j1, . . . , ĩq = jq and j̃0 = i0, j̃1 = i1, . . . , j̃q = iq. Therefore,

i = i0 + i1s + i2s
2 + . . . + iqs

q =

= j̃0 + j̃1s + j̃2s
2 + . . . + j̃qs

q = j̃,

j = j0 + j1s + j2s
2 + . . . + jqs

q =

= ĩ0 + ĩ1s + ĩ2s
2 + . . . + ĩqs

q = ĩ
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Figure 3.8: Hierarchical Matrix Transposition: Transposing each block at all
hierarchies is equivalent to the transposition of the entire matrix

This shows exactly that transposing the blocks at all level results in the trans-
position of the whole HiSM-stored matrix.

Transpose Mechanism Implementation Issues: In order to investigate
the implementation details of the STM mechanism, we have created a VHDL
model and successfully simulated the behavior of the STM. Subsequently, us-
ing the aforementioned model, we have synthesized an implementation of the
mechanism on a Xilinx [79] 2v10000ff1517-6 FPGA device. As far as we
could search in the literature we have not been able to obtain any other hard-
ware transposition mechanism for sparse matrices and therefore we will not
present here a comparison with another mechanism. Instead, we have focused
our investigation on the effect of the section size s and the I/O-buffer depth B
on the timing of the mechanism. To evaluate the timing we first had to deter-
mine the critical path of the circuit. After investigation of the separate stages
we have concluded that the critical path is the non-zero locator circuit that we
have described in detail in the previous Section. Therefore the latency of the
non-zero locator circuit will determine the overall speed of the mechanism. In
Table 3.1 the latency of the non-zero locator is depicted for varying values of
s and B. It can be observed that the depth of the I/O-buffer has minimal effect
on the non-zero locator latency whereas the section size mainly determines the
timing of the STM. Additionally, in Figure 3.9 it can be observed that the la-
tency is linear with the section size. The reason for this behavior can be traced
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Bs 8 16 32 64
1 8.28 ns 16.49 ns 28.01 ns 49.24 ns
2 8.23 ns 16.49 ns 28.01 ns 49.24 ns
4 8.93 ns 16.68 ns 27.96 ns 49.20 ns
8 11.23 ns 19.24 ns 27.96 ns 49.20 ns

Table 3.1: non-zero locator latency for various s and B

in the design of the non-zero locator which mainly consists of cascaded ports
with depth s.
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3.4 Conclusions

In this chapter we have presented an architectural and organizational extension
to the general vector processing paradigm in order to provide additional func-
tionality to support the efficient operation on sparse matrices when using the
BBCS and HiSM formats which were presented in the previous chapter. As a
proof of concept, rather than providing a full architectural description which
is beyond the scope of this thesis, we have presented architectural support for
a number of key operations. First we have provided a brief description of
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what we mean by the general vector processing paradigm on which our exten-
sion is based. Subsequently, we have described a number of new instructions
that access data in memory which are stored in the described formats. Fur-
thermore, we have presented instructions that enable the operation of Sparse
Matrix Vector Multiplication both using the BBCS and HiSM schemes and
have described the Functional Units which perform these operations in Hard-
ware. Similarly, for HiSM we have provided a mechanism that can support
performing the transposition of a sparse matrix.



Chapter 4

Sparse Matrix Benchmark

In the previous chapter we have described organization mechanisms and in-
struction set extensions to support our proposed formats. In this chapter we
present a set of benchmark algorithms and matrices, called the Delft Sparse Ar-
chitecture Benchmark (D-SAB) Suite for evaluating the performance of novel
architectures and methods including our proposal when operating on sparse
matrices. The focus is on providing a benchmark suite which is flexible and
easy to port on (novel) systems, yet complete enough to expose the main diffi-
culties which are encountered when dealing with sparse matrices. The novelty
compared to previous benchmarks is that it is not limited by the need for a
compiler thus making it usable for systems under development or systems that
do not make use of a compiler, is more flexible in terms of the methods to be
used for implementation and makes use of real-world matrices rather than syn-
thetic ones. The D-SAB comprises of two parts: (1) the benchmark algorithms
and (2) the sparse matrix set. The benchmark algorithms (operations) are cate-
gorized in (a) value related operations and (b) position related operations. The
sparse matrix set is comprised by a careful selection of a number of represen-
tative matrices from a large existing sparse matrix collection that captures the
large diversity of sparsity patterns, sizes and statistical properties.

The Chapter is organized as follows: in Section 4.1 we provide a general
discussion regarding sparse matrix benchmarks including a summary of our
proposed benchmark. Following that, Section 4.2 discusses previous work,
motivation and goals that led us to the development of this benchmark suit.
Subsequently the proposed benchmark is discussed in sections 4.3 and 4.5,
where the operations and matrix collection are described respectively. Finally,
in Section 4.6, some conclusions are drawn.

64



4.1. GENERAL DISCUSSION 65

4.1 General Discussion

Dealing with sparse matrices has always been problematic in the scientific
computing world. The reason for this, simply put, is that computers, and espe-
cially vector computers, are best in dealing with regularity. However, the arbi-
trarity of the sparsity pattern of a sparse matrix removes the ability to assume
a regular structure of the data and therefore the various algorithms operating
on sparse matrix become data dependent and complicated. This degrades the
performance of an architecture in terms of resource utilization. A solution to
this problem has been to develop different algorithms for doing the same op-
eration depending on the type of the matrix. It has been observed that certain
kind of problems give rise to certain kind of sparsity patterns. For those cases a
regularity can be assumed that is particular for the specific type of matrix. Typ-
ical examples are certain kind of problem areas that will give rise to a sparse
matrix that consists of only of a number of diagonals. In this case the sparse
matrix can be stored as a collection of those diagonals and the operations can
be very straightforward and regular. This approach is thus in essence a trans-
formation of the problem to a regular one that can be dealt efficiently with a
computer. It is working well and is often applied within specific disciplines.
However, when we consider a more general approach to sparse computations
such an approach gives rise to a plethora of different algorithms. Moreover,
these are not always applicable and the assumed regularity is not always there.
For these reasons there exist also methods (on architectural as well as algorith-
mic level, or combination of both) that do not assume any type of matrix and
are general in their approach. Of course, for the reasons mentioned above, var-
ious problems arise in such general approaches and therefore we need a way to
evaluate the efficiency of different architectures and more generally techniques
in dealing with the problems that arise when sparse matrix computations are
involved.

In a similar train of thought a number of proposals have already been made
to date for evaluating architectures on sparse matrix operations. These efforts
are listed in the next section. The main reason that we propose a new method
to evaluate sparse matrix operations rather that use one of the existing ones is
that these proposals are mainly targeted for evaluation of a fully functioning
system as a whole and not as a tool for early evaluation of the potential of a
novel approach. Furthermore, most are not flexible since the method of op-
eration is predefined and the matrices are automatically generated rather than
using matrices from actual applications. The proposed D-SAB [62] aims to
alleviate the aforementioned shortcomings. The contributions of our proposed
benchmark can be summarized as follows:
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• We propose the Delft Sparse Architecture Benchmark (D-SAB), a
benchmark suite comprising of a set of operations and a set of sparse
matrices for the evaluation of novel architectures and techniques. By
keeping the operations simple D-SAB is not dependent on the existence
of a compiler on the benchmarked system.

• Although keeping the code simple, D-SAB maintains coverage and ex-
poses the main difficulties that arise during sparse matrix processing.
Moreover, the pseudo-code definition of the operations allows for a
higher flexibility of the implementation.

• Unlike most other sparse benchmarks, D-SAB makes use of matrices
from actual applications rather than utilizing automatically generated
matrices.

The remainder of the chapter is organized as follows: In the next section,
Section 4.2 we discuss previous work on the field, and give our motivation and
goals for the development of D-SAB. Subsequently, in Section 4.3 we outline
the most commonly used sparse matrix operations which aided us in selecting
the operations for our benchmark suite which is described in Section 4.4. In
Section 4.5 we describe the matrix collection that is an integral part the bench-
mark. Finally, in Section 4.6 we give some conclusions.

4.2 Previous Work, Motivation and Goals

To date several efforts have been made that address the problem of bench-
marking the performance of various architectures on sparse matrix operations.
Some focus exclusively on sparse matrices and others address then in a more
general framework of scientific calculations which do also include sparse ma-
trices. Some of the most important are listed below:

• The Perfect Club [8] is an acronym for PERFormance Evaluation by
Cost-effective Transformations. It is a collection of 13 full applications
taken from various fields in engineering and scientific computing and
are written in Fortran. A number of these include code involving op-
erations on sparse matrices, mainly linear iterative solvers. The main
advantage of Perfect Club set of benchmark programs is that it offers
real applications which are used in sparse matrix computations, rather
than using only specific small kernels and thus reflects more accurately
the real performance that can be expected for a particular architecture.
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However, a number of these programs are originally made with a partic-
ular architecture in mind and therefore might be optimized in a way that
does not benefit a different architecture.

• The NAS Parallel Benchmarks [5] are a set of 8 programs designed to
help evaluate the performance of parallel supercomputers. The bench-
marks, which are derived from computational fluid dynamics applica-
tions, consist of five kernels and three pseudo-applications and aim at
providing a performance metric for both dense and sparse systems. Only
one of the aforementioned kernels is sparse matrix related, the “CG Ker-
nel: Solving an unstructured sparse linear system by the Conjugate Gra-
dient method.”. This kernel evaluates the performance of a system when
solving sparse linear systems. The choice for CG Kernel has been made
since it represents a class (the iterative sparse matrix solvers) of appli-
cations that are very frequently used and expose several of the problems
that are encountered when operating on sparse matrices. It is interesting
to note that the input matrix format is not specified and therefore the im-
plementation details are omitted in the description of the algorithm. The
input matrices are provided by a Fortran 77 routine that creates a fully
random matrix.

• SparseBench: a Sparse Iterative Benchmark As we mentioned above,
the solution of sparse matrix linear systems occupies a large deal of the
sparse matrix applications and exposes a number of sparse matrix related
problems. For this reason an extended Sparse Iterative Benchmark has
been proposed by Dongarra et al. [22]. This benchmark uses common
iterative methods, preconditioners, and storage schemes to evaluate ma-
chine performance on typical sparse operations. The benchmark com-
ponents are: Conjugate Gradient and GMRES iterative methods, Jacobi
and ILU preconditioners. Unlike the NAS benchmark, the algorithms
are fully defined (although the possibility for small modifications is left
open) in Fortran as well as the input matrix formats. The sparse ma-
trix storage formats used are the (a) diagonal storage format and (b) the
compressed row storage (CRS) format.

• SPARK: A benchmark package for sparse computations [58] (see
also [60]) is a benchmark developed by Saad and Wijshoff to evalu-
ate the behavior of various architectures on the field of sparse computa-
tions. The main rationale behind the SPARK approach for designing the
benchmark is to try and capture the main kernels that expose the prob-
lems encountered in sparse computing. A number of different modules
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are presented that capture different aspects of sparse computing: Mod-
ule 1 includes very basic computational kernels such as dot products,
sparse sums, linear combination and so on. All kernels include sparse
vectors and mainly expose the performance degradation due to the indi-
rect addressing of the sparse vectors. Module 2 includes the operations
“Sparse matrix vector multiplication” and “Forward elimination” using
various methods and matrix storage formats. The last module, Mod-
ule 3, contains matrix manipulation kernels such as transformations to
other storage formats, the transposition of a matrix and the extraction of
parts of the matrix. The test matrices are automatically generated and
are finite element and finite difference matrices.

All the aforementioned benchmarks (except the NAS benchmark) assume
a fully functioning system including a compiler. Although this is a very use-
ful approach that reflects real system settings and is easy to use, it cannot be
used for architectures in an early stage of development that don’t have a com-
piler or architectures that simply don’t make use of a compiler. Furthermore,
the benchmarks (except the NAS benchmark) define the storage method of the
sparse matrices. Although the storage methods utilized are usually the most
commonly utilized in the scientific world, this approach may fail to reveal the
full potential of an architecture since the matrix format determines the way it
will be accessed and processed. Therefore the flexibility of these benchmarks
is limited and does not allow for a novel way of storing, accessing and operat-
ing on the sparse matrix. Additionally, the above benchmarks use matrices that
are automatically generated. This is mainly done for reasons of memory effi-
ciency. However, we believe that the parameters that are used to generate those
matrices cannot capture the diversity of sparsity patterns that are observed in
matrices obtained from actual applications.

Our proposed benchmark aims at removing the above shortcomings of the
currently existing sparse matrix benchmarks while keeping their benefits. Our
benchmark is partly inspired by the NAS and SPARK benchmarks regarding
their design philosophy. The advantage of the NAS benchmark is that the algo-
rithm of the benchmark is described in pseudo-code and the storage format is
not defined. This allows for flexibility in the implementation of the algorithm.
The advantage of the SPARK benchmark on the other hand is that it covers a
wide range of aspects of sparse matrix operations thus offering a better cover-
ing of the possible sparse matrix operations.

As we have mentioned earlier the goal of this work is to define a bench-
mark for evaluating the performance of novel architectures and methods when
operating on sparse matrices. Before proceeding to describe the benchmark
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itself we will give an overview of the requirements we have set in designing
this benchmark. These can be summarized as follows:

• Deal with sparse related problems. As mentioned before, the pro-
posed benchmark is primarily aimed to evaluate an architecture’s ability
to cope with the problems that arise by the operation on sparse matrices.
We have identified three main issues that have to be addressed in and
exposed by our benchmark, namely:

– Indexed Accesses. Due to the sparsity of the rows or columns in a
sparse matrix it is very often needed to access the memory using in-
dexed vectors, i.e. non regular rather than continuous or strided ac-
cesses. Memory systems are by design performing worse when not
accessed in a regular way and therefore the way the benchmarked
architecture or method deals with this problem is important.

– Short Vectors. Irrespective of their dimension, most sparse matri-
ces have a small number of non-zero elements per row where small
is defined as the number of elements where it does not pay off to
treat the elements as a vector due to startup penalties. This too
can significantly influence the performance of an architecture or
method operating on sparse matrices.

– Storage Requirements. When storing a sparse matrix, the amount
of data needed is the sum of the stored non-zero elements and the
associated positional information. The latter overhead data can be
a significant part of the total amount of data needed to be stored and
therefore it is a factor that can significantly influence the number
of accesses needed to access the matrix and thus the time needed
for processing.

– Fill In. A number of operations dealing with sparse matrices will
alter the number or position of the non-zero elements of the matrix.
The need to store these displaced or new elements will require a
rearrangement or insertion of non-zero elements. Depending on
the storage format this can be a tedious and time consuming task.

– Flexible Structure. When manipulating (rather than operating on)
sparse matrices it is often convenient that the sparse matrix for-
mat and the way it is handled offers the user an untroubled way of
manipulating the matrix.

• Simple Algorithms. We require the benchmark algorithms to be as sim-
ple as possible. Since we are targeting novel architectures it is highly
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probable that in the early stages of the architecture development there
will be no compiler available that can map the code to the architecture.
Therefore the algorithms should be relatively easy to implement in as-
sembler, microcode, hardwired or any other low level means of imple-
mentation.

• Real Applications. While keeping the benchmark algorithms simple
we strive to include algorithms in D-SAB that reflect the sequence of
operations that are encountered in a real application. The reason for this
is that sequences of operations can have a performance that differs from
the sum of the performance of its parts since it is also influenced by
dependencies.

Note that this benchmark, similarly to the existing ones, does not relate to
any numerical aspect of operating on the sparse matrices such as convergence
and rounding errors.

We will describe the benchmark in the following two sections. The first
section concerns the algorithms and operations which are executed and timed.
The second section comprises of the description of the sparse matrix set that
serves as a test suite for the algorithms.

4.3 Sparse Matrix Operations

In this section we outline a number of the most commonly used sparse matrix
operations. To construct the benchmark we need to construct a set of algo-
rithms/operations that can cover the basic operations that make up most of
the sparse matrix related applications. Rather than analyzing the wide gamma
of applications that use sparse matrices (Finite Element Analysis, Fluid Flow,
Structural Engineering etc.) we have chosen to examine the various toolkits
and packages that offer libraries for operating on sparse matrices since the op-
erations that they offer are mainly driven by the needs of larger applications.
A brief description of the most noteworthy is presented below:

• SPARSEKIT [57] Extensive library on basic Sparse Matrix operations.
Supports 16 sparse matrix storage formats; produces a Post-Script plot
of non-zero pattern of a matrix. It does basic algebraic operations, or-
dering, computes statistics and performs some iterative methods.

• The NIST Sparse BLAS [14, 53] The package includes support for a
basic toolkit, including matrix-multiply and triangular solve routines.
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• LASPACK [61] A C package for solving large sparse systems of lin-
ear equations, especially those arising from discretizations of partial
differential equations. Contains both classical and state-of-the-art al-
gorithms such as CG-like methods for non-symmetric systems (CGN,
GMRES, BiCG, QMR, CGS, and BiCGStab) and multilevel methods
such as multi-grid and conjugate gradients preconditioned by multi-grid
and BPX.

• Sparselib++ [21] The Sparse BLAS Toolkit is used for efficient ker-
nel mathematical operations (e.g. sparse matrix-vector multiply) and to
enhance portability and performance across a wide range of computer
architectures. Included in the package are various preconditioners com-
monly used in iterative solvers for linear systems of equations. The focus
is on computational support for iterative methods.

After examining the aforementioned sparse packages/toolkits we have
compiled a list of operations that are important when dealing with sparse ma-
trices. In the following two sections we present the operations divided in two
main categories, (a) Unary matrix operations and (b) Arithmetic operations.
Along with each operation we mention the challenges and implications of the
corresponding operation.

4.3.1 Unary Matrix Operations

This list contains mainly operations that have as their only operand the sparse
matrix itself.

• Submatrix Extraction: Extract a rectangle or square matrix from a sparse
matrix. Select aij from matrix A[aij ]: rh < i < rh and ch < j < ch,
where rh,rl,ch and cl define the boundaries of the submatrix for upper-
row, lower-row, upper-column and lower-column respectively.
Implications: Unlike the elements of dense matrices, sparse matrix el-
ement coordinates are not implied by their position in storage. This
means that the elements have to be searched and selected according to
their positional information which is usually stored separately.

• Filter Elements: This operation filters out the elements of a matrix de-
pending on the magnitude of the element, for instance filtering out the
elements whose value is lower than a specific value.
Implications: The creation of a new structure for storing the new matrix.
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• Transposition: Create the transpose of matrix A, AT . This operation is
usually not used by itself but more in conjunction with another operation
like for instance the sparse matrix multiplication with a vector: AT x.
However, the reason for this is often that it is a difficult operation since
it can require a full rearrangement of the matrix storage structure. Cur-
rent methods for operating on sparse matrices generally are optimized
for accessing the matrix as regular A and not as the transposed AT . A
similar problem will be discussed later considering the operation AT x.

• Get Element: Return the value of element aij of a sparse matrix A[aij ].
Implications: The positional structure of the stored matrix needs to be
searched in order to locate the element. In most storage methods, if the
element does not exist in the stored matrix then the returned value is
zero.

• Get Diagonal: Extract a diagonal of the sparse matrix: Select elements
aij for i = j + k where k is a constant denoting which diagonal is ex-
tracted, k = 0 represents the main diagonal.
Implications: The implications for this operation are similar to the pre-
vious operation.

• Extract Lower/Upper Triangular Matrix: Extracts the elements aij of a
matrix A[aij ] where j ≤ i for the Lower Triangular and i ≤ j for the
Upper Triangular. the implications for these operations are similar to the
Submatrix Extraction operation.

• Row/Column Permutation: Permute the rows or columns of a sparse ma-
trix. These operations are equivalent to B = PA for row permutation
and B = AQ for column permutation. Both P and Q are permutation
matrices.
Implications: The elements of the matrix will need to be reordered. De-
pending on the flexibility of the storage method used this can be a time
consuming process.

• Maximum Value per Row Return a vector that contains the maximum
value of each row of the matrix.
Implications All the elements of the matrix need to be searched. (...)

• Non-Zeros in AB Calculate the number of non-zeros of the matrix-
matrix multiplication C = AB. This is related to calculate the space
needed to store the result of the multiplication without actually loading
the values of the elements (only the positional information is needed)
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and carrying out the actual computations. Implications: Are similar to
the carrying out the matrix-matrix multiplication C = AB which will
be discussed further on.

• Extract Given Row(s): Extract specific row(s) of the matrix.
Implications: The complexity of the problem is similar to extracting
one element from the matrix. However, depending on the sparse matrix
storage format used, the process can be made faster than the sum of the
time extract element separately.

• Compute Norms:
Compute the norm ‖.‖n = n

√

|r1|n + |r2|n + · · · + |rk|n of the rows of
a matrix where r1, r2, . . . , rn represent the elements of the row. Usu-
ally three norms are used: ‖.‖1 = |r1| + |r2| + · · · + |rk|, ‖.‖2 =
√

|r1|2 + |r2|2 + · · · + |rk|2 and ‖.‖∞ = max(|r1|, |r2|, · · · , |rk|).
Implications: We are primarily interested in the accessing of the row el-
ements rather than the calculations themselves that are not specifically
related to sparse matrix computations. Therefore the implications are
similar to accessing one or more rows of a sparse matrix.

4.3.2 Arithmetic Operations

This list contains arithmetic operations on the sparse matrices.

• Sparse Matrix-Dense vector Multiplication (SMVM): y = Ax where x
and y are dense vectors. Each kth element of vector y, yk is calculated
as follows: yk = Σn

i=0aikxi. This is generally considered to be the most
important operation in sparse matrix applications since it is the main part
(in terms of consumed cycles) of most solver kernels.
Implications: All the elements of the matrix have to be accessed in order
to perform the computation.

• Matrix-Matrix Addition C = A + B, cij = aij + bij∀i, j. Implica-
tions: Since in most sparse matrix storage formats the zero elements
are not explicitly stored the storage space required is mainly defined by
the number of non-zero elements. This implies that unless the sparsity
patterns (the distribution of non-zeros over the matrix) of A and B are
the same, the resulting matrix will have more non-zeros than either A
or B and the size of the stored matrix C will not be known in advance.
Special care should be taken to deal with this problem efficiently.
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• Matrix-Matrix Multiplication: C = AB, cij = Σn
k=0aikbkj where n is

the number of columns in A and the number of rows in B.
Implications: The implications are similar to the matrix-matrix addition
operation described earlier. Additionally, this operation exhibits a high
level of data reuse which can be taken advantage of.

• Lower Triangular System Solution: Solves the equation Lx = y for x,
where L is a lower triangular matrix, lij = 0,∀(i, j) ∈ {(i, j)|i < j}

• Pivoting & Gauss Elimination: This is not in essence a basic operation
in the complexity sense and is the most complex of the ones described
here. However it is an operation that is in the core of many (sparse)
matrix operations since it is used for linear system solving and often in
preconditioners for iterative linear system solving [7]. We will therefore
cover this operation more extensively in the following paragraph.

The Gaussian Elimination is a standard direct method for solving linear equa-
tions of the form Ax = b where b is a known vector. The purpose is to create
an upper triangular matrix U from matrix A by subtracting multiple of rows
from others in order to create zero entries at the lower triangular part. The
procedure for Gaussian elimination is described as follows: Assume an n × n
matrix A = [aij ] where aij is an elements of the matrix at row i and columnj.

In order to create the first zero at position (2, 1) we start by multiplying
the first row (a11, a12, . . . , a1n) by −a21

a11
and add the resiting vector from the

second row (a21, a22, . . . , a2n) which creates a zero entry at position (2, 1).
Consequently, the the first row is multiplied by − a31

a11
and add to the third row

to create a zero at position (3, 1). The process is repeated for each row until
all elements under a11, are zero. After the elimination at the first column we
proceed to the submatrix that is formed by removing the first row and column
and repeat the previously described procedure.
To generalize, we use the kth row to eliminate the element aij we proceed as
follows: Multiply kth row (ak1, ak2, . . . , akn) by −

aij

akj
and add to the ith row,

(ai1, ai2, . . . , ain).
For reasons of numerical stability a matrix is transformed before per-

forming elimination by choosing the largest absolute element value in the
matrix prior to the process of elimination in a column and moving this to the
diagonal. This procedure is called Pivoting. A commonly used variation of
pivoting is to choose the largest value in the column (rather than the whole
matrix) that is to be eliminated. This is the version of the algorithm that we
have chosen to use for our benchmark.
The complete procedure of the Gauss elimination with pivoting can be
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described as follows:

for j = 0 to n − 2 do
⇒ Find position (q) of max abs in column Cj

⇒ if q <> j then exchange rows(j, q)
for i = j to n − 2 do

Rj+1 = Rj+1 − aijajjRj

end for
end for

Ck denotes the kth row, Rk = (a1k, a2k, . . . , ank), Rk denotes the kth row,
Rk = (ak1, ak2, . . . , akn) and the ⇒ signs indicate the part of the algorithm
that is used for pivoting.

4.4 Benchmark Operations

In this section we describe the sparse matrix operations that we have chosen
to form our benchmark operation suite. We have observed that although most
packages offer an extensive set of functions, there is a plurality of functions
performing the same operation, relating to the fact that these functions are
implemented for various storage formats. However, in our benchmark the aim
is to be independent of the storage format and thus we have chosen only the
basic functions, one from each function class. After an initial analysis of the
above packages we have chosen to divide the basic operations in two parts:

1. Value Related Operations (VROs). These operations include arithmetic
operations such as multiplication, addition, inner product, etc. In these
operations the values of the elements as well as the positional informa-
tion are important.

2. Position Related Operations (PROs). These include operations for
which the actual values of the elements are not important for the out-
come, such as element searching, element insertion, matrix transposi-
tion, etc.

We have chosen 5 operations from each of the VROs and PROs that we
believe represent the most basic operations of sparse matrix applications and
satisfy the goals and requirements that we have set in the previous section.
The benchmark operations for the VROs and PROs are listed in Tables 1 and 2
respectively.
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Name Operation Description

1. Multiplication C = AB

Multiplication of two sparse matrices. This
operation has a high degree of value reuse
and indicates how a method can deal with this
fact.

2. Addition
C = A +
B

Matrix addition exposes fill-in (i.e. the addi-
tion of extra nonzero elements in a sparse ma-
trix)

3. SMVM y = Av

Sparse Matrix - dense Vector Multiplication.
This operation is one of the most important in
sparse matrix computations in terms of exe-
cution time.

4. Gaussian
Elimination,
Pivoting

see text
Operations used in Direct Methods for linear
system solving and the construction of pre-
conditioners

5. (Bi)Conjugate
Gradient

see
Fig 4.4.1

(Bi)CG, 2 iterative solvers, typical sparse ma-
trix applications. The main benchmark for
most existing sparse matrix benchmarks

Table 4.1: Value Related benchmark operations

4.4.1 Value Related Operations

The Position Related Operations (VROs) are listed in Table 4.1. A brief de-
scription of operations follows. We begin by describing matrix to matrix mul-
tiplication and addition followed by sparse matrix vector multiplication, piv-
oting for Gaussian elimination, concluding with the (Bi)Conjugate Gradient.
Matrix-Matrix Multiplication: The first operation, Multiplication of two ma-
trices is defined as follows: Assume an n× k matrix A, a k ×m matrix B and
an n × m matrix C with corresponding elements aij , bij and cij for position
(i, j) respectively. Then the product C = AB is defined as

cij =

k−1
∑

0

aikbkj∀i ∈ {0, . . . n − 1}, j ∈ {0, . . . m − 1} (4.1)
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This operation has a high degree of reuse since each of the elements of A
are accessed m times and the elements of B n times. Therefore, the memory
bandwidth can be a bottleneck. For the dense case there exist methods to make
clever use of the reused data and rearrange the accesses in such a way that the
accesses to external memory are minimized. In the sparse case however the
multiplication is more complicated; because of the various sparsity patterns
of different matrices it is not known in advance which values are going to be
reused. Moreover the exact number of non-zeros in the resulting matrix (C) is
also not known.

Matrix Addition: The second operation, the Addition of two n×m A and
B matrices is simply defined as the pairwise addition of each element in the
same position in the matrices. Therefore C = A + B is calculated as follows:

cij = aij + bij∀i ∈ {0, . . . n − 1}, j ∈ {0, . . . m − 1} (4.2)

This seemingly trivial operation when used with sparse matrices gives rise
to the fill-in problem, which implies that the number of non-zero elements in
the resulting matrix will be equal or larger that any of the two added matrices.
The number of non-zeros will not be known without carrying out the addition
or examining the sparsity pattern prior to the addition. Fill-in is a problem for
two reasons:

1. It is not known how much memory will be needed to store the resulting
matrix. The number of non-zeros in the resulting matrix can be any-
thing between the number of non-zeros in any of the matrices in the case
that the sparsity pattern of matrix A is equal with the sparsity pattern
of matrix B, to the number of non-zeros of A and B taken together.
The latter will occur in the case that ∀(i, j), aij 6= 0 ⇒ bij = 0 and
∀(i, j), bij 6= 0 ⇒ aij = 0.

2. In the case that A = A+B is computed the new elements will have to be
inserted to matrix A. Depending on the way the matrix storage structure
is built, long arrays of elements may need to be shifted in order to insert
new elements.

To add to the complexity, in both cases merely knowing the number of non-
zeros of the resulting matrix does not guarantee (in most formats) what the
memory requirements will be for storing the matrix since it is also dependent
on the structure of the matrix. The amount of memory will be known only after
the addition or an analysis of the sparsity patterns of the matrices to be added.
Another approach is for the addition algorithm to provide for a means to dy-
namically allocate memory during addition or, a technique which is frequently
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applied, to allow for some elbow room (e.g. considering the worst case sce-
nario) when allocating memory, use an intermediate format, and subsequently
rebuilding the matrix storage structure after the addition is performed.

Sparse Matrix dense Vector Multiplication (SMVM): As we mentioned
before, SMVM is considered to be the most important operation in sparse ma-
trix operations since it constitutes the core operation of iterative solvers which
are the most commonly used tool in linear system solving when sparse matri-
ces are involved. The Multiplication of an n × m matrix A with a vector b
resulting in a vector c is defined as follows:

c = Ab ⇔ ci =
m

∑

j=0

aijbj (4.3)

The SMVM is an operation that exposes many of the previously mentioned
problems that arise when operating with sparse matrices. Those problems are:
short vectors, indexed accesses and Storage requirements as described in Sec-
tion 4.2. For this benchmark operation the vector (b) to be multiplied with is a
dense vector.

Bi-Conjugate Gradient (BiCG): Figure 4.4.1 depicts the code for the
BiCG algorithm where x, p, z, q, p̃, z̃ and q̃ denote dense vectors and Greek
letters denote scalars. The ⇒ signs indicate the code lines of interest since
they form the asymptotic execution of the code. We have included the BiCG
code along the CG code because it includes SMVM with both the A and AT .
Performing both in the same code is considered troublesome and is avoided in
practice in spite the fact that algorithmically it can offer advantages. However
we believe that this precisely the reason to include it in our benchmark.

Note that for all the Value Related Operations of the benchmark that were
just described the actual values of the matrix elements are not of any interest
since we are not focusing on the numerical aspect of the operations but the
handling of the data structures.

4.4.2 Position Related Operations (PROs)

The Position related operations in this benchmark are mainly used to evaluate
the flexibility of the matrix storage structure and the ability of the architecture
to handle this structure. When storing dense matrices the position of an ele-
ment in the matrix is implied by the position in the memory. I.e. if an n × n
dense matrix A is stored row-wise in memory starting at memory address &A,
the element aij at position (i, j) can be accessed by simply accessing memory
address &A + ni + j. However, in most sparse matrix storage formats this is



4.4. BENCHMARK OPERATIONS 79

Compute r0 = b − Ax0 using initial guess x0

r̃0 = r0

for i = 1, 2, 3, . . .
if i = 1

pi = zi−1

p̃i = z̃i−1

else
⇒ pi = zi−1 + βpi−1

⇒ p̃i = z̃i−1 + βi−1p̃i−1

endif
⇒ qi = Api

⇒ q̃i = AT p̃i

⇒ αi = ρi−1/p̃
T
i qi

⇒ xi = xi−1 + αipi

⇒ ri = ri−1 + αiqi

⇒ r̃i = r̃i−1 + αiq̃i

check convergence; continue if necessary
end for

Figure 4.1: The Non-preconditioned Bi-Conjugate Gradient Iterative Algo-
rithm.

not the case and a more complicated and more importantly, a data dependent
algorithm is needed to access the correct element or part of the matrix since
the positional information has to be accessed first. Furthermore, since the size
of memory storage that is allocated in memory for the matrix is dependent
on both the number of non-zeros as well as the structure of the matrix, any
modification can influence the allocated memory size and require rebuilding
the correct storage structure. These can therefore be rather time consuming
operations and therefore they have been included in our benchmark.

• Submatrix Extraction The starting position of the matrix extract op-
eration has been chosen to be (5, 10) for two reasons: (a) the position
should not be the origin (0, 0) since this might give a benefit to certain
matrix storage structures but were chosen to be small in order to be able
to test small matrices (small dimensions). (b) Position (5, 10) implies
that resulting matrix will not be extracted symmetrically around the di-
agonal. Again the reason is not to give an advantage to storage structures
that might benefit when the extracted matrix is symmetric around the di-
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Name Description

6. Sub-matrix Ex-
traction

Create a new matrix by extracting a sub-matrix
from matrix A. Start from position (5, 10) Use sizes
10x10, 100x100, 1000x1000, 10000x10000 if the
original matrix size permits to do so.

7. Transposition
(AT )

Create a new matrix that is the transpose of the orig-
inal.

8. Get element
from matrix

Return the time needed to access an element in the
matrix averaged over 50 values randomly chosen
over the whole matrix. At least 10 should return a
non-zero value.

9. Extract Lower
Triangular Part

Create a new matrix that comprises only of the ele-
ments aij of matrix A where i ≥ j .

10. Insert or Modify
Element

Modify a non-zero Element in the matrix or Insert
an element in the matrix (modify a zero entry) .

Table 4.2: Position Related benchmark operations

agonal.

• Transposition The transposition B = AT of a matrix A is the exchange
of the columns and with the rows of the matrix and vice versa. This
implies that after the transposition, the matrix B will contain the value
aji at position (i, j). This operation is not used very often in sparse
matrix applications. However, the main reason for this is that it is a
complicated operation and most sparse matrix formats are built in such
a way that only one way of accessing the matrix (row-wise or column-
wise) is efficient and only that one is used. See also the discussion in
Section 4.4.1

• Get Element from Matrix Get the value of a random element in the
matrix. The time to retrieve a value is averaged over 50 random ele-
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ments. Since sparse matrices can exhibit a very high degree of sparsity,
in order not to get only elements with value zero, we require that at least
10 of those elements must return a non-zero value. This in order not to
favor a matrix where it is easier to determine whether a certain non-zero
exists or vice-versa.

• Extract Lower Triangular Create a new matrix that comprises of the
Lower Triangular part of the original. That is, the new matrix comprises
only of the elements aij of matrix A where i ≥ j.

• Insert or Modify Element This is in essence only one operation, the
modification of an element. In the case the element in question is a
non-zero, then in most sparse matrix formats this is a trivial operation
(excepting locating the element). However, the case where the original
element is a zero, we might have to modify large portions of the matrix
to keep the format consistent. Note that this operation is not a pure
VRO since it modifies the matrix elements, however we have chosen to
include it here due to the fact that the interesting part of this operation
is that it requires the modification of the sparse matrix structure and is
therefore a good indicator of the flexibility of the matrix format.

All ten named benchmarks are to be executed using the benchmark matrices
that are listed in the following section. Wherever a second matrix is needed
(i.e. the B Matrix in Addition and Multiplication) we construct it as follows:
The B matrix is the A matrix mirrored around the second diagonal, that is, the
top right to bottom left diagonal. We have chosen to do so because the sparse
matrix suits from which we have chosen our benchmark matrices do not offer
pairs of matrices of the same dimensions. Therefore, to avoid the fill-in free
addition of the matrix with itself we mirror the matrix at the diagonal where
most of the matrices are not symmetric.

4.5 The Sparse Matrix Suit

The second part of the benchmark environment concerns a common reference
of a set of matrices that the previously described algorithms are applied on.
This section will describe this matrix set. First, existing matrix sets will be
discussed, next the matrix selection procedure is described and finally our ma-
trix set is presented.

The set of matrices that we have compiled for the benchmark have been
selected from already existing sparse matrix collections. There are several
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Sparsity
Pattern

Name
Dimension
Non-zeros

Statistical
Properties

Short Description

bcspwr01
39x39
131

Locality: 102
Avrg nz per Row: 3
Largest Row: 6

BCSPWR01: Power network patterns Standard IEEE
test power system – New England from set BCSPWR,
from the Harwell-Boeing Collection

rw136
136x136

479

Locality: 115
Avrg nz per Row: 3
Largest Row: 4

RW136: Markov Chain Transition Matrix generated
by MVMRWK, from the NEP Collection

can 161
161x161

1377

Locality: 268
Avrg nz per Row: 8
Largest Row: 17

CAN 161: Structures problems in aircraft design from
set CANNES, from the Harwell-Boeing Collection

bp 800
822x822

4534

Locality: 27
Avrg nz per Row: 5
Largest Row: 304

BP 800: Original Harwell sparse matrix test collec-
tion Simplex method basis matrix from set SMTAPE,
from the Harwell-Boeing Collection

orsreg 1
2205x2205

14133

Locality: 103
Avrg nz per Row: 6
Largest Row: 7

ORSREG 1: Oil reservoir simulation - generated
problems oil reservoir simulation for 21x21x5 full
grid from set OILGEN, from the Harwell-Boeing
Collection

dw8192
8192x8192

41746

Locality: 103
Avrg nz per Row: 5
Largest Row: 8

DW8192: Square Dielectric Waveguide from set
DWAVE, from the NEP Collection

memplus
17758x17758

126150

Locality: 91
Avrg nz per Row: 7
Largest Row: 574

MEMPLUS: Computer component design memory
circuit from set HAMM, from the Independent Sets
and Generators generated by MVMTLS

af23560
23560x23560

484256

Locality: 189
Avrg nz per Row: 20
Largest Row: 21

AF23560: Transient Stability Analysis of a Navier-
Stokes Solver from set AIRFOIL, from the NEP Col-
lection

conf5-4-
00l8x8-

0500
49152x49152

1916928

Locality: 248
Avrg nz per Row: 39
Largest Row: 39

CONF5.4-00L8X8-0500: Quantum Chromodynam-
ics Quantum chromodynamics, b=5.4, kc=0.17865
from set QCD, from the Independent Sets and Gen-
erators generated by MVMTLS

s3dkt3m2
90449x90449

3753461

Locality: 464
Avrg nz per Row: 41
Largest Row: 42

S3DKT3M2: Finite element analysis of cylindrical
shells Cylindrical shell, uniform 150x100 triangular
mesh, R/t=1000 from set CYLSHELL, from the Inde-
pendent Sets and Generators generated by MVMTLS

Table 4.3: 10 Matrices sorted according to the Number of Non zeros
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such collections that provide the opportunity to evaluate the performance of
new sparse algorithms and methods [11, 24]. The various collections strive
to cover a wide variety of different application areas since each problem type
gives rise to sparse matrices with different properties. These properties include
various matrix statistics related to the sparsity pattern and the actual values of
the non-zeros. The latter include spectral portraits and various norms.

The benchmark matrices for the D-SAB suite were chosen from a wide
variety of matrices that are available from the Matrix Market Collection [11].
The collection offers 551 matrices collected from various applications and in-
cludes several other collections of sparse matrices and is therefore the most
complete we could get access to.

The Matrix Market matrices represent various fields in scientific comput-
ing where sparse matrices are involved. These fields include Power network
modeling, Structural Engineering, Finite element modeling, Finite-element
structures problems in aircraft design, Quantum chromodynamics, Fluid dy-
namics, Chemical kinetics problems, Simulation of computer systems, Mag-
netohydrodynamics, Hydrodynamics, Chemical engineering plant modeling,
Acoustic scattering, Oil reservoir modeling and so on. In order to reduce the
number of matrices but at the same time retain the variety of the set intact we
have chosen a few (around 3) representative matrices from each of the various
sub-collections included in the Matrix Market Collection. The main criterion
was the size of the matrix since the other non size related properties (i.e. spar-
sity pattern, number of non-zeros per row etc.) tend to be similar within a sub-
collection due to the similar nature of the problem. For most sub-collections a
small, medium and large matrix were selected.

The above described selection process yielded 132 matrices. However, de-
spite the variety of the covered applications, the 132 matrices exhibit a redun-
dancy in terms of the various matrix properties. Considering this, we wanted
to reduce the number of matrices to a smaller, more manageable number for
the final set of matrices for the test matrix suit. This resulted in three sets of ten
matrices that will be presented further on. Each of these three sets correspond
to one of the three metrics (described in detail further on) which we have de-
fined and were compiled as follows: For each metric the 132 matrices were
sorted using that metric as the sorting criterion. Subsequently, from each of
the three resulting sets of 132 matrices we chose ten matrices. For clarity this
means that the first set comprises of ten matrices chosen from the 132 matrices
when sorted by the first criterion, the second set comprises of ten matrices cho-
sen from 132 when sorted with the second criterion and so on. For each set, the
ten matrices were chosen to represent the complete range of the sorted matri-
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ces by having a constant logarithmic distance in the corresponding metric. I.e.
in the case where the metric is the matrix size, we have chosen each matrix to
be approximately 3.5 times larger than the previous one with the largest being
3.59 = 78815 times larger than the smallest. This has been preferred since we
have observed that for all the criteria, the distribution of the matrices’ value for
the corresponding metric was logarithmic rather than linear.

We have chosen the three criteria of sorting the matrices to be such that
they represent the variety of properties of the matrices and expose the cases
where different sparse matrix problems arise. The three metrics that we have
used are the following:

• Matrix Size. The metric is the number of non-zeros within the matrix.
Note that this metric is not, and is not necessarily related to the dimen-
sions on the matrix. The size of a matrix can significantly affect the
performance of an operation. For example, if a matrix is small it may fit
in the cache of the processor and an operation that requires repetitive ac-
cesses to that matrix can benefit from this. As a second example, the in-
sertion of a new element in the data structure might be largely influenced
by the size of the matrix depending on the storage method. In a more
general sense the size of the matrix exposes issues related to storage,
access and manipulation of the sparse matrix. The ten matrices which
were chosen to represent the variety of matrix sizes are depicted in Ta-
ble 4.3 The range is from 48 non-zeros for matrix bcsstm01 to 3753461
non-zeros for matrix s3dkt3m2 with an average of 115081.

• Locality. The locality metric is a value that gives an indication of the dis-
tribution of the non-zero elements in the matrix. A low value indicates
that the elements are scattered uniformly around the matrix whereas a
high value indicates that the elements are clustered. The locality met-
ric is calculated as follows: First, each matrix is divided into blocks of
32 × 32. For each non-empty block the number of non-zeros within this
block is divided by 32 to express the value in terms of the dimension of
the block. The average over all non-empty blocks is the locality metric.
For example, a locality value of 1.3 implies that the non-empty 32× 32-
blocks of that particular matrix contain on average 1.3 × 32 = 41.6
non-zero elements. The list of the ten matrices that were from the 132
matrices sorted by the locality metric is depicted in Table 4.4. The dis-
played locality value is multiplied with 100. The range is from 0.07 for
matrix bcspwr10, a matrix with a very uniform distribution of the non-
zeros over the matrix to 12.85 for matrix qc324 a matrix that contains
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Sparsity
Pattern

Name
Dimension
Non-zeros

Statistical
Properties

Short Description

bcspwr10
5300x5300

21842

Locality: 7
Avrg nz per Row: 4
Largest Row: 14

BCSPWR10: Power network patterns Western US
power network – 5300 bus from set BCSPWR, from
the Harwell-Boeing Collection

bp 1600
822x822

4841

Locality: 26
Avrg nz per Row: 5
Largest Row: 304

BP 1600: Original Harwell sparse matrix test collec-
tion Simplex method basis matrix from set SMTAPE,
from the Harwell-Boeing Collection

shl 400
663x663

1712

Locality: 28
Avrg nz per Row: 2
Largest Row: 426

SHL 400: Original Harwell sparse matrix test collec-
tion Simplex method basis matrix from set SMTAPE,
from the Harwell-Boeing Collection

gemat12
4929x4929

33111

Locality: 37
Avrg nz per Row: 6
Largest Row: 44

GEMAT12: Optimal power flow problems Power
flow in 2400 bus system in western US – basis after
100 iterations from set GEMAT, from the Harwell-
Boeing Collection

fs 760 3
760x760

5976

Locality: 69
Avrg nz per Row: 7
Largest Row: 21

FS 760 3: Chemical kinetics problems STRAT strato-
spheric ionization study – 3rd output time step from
set FACSIMILE, from the Harwell-Boeing Collection

tub1000
1000x1000

3996

Locality: 132
Avrg nz per Row: 3
Largest Row: 4

TUB1000: Tubular Reactor Model from set TUBU-
LAR, from the NEP Collection

utm300
300x300

3155

Locality: 219
Avrg nz per Row: 10
Largest Row: 33

UTM300: Tokamak Matrices from set TOKAMAK,
from the SPARSKIT Collection

cavity01
317x317

7327

Locality: 394
Avrg nz per Row: 23
Largest Row: 62

CAVITY01: Driven Cavity Problems from set DRIV-
CAV OLD, from the SPARSKIT Collection

s1rmq4m1
5489x5489

281111

Locality: 745
Avrg nz per Row: 51
Largest Row: 54

S1RMQ4M1: Finite element analysis of cylindrical
shells Cylindrical shell, uniform 30x30 quadrilateral
mesh, stabilized MITC4 elements, R/t=10 from set
CYLSHELL, from the Independent Sets and Gener-
ators generated by MVMTLS

qc324
324x324
26730

Locality: 1285
Avrg nz per Row: 82
Largest Row: 83

QC324: Model of H2+ in an Electromagnetic Field
from set H2PLUS, from the NEP Collection

Table 4.4: 10 Matrices sorted according to the Locality metric



86 CHAPTER 4. SPARSE MATRIX BENCHMARK

large dense blocks. The average value for all matrices is 2.18. The local-
ity metric is an indication of how spread the elements are in the matrix.

• The average Non-Zeros Per Row (NZPR) metric gives the average num-
ber of non-zero elements per row of the particular matrix. For symmetry
reasons this metric has similar results as would the same metric for the
columns of the matrix. Naturally not all matrices are symmetric, how-
ever, the irregularities tend to be equally distributed in both dimensions.
The resulting list of the ten chosen matrices from the list of 132 that were
sorted using this metric are depicted in Table 4.5. The metric varies from
1 (all rows have one element) for matrix bcsstm20, a matrix with only
a diagonal and 172 for matrix psmigr 1. The average for all matrices
is 15.9. This metric can influence the performance of many operations
such as the sparse matrix vector multiplication. It is mainly important
because it indicates the efficiency of the most widely used sparse matrix
storage scheme, the Compressed Row Storage (CRS), and its associated
algorithms for performing various operations on sparse matrices. One of
the main disadvantages of this scheme, especially on vector processors
and more general on data parallel processors, is that it performs poorly
when the NZRP value is low.

Note that the use of the 32 for the size of the block for calculating the
locality metric is arbitrary. We have found that any other value yields similar
results in terms of locality and ordering of the matrices. The reason for this is
that the sparsity patterns tend to be self-similar in different scales.

The Tables 4.3, 4.4 and 4.5 depict the Matrices that make up the matrix suit
for the D-SAB benchmark. In the first column, for each matrix the sparsity
pattern is depicted, that is, the distribution of the non-zero elements within
the sparse matrix. In the second column the name, dimension and the umber
of non-zero’s for each matrix is depicted. In column four are depicted the
locality (multiplied by 100), the average number of non-zeros for each row
and finally the largest row that appears in the matrix. The largest row (LR) is
included because it is a good indication for the regularity of a sparse matrix
especially when this value is significantly higher than the average non zeros
per row (NZPR). Moreover, the performance of certain algorithms, like the
sparse matrix vector multiplication using the Jagged Diagonal storage, can be
influenced by a high LR

NZPR
ratio.

For each metric we refer to the 3 first matrices as small, the following 4
matrices as middle and the last as large. The resulting sets are depicted in
Tables 3, 4 and 5 along with detailed information about each matrix.
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Sparsity
Pattern

Name
Dimension
Non-zeros

Statistical
Properties

Short Description

bcsstm20
485x485

485

Locality: 94
Avrg nz per Row: 1
Largest Row: 1

BCSSTM20: BCS Structural Engineering Matrices
(eigenvalue problems) Frame within a suspension
bridge from set BCSSTRUC3, from the Harwell-
Boeing Collection

shl 0
663x663

1687

Locality: 42
Avrg nz per Row: 2
Largest Row: 422

SHL 0: Original Harwell sparse matrix test collec-
tion Simplex method basis matrix from set SMTAPE,
from the Harwell-Boeing Collection

west2021
2021x2021

7353

Locality: 69
Avrg nz per Row: 3
Largest Row: 12

WEST2021: Chemical engineering plant models Fif-
teen stage column section, all rigorous from set
CHEMWEST, from the Harwell-Boeing Collection

sstmodel
3345x3345

22749

Locality: 110
Avrg nz per Row: 6
Largest Row: 18

SSTMODEL: BCS Structural Engineering Matrices
(linear equations) Elemental connectivity for the stiff-
ness matrix of a 1960’s design for a supersonic trans-
port (Boeing 2707) from set BCSSTRUC6, from the
Harwell-Boeing Collection

hor 131
434x434

4710

Locality: 156
Avrg nz per Row: 10
Largest Row: 41

HOR 131: Flow network problem from set
NNCENG, from the Harwell-Boeing Collection

fidap037
3565x3565

67591

Locality: 162
Avrg nz per Row: 18
Largest Row: 85

FIDAP037: Matrices generated by the FIDAP Pack-
age from set FIDAP, from the SPARSKIT Collection

e20r5000
4241x4241

131556

Locality: 392
Avrg nz per Row: 31
Largest Row: 62

E20R5000: Driven cavity driven cavity, 20x20 el-
ements, Re=5000 from set DRIVCAV, from the
SPARSKIT Collection

s1rmq4m1
5489x5489

281111

Locality: 745
Avrg nz per Row: 51
Largest Row: 54

S1RMQ4M1: Finite element analysis of cylindrical
shells Cylindrical shell, uniform 30x30 quadrilateral
mesh, stabilized MITC4 elements, R/t=10 from set
CYLSHELL, from the Independent Sets and Gener-
ators generated by MVMTLS

fidapm37
9152x9152

765944

Locality: 413
Avrg nz per Row: 83
Largest Row: 255

FIDAPM37: Matrices generated by the FIDAP Pack-
age from set FIDAP, from the SPARSKIT Collection

psmigr 1
3140x3140

543162

Locality: 174
Avrg nz per Row: 172
Largest Row: 2294

PSMIGR 1: Inter-county migration US inter-county
migration 1965-1970. from set PSMIGR, from the
Harwell-Boeing Collection

Table 4.5: 10 Matrices sorted according to the average number of non-zeros
per row
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4.6 Conclusions

In this chapter we introduced the Delft Sparse Architecture Benchmark (D-
SAB) suite, a benchmark suite comprising of a set of operations and a set of
sparse matrices for the evaluation of novel architectures and techniques. By
keeping the operations simple D-SAB does not depend on the existence of
a compiler meant to map the benchmark code on the benchmarked system.
Although keeping the code simple D-SAB maintains coverage and exposes
the main difficulties that arise during sparse matrix processing. Moreover,
the pseudo-code definition of the operations allows for a higher flexibility for
the way the operation is implemented. Unlike most other sparse benchmarks,
D-SAB makes use of matrices from actual applications rather than utilizing
synthetic matrices. To compile the set of operations we have divided the op-
erations in Value Related Operations (VROs) and Position Related Operations
(PROs), relating to weather the operation is mainly computational (VROs) or
mainly concerns the manipulation of the matrix structure (PROs). The set of
matrices chosen for D-SAB are real matrices (as opposed to produced by au-
tomatic sparse matrix generators) collected from a wide range of applications.
The matrix suite comprises of 3 sets of matrices and have been chosen to re-
flect the large variety of matrix types and sizes that might be encountered in
this application field.



Chapter 5

Experimental Results

In this chapter we present a number of experimental results in order to show
the performance benefit that can be expected from using the HiSM and BBCS
formats in conjunction with a vector processor augmented with the architec-
tural extensions described in Chapter 3. The experimental results have been
obtained through simulation on a Vector Processor Simulator (VPS) that sup-
ports the HiSM and BBCS related architectural extensions.

This chapter is organized as follows. In Section 5.1 we describe the sim-
ulation environment used to obtain the results. Subsequently in Section 5.2
we provide the results obtained for the Sparse matrix vector multiplication,
the most widely used operation in the field of sparse matrix operations. Fur-
thermore, in Section 5.3 we provide results for the operation of inserting an
element in to a sparse matrix and in Section 5.4 we provide experimental re-
sults from the sparse matrix transposition. Finally in Section 5.5 we draw a
number of conclusions.

5.1 The Simulation Environment

In order to be able to evaluate the performance benefits of the ideas proposed in
Chapters 2 and 3 we have developed a simulation environment that enabled us
to conduct a number of experiments and obtain quantitative results. This sec-
tion describes the simulation environment which consists of a Vector Processor
Simulator (VPS), described in the following section, and the input matrices, a
sparse matrix suite, discussed in detail in Chapter 4 and briefly described here
in Section 5.1.2.

89
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5.1.1 The Vector Processor Simulator

We have developed a Vector Processor Simulator (VPS) implementing an ar-
chitecture that is similar to a “traditional” vector processor like the DLXV as
described in [33] or the IBM System/370 Vector Architecture [12] in that it
supports “basic” vector processor functionality, that is, vector addition, vector
multiplication, vector memory access (regular and indexed), etc.

The simulator is based on the SimpleScalar 2.0 simulator, part of the Sim-
pleScalar Tool-Set, developed at the University of Wisconsin-Madison [13].
SimpleScalar is a cycle accurate processor simulator that simulates a modern
superscalar processor with an architecture closely related to the MIPS archi-
tecture [40]. To support vector processor functionality several additions have
been made to the main core of the SimpleScalar simulator. The overall orga-
nization of the VPS indicating the augmentations made to the SimpleScalar is
graphically depicted in Figure 5.1. The main additions that have been made

SS: Register File

Status Flags (EOB, EOM)

Special VPS Registers

VLR (vector length)

BV (bit vector)

CPR (column position register)
VPS: Vector Register file

VPS = Vector Processor Simulator
SS    = SimpleScalar

SS: Functional Unit  1

SS: Functional Unit n

. . . 

SS: Functional Unit  1

SS: Functional Unit n

. . . 
VPS: Vector Instruction Support

SS: Load/Store Port(s)
VPS: vector L/S support

Main Memory

SS: Main core, Instruction Pipeline

Figure 5.1: The Vector Processor Simulator

can be summarized as follows:

• The ability to fetch and execute vector instructions. To this end we have
extended the SimpleScalar Instruction Set to include vector instructions
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as described in Chapter 3. The extended instruction set includes “regu-
lar” vector instructions such as LV (Load vector), ADDV (Add two vec-
tors). Additionally, the extended instruction set includes our proposed
instructions to support the processing of our proposed formats such as
LDS and MIPA. For a full description of the HiSM and BBCS support
ISA extension please refer to Chapter 3.

• A vector register file consisting of 32 vector registers with variable sec-
tion size (vector register size). That is to say, the section size can be set
as a parameter at the start of the simulation but does not change after
that.

• Implementation of Vector Functional Units (FUs). These include both
the “regular” vector FUs for instructions such as LV and ADDV, as well
as the FUs that we proposed in Chapter 3 for the support of the sparse
matrix operations. Note that the vector FUs are completely separated
from the scalar FUs. Therefore a scalar addition and a vector addition
can execute concurrently. However, a number of scalar instructions re-
lated to the vector extension such as setting the vector length register
SSVL (Subtract and Set Vector Length) are using the scalar FU.

• Load/Store Unit(LSU) implementation. To support vector memory ac-
cesses we have implemented the LSU which can handle LV (Load Vec-
tor), SV (Store Vector), LVI (Load Vector Indexed) and SVI (Store Vec-
tor Indexed). Furthermore the LSU handles the instructions related to
loading and storing data in the BBCS and HiSM formats, such as LDS
(LoaD Section), LDB (LoaD Block) and STB (Store Block). The details
of the memory access model will be discussed below.

• In addition to the Vector Register File a number of special registers re-
lated to the execution of the vector instructions are implemented. These
include the bit vector (BV) register and a vector length register (VLR),
and the Column Position Register (CPR), a BBCS scheme specific vec-
tor register that is required for the correct functionality of the LDS and
MIPA instructions. The CPR holds the column positions of the matrix
elements loaded by the LDS instruction.

• Two status flags EOB and EOM that are set/unset by the LDS instruc-
tion and indicate whether the end of a block or the matrix respectively
is reached. These influence the execution of control flow instructions
BNEOB (Branch on Not End Of Block) and BNEOM (Branch on Not End
Of Matrix).
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• Vector accesses are not realized through the cache but instead are di-
rectly connected to the memory. This is due to the low temporal locality
of typical vector applications. However, the spatial locality is typically
high and therefore mostly a high bandwidth bank memory organization
is used. We implemented a Memory Unit (MU) for the support of the
Vector Loads/Stores (LSU) which models a high bandwidth memory
that can support the access of up to 4 32-bit words per cycle. For indexed
accesses the memory can only provide one 32-bit word per cycle. The
response to a vector load is also dependent on the bank memory mod-
ules. Each memory bank can deliver a word per cycle after a latency
time of 20 cycles. Therefore, for example, a contiguous vector of 64
words can be loaded in 20 + 64

4 = 36 cycles, whereas 20 + 64 = 84 cy-
cles are needed to perform an indexed load of a 64-element vector. This
memory behavior has been modeled similarly to the Torrent-0 vector ar-
chitecture [3]. In our simulations we have used the number of banks to
be 100.

The SimpleScalar provides the possibility to compile C and Fortran programs
to execute in the simulator. However, all the code for the experiments was
written by hand in vector assembly. A vectorizing compiler was not acces-
sible to us and additionally an existing compiler would not offer support for
the added, HiSM and BBCS specific vector instructions and creating or aug-
menting a vectorizing compiler was out of the scope of this work. Besides, we
envision the HiSM and BBCS specific instructions to be used in code which
is available through a library of functions to be used in conjunction with the
formats rather than be automatically extracted from a high level language by a
vectorizing compiler.

5.1.2 Input Matrices: The Sparse Matrix Suite

The matrices we use for our evaluation are the matrices described in Chapter 4.
However, we will give here a brief description of the matrix suite used The D-
SAB benchmark matrices were chosen from a wide variety of matrices that
are available from the Matrix Market Collection [11]. The collection offers
551 matrices collected from various applications and includes several other
collections of sparse matrices and is therefore the most complete we could get
access to. Of these matrices we have selected 132 matrices taking care not
to select similar matrices in terms of application, size and sparsity patterns in
order to reduce the amount while keeping the variety intact. The 132 matrices
matrices have been sorted using three different criteria that relate to various
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matrix properties:

• Matrix Size. The metric is the number of non-zeros within the matrix.
The range is from 48 non-zeros for matrix bcsstm01 to 3753461 non-
zeros for matrix s3dkt3m2 with an average of 115081.

• Locality. The locality is calculated as follows: First, each matrix is di-
vided into blocks of 32 × 32. For each non-empty block the number of
non-zeros is divided by 32 to express the number in terms of the dimen-
sion of the block. The average over all non-empty blocks is the locality
metric. The range is from 0.07 for matrix bcspwr10, a matrix with a very
uniform distribution of the non-zeros over the matrix to 12.85 for ma-
trix qc324 a matrix that contains large dense blocks. The average value
is 2.18. This metric gives an indication for the vector filling efficiency
when loading s2-blockarrays utilizing the HiSM storage format.

• The Average non-zeros per row varies from 1 for matrix bcsstm20, a
matrix with only a diagonal and 172 for matrix psmigr 1 and an average
of 15.9. This metric is a good indication of the efficiency of CRS versus
JD.

Sorting of the selected 132 matrices with each of the three mentioned criteria
resulted in three sets. From each of these sets ten matrices have been chosen
with the equal steps (in logarithmic scale1) between their corresponding pa-
rameters. The result is a manageable but very diverse set of 30 benchmark
matrices to be used in the simulations.

5.2 Performance Evaluation of Sparse Matrix Vector
Multiplication

In this section we evaluate the benefits of utilizing the HiSM and BBCS stor-
age methods on vector processors augmented to support HiSM and BBCS as
described in Chapter 3. The evaluation will be split into two main parts. All
evaluations are done by comparing with the most used methods for storing
general sparse matrices, the CRS and JD which were described in Chapter 2.
CRS is mostly used as a generic storage method for different operations and
JD is specifically used for SMVM since it generally yields better results than
CRS for SMVM on vector processors.

1The logarithmic scale was chosen because we observed that the distribution of parameters
after sorting was logarithmic rather than linear
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First we provide a brief description of the CRS, JD and BBCS formats.
In CRS all the non-zeros of the sparse matrix are scanned row-wise and are
stored in a long array. Additionally, the corresponding column positions of
each element is stored in an equally long array. Finally, a third array of length
M , where M is the number of rows of the matrix, is stored that contains the
positions of the the starts of each row in the previous two arrays. When storing
in the JD storage format the following method is used: k arrays of length M
(the number of rows) are created, where k is the number of non-zeros of the
row with the highest number of non-zeros. Subsequently each nth array, where
0 < n < k, is filled with the nth non-zero of each row. If a row does not have
enough non-zeros then the position is left empty. Simultaneously, a second
set of k arrays is used to store the corresponding column positions of each
non-zero element. Finally, all the arrays are permuted in such a way that the
empty entries are moved to the end of each of the arrays and are then truncated,
yielding 2 sets of k arrays with varying lengths. The 2 sets of k arrays, the
permutation vector and an array containing the lengths of the k arrays form
the full JD storage format. Finally, in the BBCS scheme the matrix is divided
into vertical block-columns of width equal to the section size s of the vector
processor. For each block-column the non-zeros are scanned in a row-wise
fashion and are stored in an array. An extra set of arrays store the column
positions of each corresponding element plus a flag for each non-zero that
denotes the end of a row (within the vertical block-column). Since the column
position c is within the range 0 < c < s we only need to use log2 s + 1(flag)
bits for each non-zero to store the positional information. Therefore, similarly
to the HiSM the BBCS can thus achieve lower storage needs and less data
transfers to access the matrix.

We have chosen to evaluate the SMVM for evaluating the performance of
the HiSM scheme for value related operations because it is the most prevalent
operation in applications involving sparse matrices such as iterative solvers
and exposes the aforementioned problems of short vectors, high bandwidth,
and indexed memory accesses. The SMVM involves the multiplications of a
sparse matrix stored in a compressed format (CRS, JD, HiSM, BBCS) with
a dense vector producing a dense vector as a result. The storage methods of
the matrix defines how the SMVM algorithm will work. We will refer to the
algorithms by the name of the storage method used.

5.2.1 The Sparse Matrix Vector Multiplication Methods

For the evaluation of the HiSM scheme for SMVM 5 methods are being com-
pared to each other. For all methods programs have been coded by hand in
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vector assembly language and executed on the vector simulator. We provide
here a brief description of each method:

CRS SMVM: To perform the SMVM using the CRS storage for the mul-
tiplicand matrix we proceed as follows:

for each row do
Load vector containing the non-zeros of a row → VV (Value Vector)
Load vector containing column positions → CPV (column positions)
Use CPV as index to load multiplicand vector → MV (multiplicand vector)
perform inner product of VV×MV
Store result

This method suffers from high relative startup times because of short vectors
especially when the matrix has a low average number of non-zeros per row.
Furthermore, the multiplicand vector is accessed by indexed loads which dete-
riorates performance.

JD SMVM. The algorithm to perform SMVM using JD storage format
looks as follows:

for i=1 to k do
Load value vector → VV
Load corresponding column position vector → CPV
Use CPV as index to load the multiplicand vector → MV
Perform element-wise multiplication VV·MV → IRi (ith Intermediate Result)
Load previous IRi−1 intermediate results vector
Perform vector addition IRi = IRi + IRi−1

Store vector IRi

This algorithm is more complicated and arduous but is more efficient on vector
processors since the loaded value vectors are typically long, usually in the
order of the number of rows of the matrix and thus does not suffer from high
startup overhead. However, the performance will deteriorate when there are a
few rows in the matrix that have a large number of non-zeros since that can
result in a relatively high number of short vectors. Furthermore, similarly to
CRS, JD also suffers from the need to perform indexed loads.

HiSM SMVM. As mentioned, to execute the SMVM utilizing the HiSM
we need the support of a vector hardware extension and a set of new vector
instructions. These have been incorporated into the Vector simulator. Because
of the hierarchical structure of the HiSM format we use a recursive algorithm
for performing the SMVM:

HiSMSMVM(s2-Blockarray-pointer,length of s2-blockarray,col pos,row pos)
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1 if not lowest level (s2-Blockarray contains pointers to (s2-Blockarrays)
2 Load s2-Blockarray pointers and positions → PV, PIV (LDB instruction
3 Load lengths vector → LV
4 for i in all (PV, CPV, RPV, LV) do
5 HiSMSMVM(PV[i], LV[i], col pos * s +

+ textPV ICP [i], row pos * s + textPV IRP [i]*s )
6 if lowest level (s2-Blockarray contains nonzero values)
7 Load s2-Blockarray pointers and positions → VV, PIV (LDB instruction)
8 if (col pos <> previous col pos) then
9 Store previous intermediate result IRprevious col pos

10 Load intermediate result → IRcol pos

11 IRprevious col pos = IRcolpos (update intermediate result)
12 if (row pos <> previous row pos) then Load multiplicand vector → MV
13 Exec BMIPA(VV,IRcol pos,MV,textPV ICP ,textPV IRP ) → IRcol pos

In this algorithm PV stands for Pointer Vector and stores the elements
of the s2-blockarray that are pointers to s2-blockarrays one level lower. VV
stands for Value Vector and holds the non-zero values of the blockarray if we
are at level-0. PIV stands for Position Information Vector and holds the column
and row position of each corresponding pointer or non-zero value in the PV or
VV respectively. Each element of PIV holds the column position in the least
significant 16-bits of the PIV entry and row the row position at the 16 high
significant bits and are denoted by PVICP and PVIRP respectively. The LoaD
Block (LDB) instruction is a special HiSM support vector instruction and loads
an s2-blockarray from memory into the PV (or VV) and the PIV. In line (4) the
algorithm is called recursively for each s2-blockarray pointer and associated
length. Note that for the position parameters provided to the HiSMSMVM()
function the position of the current s2-blockarray is added to the the position
of the parent s2-blockarray multiplied by the section size s in order to keep
track of the position in the matrix when we arrive at the lowest level where the
actual position of the s2-blockarray in the matrix must be known in order to
load the correct segments of the multiplicand vector and partial result. When
these are loaded the BMIPA instruction executes a matrix vector multiplication
of the non-zero elements in the current level-0 s2-blockarray with the loaded
segment of the multiplicand vector using the positional information in PVI and
adds the result to the intermediate result vector IRcol pos as is depicted in Fig-
ure 5.2. The multiplication completed when all the level-0 s2-blockarrays have
been visited by the recursive algorithm and operated upon. The whole process
is initiated by calling HiSMSMVM(top level s2-Blockarray-pointer, top level
length , 0 , 0 ).

The main advantage of HiSM SMVM over the other methods, albeit a
bit more complicated in structure, is that we do not use any indexed loads.



5.2. PERFORMANCE EVALUATION OF SPARSE MATRIX VECTOR MULTIPLICATION97

Non-zero valueNon-empty level-0 s -blockarray2

0 1 2 3 4 5 6 7

0

1

2

3

4

5

6

7

Multiplicant dense vector

Result vector

Figure 5.2: The BMIPA vector instruction multiplies an s2-block with the cor-
responding multiplicand vector segment producing an intermedi-
ate result segment

The reason for this is that the multiplicand vector and result segments that are
loaded for the BMIPA operation are treated as dense vectors. This is possible
because in the test matrices that we have examined the non-zeros are not ran-
domly scattered over the matrix but are localized and we skip all the empty
s2-blocks of the matrix. Inevitably some values will be loaded that will not
be used by the BMIPA operation but does not balance the advantage of not
performing indexed accesses.

CHiSM SMVM. CHiSM stands for Cached HiSM. The algorithm for this
method is similar to the HiSM algorithm previously described with one differ-
ence. The processor is provided with a vector Cache memory which can store
s × s elements and is directly accessible by the MIPA unit. This way we can
load the intermediate result vector in the level-1 of the hierarchy rather than
level-0 as in the HiSM algorithm. This reduces the number of accesses to the
memory and increase performance. This forms part of a case study and is done
in order to investigate any further improvements that we can perform on the
HiSM. As future research we think that it is interesting to investigate the s×s-
memory unit used for the transposition to be also used as the aforementioned
vector cache. We will not go here further into the implementation details of
this unit.

BBCS SMVM. The vector code that will serve as our benchmark for
doing SMVM using the BBCS scheme to perform the multiplication ~c =
~A × ~b is the following (Note that the capitals indicate vector instructions):
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add r12, r0, COLUMNSS set the size of the b vector
NB:
SSVL r12 Set the vector length to MAX(r12,section_size)

and substract from r12
LV vr19, 0(r10) Load b in r19 (r10 points to the b vector)
add r10, r10, SEC_SIZE Point to next chunck of data from b

corresponding to the next vertical block
NS:
LDS r9, vr15, vr16 Non-zero elements -> vr15, index -> vr16

(r9 contains the start address)
LVI vr18, r11, vr16 Load c in r18 using vector index r16

(r11 contains the start address of c)
MIPA vr18, vr15, vr19 Compute partial c = c + A*b for

the part of the vertical block loaded by LDS
SVI vr18, r11, vr16 Store c back to memory with the same index
BNEOB NS if not end of block do next section of A

within the vertical block
BNEOM NB if not end matrix do next vertical block

else multiplication finished

Notes: SSVL stands for “Set and Subtract Vector Length”, LV stands for Load
Vector, and LVI, SVI stand for Load/Store Vector with Index, using the sec-
ond vector register as an index. The inner loop of the code performs the mul-
tiplication of a vertical block with the corresponding part of the ~b vector. The
outer loop repeats the inner loop for all the vertical blocks. Note that the LDS
instruction also updates the pointer (here r9 to the matrix elements which are
stored in BBCS format in memory. The main advantage of the BBCS method
is a lower memory bandwidth overhead compared with CRS and JD as well as
a reduced number of indexed memory accesses. However, it still suffers from
the need to use indexed accesses.

5.2.2 Sparse Matrix Vector Multiplication Simulation Results

In this section we present the performance results from executing the various
previously described algorithms on the vector processor simulator. All simula-
tions have been run with a section size of 64, a typical vector processor section
size. The Figures 5.3, 5.4 and 5.5 depict the performance results for each set of
matrices obtained by the sorting criteria that were described in Subsection 4.5.
For each matrix the 5 bars correspond to each of the 5 compared SMVM meth-
ods and represent execution times. Due to wide variety of sizes of the matrices,
and thus cycle counts for performing the SMVM, all the results have been nor-
malized to the method that has the best overall performance: CHiSM. This is
depicted in column 2 of Table 5.1 where the non-weighted average execution
times for all the matrices are compared. The CHiSM algorithm achieves a
speedup of 5.3 over the CRS method, 4.07 over JD and 1.5 when compared to
BBCS. In Figure 5.3 the matrices have been sorted according to the number
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Comparison All Small Medium Large
Matrices Matrices Matrices Matrices

HiSM vs CRS 4.36 7.16 6.00 4.14
HiSM vs JD 3.34 3.23 2.92 5.52

HiSM vs BBCS 1.23 1.39 1.43 2.30
CHiSM vs CRS 5.30 4.05 10.2 5.33
CHiSM vs JD 4.07 1.92 5.01 7.00

CHiSM vs BBCS 1.50 0.83 2.43 2.94

Table 5.1: SMVM performance comparison averages for all matrices in the
matrix suite and separately for small, medium and large sized ma-
trices

of non-zero elements, increasing in size from left to right. We observe that in
spite of the fact that CHiSM has an overall superior performance than HiSM,
for small matrices the performance is lower. This is attributed to the fact that
the CHiSM algorithm loads and stores the intermediate result vector on level-1
of the matrix hierarchy. For a section size of s = 64 this translates into a vec-
tor load of 64 · 64 = 4096 elements. For a very small matrix with only 1000
or less non-zero elements this results in a large number of unnecessary mem-
ory accesses. However, for medium and large sized matrices the results are
on average superior. This is depicted in columns 2,3 and 4 of Table 5.1. The
numbers depicted shown here are derived from Figure 5.3 grouped by size.

In Figure 5.4 the matrices are ordered by the average number of non-zero
elements per row. We observe that for larger average number of non-zero el-
ements per row the CRS performs better than JD. This is due to the fact that
longer vectors can be formed when loading each row. Inversely, JD performs
better for low average number of non-zero elements per row. There is one ex-
ception, matrix shl 0, where JD exhibits similar bad performance as CRS.
The reason for this is that this particular matrix has one row with a large num-
ber of non-zeros (422) while having a low average (2). As we described in
the JD SMVM algorithm, this too results in short vectors and is detrimental
for the performance. We can also observe that the behavior of BBCS, HiSM
and CHiSM methods are not affected by the average non-zero elements per
row and always outperform CRS and JD. The only exception is matrix bcsstm
where CHiSM is outperformed by JD. However, bcsstm is a very small ma-
trix (485 × 485, 485 non-zero elements). The reasons for this behavior are
described in the previous paragraph.

Finally, in Figure 5.5 the performance of SMVM is depicted for matrices
with increasing locality, as discussed in the previous subsection. Here too we
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Figure 5.3: SMVM Performance results for increasing matrix size
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Figure 5.5: SMVM Performance results for increasing locality

can observe that HiSM and CHiSM outperform CRS and JD. The exception
is matrix bcspwr10, the matrix with the lowest locality in our matrix suite,
where HiSM exhibits the highest execution times. The performance suffers
from the fact that the non-empty s2-blockarrays are poorly filled. Therefore,
a large number of unnecessary memory accesses are performed. This perfor-
mance degradation can be amortized by the use of a vector cache and we see
that CHiSM has a better performance although it is still outperformed by JD
and BBCS. However, matrices with such a low locality are rare exceptions
and therefore we can accept this disadvantage. Another point of interest in
Figure 5.5 is the high execution time for matrix qc324 using the JD SMVM
method. In this case, the structure of the matrix is such that the JD algorithm
results in memory accesses that repeatedly accesses the same memory bank.
This can happen only with an indexed vector access or a stride which is a
multiple of the number of banks. HiSM and CHiSM do not suffer from this
drawback since all the accesses are done with stride-1.

5.3 Element Insertion Evaluation

In this section we illustrate the flexibility of the HiSM format to facilitate po-
sition related operations. We illustrate this by calculating the number of steps
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needed to insert an element into the sparse matrix stored in a given format. This
operation includes the searching of the correct position and the displacing of
a number of elements in order to insert the new element. The complexity (or
the number of comparisons) of the search operation is very dependent on the
sparsity pattern and therefore can not be calculated analytically. For the actual
values we will have to execute the algorithms on real matrices. However we
can calculate a maximum, or worst case for an N × N sparse matrix A and
section size s: The number of levels is dlogs Ne. Each blockarray can have up
to s2 elements and thus in the worst case we would have to make dlogs Ne×s2

2
comparisons, having therefore a complexity of O(s2). For a 10000 × 10000
matrix and s = 64, both typical values, the worst case is on average equal to
6144 comparisons. However, the worst case will only hold when the sparse
matrix is dense or almost dense. Sparse matrices contain only a small per-
centage of non-zeros and therefore the amount of comparisons is considerably
smaller than the worst case. In fact, as we calculated with the locality met-
ric in Section 4.5, s2-blockarrays contain only a 2.18 × (block dimension),
which makes the search complexity 2.18 × s on average, or O(s), rather than
O(s2). In Table 5.2, we give the number of steps (comparisons + displace-
ments) needed to insert an element in the matrix for a number of matrices.
The results are compared to the BBCS, CRS and JD storage methods. Using
the BBCS method the insertion of an element has a cost of O(n) where n is
the number of non-zero elements in the matrix and we see clearly that for all
matrices and specially for the large matrices the speedup is considerable. Com-
paring with the JD format we observe that for matrices with small dimensions
JD can outperform the HiSM storage format. This is attributed to the fact that
all the elements of a small matrix can fit into a few s2-blockarrays and there-
fore we cannot benefit from the hierarchical structure. However, for average
and large matrices the HiSM format yields better results. Finally we observe
that the HiSM outperforms the CRS for all formats mainly because it has linear
structure. However, we should note that methods exist to reduce the overhead
of inserting new elements when using the CRS method by allowing for extra
elbow room and taking advantage of the fact that usually multiple elements
are inserted at one time rather one at a time. Still however, CRS remains less
flexible than the Hierarchical HiSM structure.

5.4 Matrix Transposition Evaluation

To evaluate the performance of the proposed approach we have compared the
performance of the proposed mechanism against performing the transposition
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Matrix Dimen- Matrix Search & Search & Search &
Name sion Size Insert Insert Insert

vs BBCS vs JD vs CRS

cavity16 4562 138187 346 4.4 200
gre 185 185 1005 145 0.42 3.46
memplus 17758 126150 136 43 464
fs 183 3 183 1069 122 0.5 4.38
mbeause 496 41063 672 0.25 30.5

tols90 90 1746 438 0.06 2

Table 5.2: Hierarchical Sparse Matrix Storage Format speedup compared to
BBCS, JD and CRS for Section size 64

on a vector processor by using the Compressed Row Storage (CRS), the most
widely used sparse matrix compression storage for general types of sparse ma-
trices.

The vector code for both HiSM and CRS have been hand-coded in assem-
bly. The HiSM implementation employs recursion since it has to deal with
a hierarchical data structure. The pseudo code for it, with a number of the
actual implementation details being omitted, is presented in Figure 5.6. The
transpose block() procedure performs the transposition of an s × s-block and
is called recursively at line 22. The BSA denotes the starting address of the
s2-blockarray The first two for loops (lines 2-9) perform the actual transposi-
tion of the s2-block elements. This is done by first loading the elements plus
the positional information into the processor and storing the values row-wise
into the s × s memory (first for loop). Subsequently the reverse process is
performed with the difference that the elements are loaded column-wise from
the s × s memory in order for the elements to be arranged in the transposed
order. This code is fully vectorized and makes use of new vector instructions
that have been developed to support the HiSM format (see also [63]). More
specifically, the code that performs the transposition of the s2s block is de-
picted in Figure 5.7 and corresponds to lines 2-9 in Figure 5.6. In the first
two lines the Start address and the length of the s2-blockarray are loaded into
scalar registers. Subsequently, the icm instruction initializes the s×x memory
by setting all the non-zero indicator (see Figure 3.6) to zero. On the next line
the ssvl instruction sets the vector length register of the vector processor to
vl = max(s,r1) where s is the section size of the processor and subtracts that
value from r1. The vl parameter indicates to the subsequent vector instruc-
tions how many elements to process. Next, the v ldb loads a section of length
vl of the s2-block array to the vector processor. The element values or pointers
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1 transpose block(BAS,BAL,LV L)
2 for (all Block Sections (BS) in memory) do
3 Load BS from main memory to Vector Register
4 Store BS row-wise in s × s memory
5 od
6 for (all Block Sections (BS) in s × s memory) do
7 Load BS from sxs memory to Vector Register
8 Store BS to memory
9 od

10 if (LV L 6= 0)
11 for (all Lengths Sections (LS) in memory) do
12 Load LS from main memory to Vector Register
13 Store LS row-wise in s × s memory
14 od
15 for (all Lengths Sections (LS) in s × s memory) do
16 Load LS from sxs memory to Vector Register
17 Store LS to memory
18 od
19 for (all pointers (PTR) in block) do
20 Load PTR
21 Load corresponding Length (LEN)
22 Call transpose block(PTR,LEN,LVL-1)
23 od
24 fi

Figure 5.6: Transposition for HiSM.

are stored in vector register vr1 and the corresponding row-column pairs in
register vr2. The vr1 is updated automatically by thev ldb instruction. The
vr1 and vr2 registers are then stored row wise in the s × s-memory by the
use of the v stcr. This instruction stores the elements at the corresponding
positions in the s × s-memory as described in Section 3.3.1 via the row-wise
I/O buffer. During execution the corresponding non-zero indicators are also
set. This process repeats until r2 = 0 and all the sections of the s2-block have
been processed. The second part of the code is the reverse process. The v ldcc
instruction loads a section of elements from the s × s-memory and stores the
values or pointers (depending on the level of the hierarchy) to the vector reg-
ister vr1 and the corresponding row-column pairs to the vector register vr2.
The v stb instruction then stores the vr1 and vr2 vectors into main memory
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ld r1, BSA # Start Address
ld r2, BSL # Block Length
icm # Init sxs Memory
Loop1:
ssvl r2 # Set vector length
v ldb r1, vr1, vr2 # Load block elements
v stcr vr1, vr2 # Store row-wise in sxs memory
bne r2, Loop1 # repeat Loop 1
ld r1, BSA # Start Address
ld r2, BSL # Block Length
Loop2:
ssvl R2 # Set vector length
v ldcc vr1, vr2 # Load column-wise from sxs memory
v stb r1, vr1, vr2 # Store block elements
bne r2, Loop2 # repeat Loop 2

Figure 5.7: Transposition for HiSM.

in the HiSM format. Note that the same memory location and amount as the
original is needed to store the transposed block and therefore no allocation of
memory for the transposed is needed as is the case with CRS.

We remark that the vector instruction pairs (v ldb, v stcr) and (
v ldcc, v stb) can be chained, i.e., the results of one instruction can be for-
warded to the next. However, due to fact that the s× s-memory has to be filled
before it can be read back, the transposition unit can not be fully pipelined.
Nevertheless, separately, the write and read phases can be pipelined in three
stages. This means that 3 cycles are required for the last elements to enter
the s × s-memory: In the first stage (a) the elements enter the I/O buffer. In
the second stage (b) the elements are scattered by the non-zero locator to their
corresponding positions and set the non-zero indicator accordingly. In the last
stage the elements are inserted in the corresponding row in the s × s-memory.
Similarly, 3 cycles are needed for the last results to be returned to the vector
register.

Having described the main code for the transposition of the s × s-block
we continue here our description of Figure 5.6. Lines 11-23 are executed only
if the s2-block is not at the lowest level, i.e., the elements contain pointers to
lower level s2-blocks that also need to be transposed. In lines 11-18 the vector
associated with the current block and contains the lengths of the s2-blocks one
level below is treated in the same way as the elements in lines 2-9 in order
to have the correct length corresponding to the already transposed element.
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Subsequently in lines 19-23 the function transpose block is called again with
parameters that correspond to the s2-block one level below. This is repeated
for all pointers of the current s2-block. We remark here that the amount of
overhead that is induced by the extra processing needed for the higher levels
is small since the number of high level s2-blocks amount typically to about
2 − 5% of the total matrix storage for s = 64.
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Figure 5.8: Compressed Row Storage (CRS) format

The CRS format is depicted graphically in Figure 5.8 and is briefly de-
scribed as follows. The non-zero elements of the matrix are all stored in a long
continuous vector (called the Array of Non-zeros (AN)) in a row-wise fashion.
An equally long second array JA stores the column position of each of the non-
zero elements in the AN (in the figure, columns and rows are numbered from
1, not from 0). Last, an Index Array (IA) of length M (the number of rows in
the matrix) holds pointers to positions in the AN and JA that represent the first
non-zero element in each row in the matrix.

The goal of a transposition algorithm for CRS is to build for the trans-
posed matrix the array of non-zeroes, the column position array, and the index
array, which are denoted as ANT, JAT, and IAT, respectively. For our experi-
ments we have employed the standard CRS transposition algorithm described
by S. Pissantetsky [52], a simplified pseudo-code which is depicted in Fig-
ure 5.9. Below, we sketch its main parts and how they have been vectorized.
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1 for (each column i)
2 compute number of its non-zeroes, store it in IAT [i].
3 Scan-add array IAT : IAT [i] =

∑j≤i
j=1 IAT [j]

4 for (each row i) do
5 iaa = IA(i); iab = IA(i + 1) − 1;
6 for (jp = iaa ; jp ≤ iab ; ++jp) do
7 j = JA(jp) + 1;
8 k = IAT(j );
9 JAT(k ) = i ;

10 ANT(k ) = AN(jp);
11 IAT(j ) = k + 1;
12 od
13 od

Figure 5.9: Transposition for CRS.

The first for-loop (lines 1–2) computes the number of non-zero elements
in each column. Before this computation is started, elements of IAT are ini-
tialized to zeroes. This operation is easily vectorized, being translated into a
sequence of vector stores. The computation of IAT[i], i.e., the number of non-
zeroes in column i, can be vectorized as follows: first, a mask vector Mi[j]
is generated, so that Mi[j] = 1 iff JA[j] = i. This can be done by means
of vector compare operations. The required number of non-zeroes IAT[i] is
simply equal to the sum of all the Mi’s elements. This accumulation can be
vectorized, e.g., based on ideas presented in [75]. We remark, however, that
because the matrix is sparse, the dominant part of Mi’s elements will be zero
and vector operations will be, therefore, inefficient. For this reason we have
not vectorized this code for our experiments but translated it to the scalar in-
structions. These instructions are then executed by the baseline 4-way issue
superscalar processor simulated by SimpleScalar.

Although the scan-add operation, which is performed on IAT, seems to be
sequential at a first glance, it can be vectorized using, for example, the algo-
rithm proposed by Wang et. al. [75]. The final part of the CRS transposition
algorithm consists of two nested for-loops. The outer loop (starting at line
4) loads at each iteration i the interval of the column index vector JA corre-
sponding to the i’th row. The variables iaa and iab denote the indexes of the
first and the last element in the interval, respectively. The inner loop processes
the loaded interval element by element. The variable j computed in line 7 is
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the (column) index of the currently processed element increased by one. It
means that the corresponding non-zero element belongs to the j’th row of the
transposed matrix AT . In line 8 the pointer k to the beginning of this row is
computed. Since the element is in the i’th row of A, its column position in AT

is equal to i, and this value is filled for it at the corresponding position of JAT
in line 9. In line 10 the value of this non-zero element is filled in ANT. Finally,
in line 11, the row pointer for AT is incremented so that it points to the next
positions to be filled in JAT and ANT.

The pseudo-assembly code for the vectorized version of the body of the
described loop nest, omitting the loop control instructions, is as follows.

v_ld VR0, 4(&JA) % 7
v_ld_idx VR1, VR0, 4(&IAT) % 8
v_setimm VR2, i % 9
v_st_idx VR2, VR1, &JAT % 9
v_ld VR3, 4(&AN) % 10
v_st_idx VR3, VR1, &ANT % 10
v_add_imm VR1, 1 % 11
v_st_idx VR1, 4(&IAT) % 11

Here, the symbol % denotes comments and the number at the end of each line
shows for each instruction the corresponding line in the algorithm depicted in
Figure 5.9.

5.4.1 Buffer Bandwidth Utilization

Before presenting the performance results for CRS and HiSM implementations
of transpose, we address the following issue. We remark that the I/O-buffer in
the proposed mechanism can only contain elements that belong to the same
row. Consequently, depending on the number of non-zero elements per row of
an s2-block, the buffer could be underutilized, especially for large buffer band-
widths. To avoid such an issue, we have additionally developed a version of the
transpose mechanism for HiSM where multiple rows can be inserted at a time
provided that these rows are consecutive. Since this extension is more costly
in hardware, we have studied the impact of the number of accessible lines (i.e.,
rows/columns) L on the buffer bandwidth utilization, which is defined as the
ratio of the achieved buffer bandwidth to the maximum buffer bandwidth:

BU =
Z/C

B
(5.1)

where Z is the number of non-zero entries in all the s2-blocks, C is the execu-
tion time in cycles, and B is the bandwidth of the unit.



5.4. MATRIX TRANSPOSITION EVALUATION 109

1 line 2 lines 4 lines 8 lines
16 lines

32 lines

Width 32

Width 16

Width 8
Width 4

Width 2
Width 1

0

10

20

30

40

50

60

70

80

90

utilization (%)

Buffer Bandwidth Utilization

Figure 5.10: Matrix Transposition

The results have been averaged for the total of 30 benchmark matrices
and are depicted in Figure 5.10. The highest utilization is obtained for buffer
bandwidth B = 1. The reason that the utilization is not 100% is that during
transposition of each s2-block a penalty of 6 cycles is payed, 3 cycles at the
startup to and 3 at the end of block processing. Furthermore we observe that
for increasing number of accessible lines L the utilization increases. However,
we remark that for a number of accessible lines L > 4 the utilization does not
increase significantly any more. Therefore, we have decided to use L = 4 as
the number of accessible lines for the transposition mechanism and we will
assume this value for further experiments.

5.4.2 Performance Results

In Figures 5.11, 5.12, and 5.13 we depict how performance of CRS and HiSM
schemes depends on the the matrix locality, the number of non-zeroes per row,
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Transpose Performance for Increasing Matrix Locality
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Figure 5.11: Performance w.r.t matrix locality

Transpose Performance for Increasing Elements per Row
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Figure 5.12: Performance w.r.t. average number of non-zeroes per row
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Transpose Performance for Increasing Matrix Size
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Figure 5.13: Performance w.r.t. matrix size

and the size respectively. For each matrix, three values are presented. The
first two bars show for each of HiSM and CRS the number of cycles needed
to perform the transposition of a matrix normalized to the number of non-zero
elements. This value is, essentially, the average number of cycles needed to
process a non-zero element and, therefore, illustrates the efficiency of each
algorithm. The third bar denotes the speedup achieved by HiSM with respect
to CRS.

We observe that for all matrices HiSM consistently outperforms CRS. For
the matrices from the first set (selected according locality), the speedup is in the
range from 1.8 to 32.0 with an average of 16.5. We remark that the speedup
grows monotonically with the growth of the matrix locality. This is to be
expected, since the locality represents the density of non-zeroes in a block.
An increase in this density increases the average number of non-zeroes in a
block and, consequently, the efficiency of the proposed HiSM transposition
mechanism, which has been specifically designed to operate on blocks. The
CRS approach is row-oriented and, therefore, its performance does not show
such a clear dependency on the locality.

On the other hand, when the average number of non-zeroes per row (ANZ)
increase, the performance of the CRS approach also increases, as shown in Fig-
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ure 5.12. This effect is quite expectable. The performance behavior for HiSM
scheme depending on the ANZ value cannot be observed from the figure due
to small absolute values. In fact, it is as follows. For the first several matri-
ces (from bcsstm20 to s1rmq4m1) it decreases almost monotonically, and after
this remains constant. This effect, probably, has the following explanation. In
general, the sparsity pattern for the matrices in the second set is such that their
locality correlates with ANZ and grows together with it, resulting in improved
performance of HiSM, since that one increases with an increase in locality.
For the matrices from the second set, which have been selected according to
the ANZ value. the HiSM vs. CRS speedup ranges from 11.9 to 28.9 with an
average of 20.0.

In Figure 5.13 we depict the transposition performance on the third set of
matrices, which have been selected according to the matrix size. The perfor-
mance of both CRS and HiSM does not show any particular dependence on
the matrix size. After studying the other two parameters for the matrices in
this set, the average number of non-zeroes ANZ and the locality (see [62]),
we observed the following. The performance of each of both methods be-
haves consistently with the observations made above: the CRS performance
increases together with ANZ value for a transposed matrix, while that of HiSM
increases when the locality of the matrix is increased. In this sense, Figure 5.13
does not provide any new insights into CRS of HiSM and is presented here for
completeness and consistency with the organization of the benchmark matrix
collection. The speedup of HiSM vs. CRS for the matrices from the third set
ranges from 3.4 to 28.2 with an average of 15.5. Finally, considering the whole
collection of 30 matrices we observe that the speedup ranges from 1.8 to 32.0
with an average of 17.6.

5.5 Conclusions

In this chapter we have discussed a number of experimental results that we
have conducted in order to evaluate the potential performance benefit that we
can expect using the BBCS or HiSM sparse matrix storage formats when used
with a vector processor architecture augmented to support these formats. The
results were obtained by simulating a number of benchmarks on real matrices.
We demonstrated the performance benefits of HiSM for value related opera-
tions by evaluating the performance of SMVM on a vector processor simu-
lator. The simulations indicated that performing the SMVM utilizing HiSM
executes 5.3 times faster than utilizing the CRS format and 4.07 faster than
utilizing the JD format, averaged over a wide variety of matrices. Finally, re-
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garding positional operations, represented by element insertion, the introduced
hierarchical sparse matrix storage format outperformed CRS in all cases and
provides a speedup varying from 2 to 400 times. Furthermore, concerning
the sparse matrix transpose operation, we have calculated the optimal param-
eters for the transpose mechanism and compared the performance of the vec-
tor processor extended with the proposed functional unit on the transposition
of HiSM-stored matrices with that of the standard vector processor perform-
ing the transposition of the matrix stored according to the popular CRS for-
mat. Using the proposed approach, the HiSM-based transposition algorithm
exhibits the average speedup of 17.7 with when compared to the CRS-based
algorithm. Finally, we observe that the performance of the HiSM-based trans-
position correlates with the matrix locality, which indicates the density of non-
zeroes within square blocks, and grows when this density increases.



Chapter 6

Conclusions

We have argued in this dissertation that existing formats for storing and operat-
ing on sparse matrices have shortcomings regarding performance and memory
requirements. To improve vector processors we have introduced new memory
formats, vector instruction set extension and proposed novel organizational
techniques that, when implemented, will provide substantial improvements.
Additionally, our investigations introduce a new benchmark that allows com-
parisons to be made on a set of sparse matrices.

In this chapter, we provide some concluding remarks, present the major
contributions of our investigation, and present some possible future research
directions. This chapter is organized as follows. In Section 6.1 we summarize
the main conclusions of this dissertation. In Section 6.2 we list the major
contributions described in this dissertation. Finally, in Section 6.3 we highlight
some possible future research directions.

6.1 Summary

A brief outline of the achievements is as follows:
In Chapter 2 we have introduced two new sparse matrix storage formats

which constitute part of our proposed mechanism for increasing sparse op-
erations performance on vector processors. First we described the existing
sparse matrix storage formats with emphasis on Compressed Row Storage
(CRS) and Jagged Diagonal (JD), both being general type and widely used
formats. We have outlined their advantages and disadvantages. Subsequently,
we have described our first proposed format, the Block Based Compression
Storage (BBCS) that arose from our study of the sparse matrix vector multi-
plication and discussed the expected advantages over existing schemes. Fol-
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lowing that, we presented our second proposed format, the Hierarchical Sparse
Matrix (HiSM) compression format, which offers a number of improvements
over BBCS in that it alleviates the use of Index loads altogether and has a more
flexible structure. We completed the storage format discussion by providing a
quantitative analysis of the existing and proposed formats. More in particular,
we have compared the CRS, JD, BBCS and HiSM formats for required storage
space and Vector Register Filling (VRF). We have shown that BBCS requires
on average only 74% and 78% of the storage space needed for CRS and JD
respectively. The corresponding numbers for HiSM are 72% and 76% of the
CRS and JD storage space respectively. Furthermore, we have shown that the
BBCS format achieves the highest VRF and that the HiSM exhibits similar
VRF as the JD format (which was designed for this purpose) despite the parti-
tioning of the matrix in small parts.

In Chapter 3 we have presented an architectural and organizational extension
to the general vector processing paradigm in order to provide additional func-
tionality to support the efficient operation on sparse matrices when using the
BBCS and HiSM formats which were presented in Chapter 2. As a proof of
concept, rather than providing a full architectural description which is beyond
the scope of this thesis, we have presented architectural support for a number
of key operations. First we have provided a brief description of what we mean
by the general vector processing paradigm on which our extension is based.
Subsequently, we have described a number of new instructions that access data
in memory which are stored in the described formats. Furthermore, we have
presented instructions that enable the operation of Sparse Matrix Vector Mul-
tiplication both using the BBCS and HiSM schemes and have described the
Functional Units which perform these operations in Hardware. Similarly, for
HiSM we have provided a mechanism that can support performing the trans-
position of a sparse matrix.

In Chapter 4 we introduced the Delft Sparse Architecture Benchmark (D-SAB)
suite, a benchmark suite comprising of a set of operations and a set of sparse
matrices for the evaluation of novel architectures and techniques. By keeping
the operations simple D-SAB does not depend on the existence of a compiler
meant to map the benchmark code on the benchmarked system. Although
keeping the code simple D-SAB maintains coverage and exposes the main dif-
ficulties that arise during sparse matrix processing. Moreover, the pseudo-code
definition of the operations allows for a higher flexibility for the way the opera-
tion is implemented. Unlike most other sparse benchmarks, D-SAB makes use
of matrices from actual applications rather than utilizing synthetic matrices. To
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compile the set of operations we have divided the operations in Value Related
Operations (VROs) and Position Related Operations (PROs), relating to the
weather the operation is mainly computational (VROs) or mainly concerns the
manipulation of the matrix structure (PROs). The set of matrices chosen for
D-SAB are real matrices (as opposed to produced by automatic sparse matrix
generators) collected from a wide range of applications. The matrix suite com-
prises of 3 sets of matrices and have been chosen to reflect the large variety of
matrix types and sizes that might be encountered in this application field.

In Chapter 5 we have discussed a number of experimental results that we have
conducted in order to evaluate the potential performance benefit that we can
expect using the BBCS or HiSM sparse matrix storage formats when used
with a vector processor architecture augmented to support these formats. The
results were obtained by simulating a number of benchmarks on real matrices.
We demonstrated the performance benefits of HiSM for value related opera-
tions by evaluating the performance of SMVM on a vector processor simu-
lator. The simulations indicated that performing the SMVM utilizing HiSM
executes 5.3 times faster than utilizing the CRS format and 4.07 faster than
utilizing the JD format, averaged over a wide variety of matrices. Finally, re-
garding positional operations, represented by element insertion, the introduced
hierarchical sparse matrix storage format outperformed CRS in all cases and
provides a speedup varying from 2 to 400 times. Furthermore, concerning
the sparse matrix transpose operation, we have calculated the optimal parame-
ters for the transpose mechanism and compared the performance of the vector
processor extended with the proposed functional unit on the transposition of
HiSM-stored matrices with that of the standard vector processor performing
the transposition of the matrix stored according to the popular CRS format. Us-
ing the proposed approach, the HiSM-based transposition algorithm exhibits
the average speedup of 17.7 when compared to the CRS-based algorithm. Fi-
nally, we observe that the performance of the HiSM-based transposition corre-
lates with the matrix locality, which indicates the density of non-zeroes within
square blocks, and grows when this density increases.

6.2 Main Contributions

In this section we highlight the main contributions of our research that are
described in this dissertation.

• We have identified a number of performance efficiency problems that
arise during execution of sparse matrix operations on vector processors.
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These problems relate mainly to the irregularity of the non-zero element
distribution which negatively affects the streamlined processing that vec-
tor processors can offer. More in particular we have identified three main
reasons of the decreased efficiency of sparse matrix operations on vector
processors. (a) The small amount (relative to the section size of the vec-
tor processor) of non-zero elements that a sparse matrix typically con-
tains per row induces the formation of small vectors when processing the
matrix. This results in the inefficient use of the vector processor’s func-
tional units due to vector startup overhead. (b) The arbitrary positioning
of the non-zero elements induces the need to use indexed memory ac-
cess methods (using the positional information as indexes) for accessing
data in memory. However, most memory systems, and especially vector
memory systems, deliver their maximum throughput when the accessed
data is sequential or (in most cases) when given a certain stride (constant
distance between successive accesses). Therefore indexed accesses can
severely affect the performance when operating on sparse matrices. (c)
The need to store and load the positional information about the non-zero
elements induces an additional strain on the bandwidth requirements,
simply in order to load and store the matrix elements, thereby reduc-
ing the efficiency of operations, especially when the operations used are
memory bound.

• We have proposed new formats, the Blocked Based Compression Stor-
age (BBCS) and Hierarchical Sparse Matrix (HiSM) Format whose aim
is to alleviate the aforementioned issues. The BBCS is a format that was
developed having the sparse matrix vector multiplication in mind, an op-
eration that dominates the execution time of many sparse matrix applica-
tion kernels. BBCS achieves a near optimal vector register filling (and so
tackling the problem of short vectors), significantly reduces the number
of indexed accesses and has a reduced positional information overhead.
The HiSM format, developed with a wider scope of applications, further
reduces the amount of indexed accesses at the cost of a slight and neg-
ligible reduction of the resulting vector lengths when compared to the
BBCS. Additionally, HiSM provides similar reduction of positional in-
formation as BBCS (around 25%). Furthermore, the structure of HiSM
provides more flexibility compared to existing sparse matrix formats and
BBCS with regard to position related operations such as transposition.

• We have proposed organizational extensions and new instructions. for
vector processors to support the processing of the aforementioned for-
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mats. Our proposal consists of a traditional vector processor augmented
with additional functional units and related instructions that provide
functionality to process data which are stored in the BBCS and HiSM
formats. I.e., the extended vector Load/Store unit has the additional
functionality of being able to directly access sections of a matrix stored
in memory in BBCS or HiSM to or from the vector registers specified in
related new memory access vector instructions. Likewise the new Mul-
tiple Inner Product and Accumulate (MIPA) instruction provides func-
tionality for supporting the sparse matrix vector multiplication. This
functionality is implemented in the MIPA Functional unit.

• We have proposed a sparse matrix benchmark, the Delft Sparse Archi-
tecture Benchmark (D-SAB). D-SAB, consisting of a set of algorithms
and matrices, provides a benchmark suite for evaluating the performance
of novel architectures and methods. D-SAB offers flexibility in allow-
ing for new methods of storing and processing matrices to be developed
and tested. This is in contrast to most currently existing sparse matrix
benchmarks which assume a certain storage format and algorithm for
processing those matrices. Furthermore, D-SAB provides with a set of
real-world matrices selected to capture the large variation of types of
matrices that can be encountered in actual applications.

6.3 Future Directions

In this dissertation we have provided a framework for significantly increasing
the performance of sparse matrix operations on vector processors. However,
there are still a number of interesting issues which could be addressed in the
future as continuation of this work.

6.3.1 The Sparse Block Compressed Row Storage

For future research, we propose the investigation of a sparse matrix for-
mat which is a hybrid combination of the blocked structure of the Hier-
archical Sparse Matrix Storage format (HiSM) and the Compressed Row
Storage (CRS) which we call the Sparse Block Compressed Row Storage
(SBCRS). The SBCRS format is similar to the Blocked Compressed Row Stor-
age (BCRS, See Section 2.1.3) regarding its relation with CRS. The format is
constructed as follows: The Sparse matrix is divided into s × s sized blocks
which are stored in s2-blockarrays identically as when constructing the HiSM
format. However, in contrast to the HiSM format, the higher level of positional
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description is not hierarchical but similar to the BCRS. Therefore, the SBCRS
structure consists of two parts: (a) A CRS-like structure where the elements
are pointers to non-empty s2-blockarrays representing non-empty s× s sparse
blocks in the matrix and (b) the collection of all s2-blockarrays. In essence,
this is a variation of the BCRS, where the blocks are not assumed to be dense
and of arbitrary size, but rather are s× s sparse blocks. Although we might be
loosing some benefits of the positional flexibility of the hierarchical storage,
there are a number of advantages we can expect from the SBCRS approach.
First, we can reuse the code that is already written for the BCRS regarding the
CRS-like part of the SBCRS storage and only use the instruction extensions
for the s2-blockarrays. Secondly, the flat structure of the SBCRS could favor
operations where we need to access full rows or columns since we will not
need to traverse the hierarchical tree of HiSM. Furthermore, if it proves that in
some cases the HiSM outperforms SBCRS and vice versa, the formats could
be used interchangeably by only changing the higher level of description of the
formats. This is possible since the underlining structure containing the actual
non-zero blocks (contained in the s2-blockarrays) is the same in both cases.
Moreover, the higher level description of the formats occupies on average only
around 1 − 5% of the total storage space and therefore the conversion over-
head can be expected to be low. In Figure 6.1 we depict an example of how a
40×40 sparse matrix can be stored using the SBCRS format where the section
size s = 8. We observe that each individual s × s sub-block is stored in the
same way it is stored when using the HiSM format. However, to continue the
construction of the format we do not repeat the process hierarchically as we
did in HiSM. Instead, we store the matrix at level 1 (which contains pointers to
the non-zero s × s-blocks in the lowest level) using the CRS method. In Fig-
ure 6.1 this corresponds to the 5×5 matrix on the lower right. We can observe
that the arrays AI, AJ, and AN are precisely identical to the CRS format for
the 5 × 5 matrix. However, in this case the elements of AN are pointers to the
sparse blockarrays (ba1, ba2, ...). Therefore the full SBCRS format consists of
array AI, AJ, AN and an array B that contains all the s2-blockarrays.
To further illustrate the properties of the SBCRS format we will provide an
example of sparse matrix vector multiplication (SMVM) using the SBCRS
format. Assume that we need to multiply a 40 × 40 sparse matrix A
stored in the SBCRS format with a dense vector b to produce the re-
sult vector c as is illustrated in Figure 6.2. In order to do the multi-
plication we proceed as if the matrix were stored using the CRS format.
Therefore the pseudo-code for the SMVM will have the following form:
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Figure 6.1: Example of the Sparse Block Compressed Row Storage (SBCRS)
Format

for i=1..M # M = Number of rows
for j=AI[i]..AI[i+1] # all elements in row
MULT(AN[j],b[(AJ[j]-1)*s..AJ[j]*s],c[(i-1)*s..i*s])

end for
end for

where s is the section size (8 in the example in Figure 6.2). In the above code
we observe that the only difference with the normal CRS code for SMVM
the difference is in the fact that instead of only updating one element of c
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Figure 6.2: Example of the Sparse Block Compressed Row Storage (SBCRS)
Format

with the code c[i] += AN[j]*b[AJ[j]] we update a sub-vector of c,
c[(i-1)*s..i*s] of length s with the result of the multiplication of the
sparse s2-blockarray, represented by its pointer AN[j], with the correspond-
ing sub-vector of the multiplicand vector b (length s). The multiplication,
MULT(), can be implemented using the LoaD Block (LDB) and Block Multi-
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ple Inner Product and Accumulate (BMIPA) instructions similarly to the level-
0 multiplication when using the HiSM scheme for SMVM. The pseudo-code
for this operation is as follows:

MULT(BA,b[(k..k+s],c[l..l+s])
Load c[l..l+s] => VR1 # load intermediate result
Load b[k..k+s] => VR2 # load multiplicand vector
LDB AN[j] => VR3, VR4 # Load blockarray

# (VR3 values) (VR4 positions)
MIPAB VR1, VR3, VR4 # multiply blockarray VR3

# (VR4 is implied)
# with VR2 and store in VR1

Store c[l..l+s] # Store result to memory

In Figure 6.2 we depict a graphical representation of the SMVM using the
SBCRS format. The * denotes that the multiplication is performed using the
BMIPA.
The disadvantages of using the SBCRS format may be the inheritance of the
disadvantages of the CRS format which will occur when we are accessing the
higher CRS-level of the SBCRS format. However, similarly to the HiSM for-
mat, when the section size s is large (around 64), the CRS-level positional
description of the format will only occupy a small percentage of the total stor-
age space needed for storing the entire matrix. Therefore, we believe that in
the cases where it will be beneficial to use the SBCRS format the benefits will
outweigh the disadvantages of using the CRS format.

6.3.2 Other Research Directions

Another promising future research direction can be the application of the ideas
presented in this dissertation related to the HiSM scheme to other fields and ap-
plications. Such an application could be the sorting of items whose attributes
by which they are sorted are unique. The HiSM format and associated exten-
sions can be viewed as a scheme to efficiently process sorted trees. Consider
an example where we have a 1-dimensional array of items consisting of the
attribute a to be sorted and a pointer p to the other attributes of the item. This
can be mapped to the HiSM s2-blockarray as follows: The attribute s can be
mapped to the positional information of the s2-blockarray entry and the cor-
responding pointer p to the non-zero value or pointer. We can now process
the array using the HiSM supporting architectural extensions which were de-
scribed in Chapter 3. A field where this approach would be interesting is the
manipulation of large database tables which are sorted according to a unique
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key.

Furthermore, we expect that the set of instructions and architectural augmen-
tations that were presented in Chapter 3 could be implemented on a reconfig-
urable extension to a general purpose processor such as is described in [78].
Therefore, we believe it is an interesting perspective to investigate the appli-
cation of the presented ideas to such a flexible platform. This will enable us
to implement the proposed schemes and test them and deal with the real world
problems. Such a platform could be the MOLEN processor which is being
developed at the Delft University of Technology [45, 69–72, 78]
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Samenvatting

In dit proefscrift zijn een aantal tekortkomingen geidentificeerd die gere-
lateerd zijn aan de efficiente opslag en bewerking van ijle matrices. Om
deze problemen te elimineren stellen wij twee opslagformaten voor, namelijk
het Block Based Compression Storage (BBCS) formaat en het Hierarchical
Sparse Matrix (HiSM) formaat. Verder, stellen wij vector architectuur instruc-
tie set extensies en microarchitectuur mechanismes voor om vaak gebruikte
ijle matrix operaties sneller uit te voeren wanneer wij gebruik maken van
de voorgestelde formaten. Tot slot hebben we de afwezigheid van bench-
marks geidentificeerd die tegelijkertijd formaten en ijle matrix operaties be-
strijken. Wij hebben een benchmark voorgesteld die beide bestrijkt. Om ons
voorstel te evalueren hebben wij een simulator ontwikkeld gebaseerd op Sim-
pleScalar, en deze uitgebreid zodat het onze voorgestelde veranderingen bevat.
Wij hebben het volgende vastgesteld. Met betrekking tot opslag vereisen de
voorgestelde formaten 72% tot 78% van de opslag ruimte die gebruikt wordt
door de Compressed Row Storage (CRS) of Jagged Diagonal (JD), beide alge-
meen gebruikte ijle matrix opslag formaten. Wat betreft ijle matrix vector ver-
menigvuldiging stellen wij vast dat beide geintroduceerde formaten, nl. BBCS
en HiSM, zorgen voor een aanzienlijke versnelling in vergelijking tot CRS en
JD. Door het gebruik van HiSM en de voorgestelde nieuwe instructies wordt
een gemiddelde versnelling van 5.3 en 4.07 ten opzichte van respectievelijk
CRS en JD behaald. Verder kan de operatie voor het toevoegen van een ele-
ment in een ijle matrix, gebruik makend van HiSM, met een factor van 2-400
versneld worden afhankelijk van de verdeling van de elementen in de matrix.
Verder hebben we gedemonstreerd dat de transpositie operatie met een factor
van 17.7 versneld kan worden in vergelijking tot CRS.
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